
ON ABELIAN VARIETIES

HISASI MORIKAWA

In a Bourbaki seminary note, La Theorie des Functions Theta, A. Weil has
discussed two fundamental theorems of the general theory of Theta functions.
The first, due to H. Poincare, was proved very skilfully in the note by means
of harmonic integrals on a torus and the second, due to Frobenius, was treated
by the systematic use of the notion of analytic structure.

In the present paper we shall give an algebraic geometrical proof of the
Second (Frobenius) Theorem and shall make clear the algebro-arithmetic struc-
ture of divisors on abelian varieties defined over fields of any characteristic.

Section 1 is to give a Picard variety of a given abelian variety and to show
the duality between the Picard variety of an abelian variety satisfying a certain
condition and the abelian variety itself; Picard Variety has been an object of
deep and interesting researches by A. Weil? Jβ ϊgusa, W. L. Chow and T. Matsu-
saka, In section 2 some arithmetic preparations on rings of endomorphisms
of abelian varieties are given. In section 3 we prove the main theorems and
study the behaviours of divisors for the homomorphisms (or endomorphisms)
between abelian varieties. In the last section we shall treat a problem on posi-
tive divisors, which was left open in Weil's book, Varietes abeliennes et courbes
algebriques (1948)—quoted as [V]—, as an application of the results in §3.

The notations and results in WeiΓs books [V] and Foundations of algebraic
geometry (1946)—quoted as (F)—, are freely used. Beside Weil's results re-
ferred to in §1, the Lemma11 due to W. L, Chow plays an essential role and
in § 3 the theorem on the square sum of four integers of an algebraic number
field, due to C. L. Siegel,2> is a key-point in our proof.

§ 1. Duality of abelian varieties satisfying a certain condition

LEMMA L (Chow) Let A be an abelian variety defined over k in a pro-
jective space. Let C be an algebraic subgroup of A which is normally algebraic

Received July 13, 1953.
1> W. L. Chow: On the quotient variety of an abelian variety, Proc. Nat. Aca. Sci. Vol. 38,

No. 12 (1952).
2) C. L. Siegel: Additive Theorie der Zahikδrper, Math. Ann. Bd. 88(1923).
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over k. Then there exists an abelian variety B defined over k in a projective

space and a separable homomorphism from A onto B defined over k whose ker-

nel is exactly C.

We call the abelian variety B the quotient variety of A by C.

LEMMA 2. Let A be an abelian variety defined over k in a projective space

and let B be an abelian variety defined over k from which there is a purely

inseparable homomorphism λ defined over k onto A. Then B is isomorphic to

an abelian variety defined over k in a projective space.

Proof. Let x be a generic point of B over k and let (x£9 xϊ, . . . , Xn)

be the homogeneous coordinates of the generic point λx of A over k. Let (x$9

x\, . . . , Xn, jvi, . , . , ym) be a point in a projective space of dimension n-\-m

such that k(x) = k(λx, yjx\9 yjxl9 . . . , ym/xo)- Let A be the locus of (ΛΓO\ XU

. . . , Xn, yί9 . . . , Vm) over k in the projective space. Since A, A are non-

singular and the function (XQ, X\, . . . , xΛ, yu . . . , jym)-* (#o, x\, - . - , xn) is

purely inseparable, this correspondence is one-to-one. Let x, z be independent

generic points of B over k and let (#0\ xί9 . - . , Xn, yu , ym), (ZQ9 Z}, . . . ,

zn, Wi9 . . . , Wm) be the independent generic points over k corresponding to

(#o\ xϊ, - - , Xn), (20, 2iX, . . . , zn) respectively. We introduce a law of compo-

sition such that

(XQ, XU . . . , χ\9 yl9 . . . , ^ m ) »(2o, Zi\ . . . , Zn9 Wi9 . . . , Wm)

)n, Ml,' «2, -

where ((ΛΓ + 2)O, (^r-f2)iX. . . . , (x + z)n. Mi, M2, . . . , % ) is the point of /I corre-

sponding to the point λ(x-\-z) of A. Since the specialization of x over any

specialization of AX is uniquely determined, the specialization of (XQ, Xi, . . . ,

xn, yu -» jym) over the specialization λ{z + x) o f ^ r - f ^ i s equal to ( ( ^ + 2)0,

{X + Z)U - , (X + Z)n, Mi, Mo, . . . , Mm). HeΠCβ Λ ( ^ , J'I/ΛΓO, ^2/^0, , W # 0 ,

^2, ^j/2o, W2/20, - ? Wm/Zo) =k(x9 z)Dk(x + z) =k(λ(x + z)9 UI/(X + Z)Q9 U2/(X

4 2)0, . . . , tim/(x + z)o). Easily we prove the associative law and the existence

of unit and inverses. Moreover A is complete, hence A is an abelian variety

over k and is isomorphic to B.

Similarly we can verify the following lemma.

LEMMA 3. Let A be an abelian variety defined over k in a projective space

and let (xQ, xu . . . , χn) be a generic point of A over k. Then the locus B of

(xt\ xf\ . . . . Xn*) over k is an abelian variety defined over k, ivhere p is the

characteristic of k.

LEMMA 4. Any abelian variety A defined over k is isomorphic to an abelian

variety defined over the algebraic closure k in a projective space.
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Proof. Since any curve is birationally equivalent to a non-singular curve
in a projective space, its Jacobian variety is always constructed in a projective
space by Chow's method and we can choose the algebraic closure of the field
of definition for the curve as a field of definition for the Jacobian variety. On
the other hand we can easily see that there exists a curve defined over k on A
which does not lie on any translation of a proper abelian subvariety of A. Hence
there exist a Jacobian variety / άeήned over k in a projective space and a homo-
morphism λ from / onto A. Let C be the kernel of λ on / and let B be the
quotient variety of / by C, which exists in a projective space and is defined
over k9 by Lemma 1. We denote by p the separable homomorphism from /
onto B whose kernel is C. Let x be a generic point of / over k and B' be the
locus of ((*<f)v<α), (xί)v<(λ), . . . ? (*f)v<(λ))* over k, which is an abeiian variety
by Lemma 3, (xl, xΐ, . . . , x?

n) being the homogeneous coordinate of the point
pxoίB. Then &U*)D £((#?/'xlYiU\ . . . , (xί/xξ)^ and ίk(λx) : 'k((xl/x?

QY'i{X\
. . . , (#n/#o) V ί ( λ ) )]3 = l . Hence the one-to-one correspondence λx <—» ((x%)H(/\

{XιΫί<Λ\ . . . , (#?) v* ( λ >) is a purely inseparable homomorphism from A onto Z2'.

By virtue of Lemma 2 there exists an abelian variety defined over k in a pro-

jective space which is isomorphic to A.

By virtue of Lemma 4 we get the following lemma.

LEMMA 5. Let A be an abelian variety defined over k and let C be an alge-
braic subgroup which is algebraic over k. Then there exists an abelian variety
B in a projective space defined over k and a separable homomorphism defined
over k from A onto B ivhose kernel is exactly C.

LEMMA 6. Let X, Y be non-degenerate divisors^ on a Jacobian variety
satisfying X— F Ξ O . 5 ) Then there exists a point t such that Y~-Xt.

Proof. By virtue of Corollary 3 of Theorem 32, N° 62? §VΠ, [V] there
exists an endomorphism dx such that Xt — X-^Θδ'xt - Θ. From X-Y = Q, we
can write Y - X^ Θu-Θ with a suitable point u. Since X is non-degenerate,
δx is an onto endomorphism. Hence there exists a point satisfying δΛt = u.
Therefore

Xt - X

Hence Xt~Y.

LEMMA 7. Let A be an abelian variety and let X be a non-degenerate divisor

4> We mean by a non-degenerate divisor X a divisor such that Xt-X^0 for only finite num-

ber of points /.
5 ) Z Ξ O means that Z f—Z^O for all points /. We call such a divisor Z algebraically equiva-

lent to zero.
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oil A. Then there exists a natural number c depending only on A such that

for any divisor satisfying Z=0 there exists a point of A satisfying cZ^Xt — X.

Proof. Let A1 be an abelian variety and let 7 be a Jacobian variety such
that Ax A1 and / are isogeneous, which always exist. Let ] be a homomor-
phism from J onto A x A and let W be a non-degenerate divisor on A. Put Y
- Z+ X Since λ~ι{Xx A' + Ax W), by virtue of Lemma 6, there exists a point

s of J such that

λ~H YxA1 + AxΨ)~~λ-\XxA' + Ax W)s.

Therefore

λ'KYxA' + AxW)^λ'\XuxA + Ax Wv),

where w, υ are the projections of λs on .A, A' respectively. Hence

Let Λ' be the homomorphism from Ax A9 onto / such that λλ9 -
Then

Hence

This proves our lemma.
We denote by Ga(A) the group of all divisors algebraically equivalent to

zero and by Gι(A) the group of all divisors linearly equivalent to zero.

THEOREM 1. (Existence theorem) Let A be an abelian variety defined over
k. Then there exists an abelian variety A* defined over k in a projective space
satisfying

and isogeneous to A. If A lies in a projective space, A* is defined over k.

Proof Let X be a non-degenerate divisor on A. Then there exists a natu-
ral number c depending only on A such that cZ~~ Xt — X with a point t for any di-
visor satisfying Z Ξ O . Putting cu = t, we have Z = c(Xu - X) + (Z- c{Xu - X)).
Hence

Ga(A) = {cZ Z Ξ 0} U {Z cZ~0},

Therefore
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GaU)/Gι(A)^{cZ Z~Q}/{cZ cZ-O}.

Let C be the subgroup of all points ί of A satisfying Xt — X. Then C is a finite
subgroup normally algebraic over k. Let A be the quotient abelian variety of
A by C and let λ be the separable homomorphism from A onto A* whose kernel
is C. Since cZ-Xt - X~0 if and only if t e C3 {cZ ZΞO}/{CZ cZ^0}^A\
Therefore

When .A lies in a projective space, A* is defined over k by Lemma 1.

LEMMA 8, Let V be a normal projective variety defined over a field k and
let X be a V-divisor linearly equivalent to zero. Then every specialization X1

of X over k is also linearly equivalent to zero.

This can be proved in the same way as in the case of a curve.6)

LEMMA 9. Lei X be a divisor on an abelian variety. If X is linearly equiva-
lent to zero, then any specialization of X1 is also linearly equivalent to zero.

This is an immediate consequence of Lemma 5 and Lemma 8.

LEMMA 10. Let X, Y be non-degenerated divisors oj an abelian variety.
Then for any point t there exists at least one point s such that Xt — X**Ύs-~ Y.

Proof. From Lemma 7 c(Xu —X)~ Ύs— Y with a certain s. Putting cu

= t, we have c(Xn - X)*Xcu - X~Xt - X~ Ys -Y.

LEMMA 11. Let X, Y be non-degenerate divisors on an abelian variety A
defi?ιed over k a?ιd let % be a generic point of A over k. Let y be the point of
A such that Xx — X~~Yy— Y. Then k(x, y) is algebraic over k(x), k(y) and y
is also a generic point of A over k.

Proof. Let A be the locus of (x, y) over k* Since Ax A is complete, A
is also complete. (Xx - X) — (Yy — Y) ~~§, hence by virtue of Lemma 10 (Xx,
- X) — (Yy> - Y)~~0 for any specialization (#', y') of (x, y) over k. On the

other hand X, Y are non-degenerate, hence the number of the specializations
of y over any specialization xf of x is always finite. This shows that y is alge-
braic over k(x). Similarly x is algebraic over k(y). Hence y is also a generic
point of A over k.

THEOREM 2. Let X, Y be non-degenerate divisors on an abelian variety A
defined over k. Let AT be the quotient abelian variety of A by the subgroup Cι
of points t satisfying Xt — X~ 0 and let λ be the separable homomorphism from
A onto A* whose kernel is the subgroup C\, and let At be the quotient abelian

6> See Lemma 10, N° 35, §V, [V].
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variety of A be the subgroup C2 of points s satisfying Ys— Y*Q and μ be the
separable homomorphism ivhose kernel is C2. Then there exists an abelian va-
riety from which there exist purely inseparable homomorphisms onto AT, At
respectively.

Proof. Using the notations in the proof of Lemma 11, (x, y) is a generic
pair of points of A over k such that Xx — X^ Yy — Y. Let A* be the locus of
(λx. /jty) over k. Then k(λx, μy) is purely inseparable over k(λx), k(μy) and a
law of composition is introduced onto A* as follows:

{λx, μy){λu, μv) = (λ(x + u), μ(y+v)),

where (x, y), (u, v) are independent generic pairs of points of A satisfying
Xx — X~~ Yy- Y, Xn — X~~Yv- Y, which are also generic points of A* from
Lemma 11. This clearly satisfies the conditions of the law of group compo-
sition. Since A* is complete, A* is an abelian variety. This A* is our abelian
variety.

This theorem shows that the abelian variety A* constructed in the proof
of Theorem 1 is uniquely determined within purely inseparable homomorphisms.
Therefore we call A* a model of the Picard variety of A.

COROLLARY. All models of the Picard variety of an abelian variety defined
over a field of characteristic zero are each other isomorphic.

THEOREM 3. {Duality) Let A be an abelian variety with a non-degenerate
divisor X such that there is no point t satisfying Xt — X^ 0 and p"t — 0 with a v.
Let A* be a model of the Picard variety of A. Then A is a model of the Picard
variety of A*.

Proof. Let λ be the separable homomorphism from A onto A* such that
λt-Q if and only if Xt — X^O. Let λf be the homomorphism from A* onto A
such that λ'λ = v{λ)dAp λλ' = p{λ)dA*, and let tu t2, . . . , iva> be all points of A
satisfying λt = 0, i~\, 2, . . . , v{λ). Since XtL + Xt2-\- . . . + X v ( λ ) is invariant
for all translations by t\, . . . , fv(Λ) and p does not divide viλ), by virtue of
Proposition 13, N° 78, §XI, [V], there exists a divisor Y on A such that
Xtι + Xtt+ . . . +X*v<λ) = r 1 m . Since Xtχ + Xtt+ . . . + Xtv{λ) = p(λ)X and

Therefore Eι()Γι{X)) = Eι(v(λ)Y\ Eι{λ~\Y)) = Eι(p(λ)X). From the formula
in N° 77, §XI, [V].

EiUΛX)) =-'M{λ)Eι{X)M(λ) =viλ)Eι(Y), EιUr\Y)) ^tMι(λr)Eι{Y)Mι{λ)
= p(λ)Eι(X). Since X, ( λ )*-X~0 if and only if λv{λ)t = Λλ)λt = 0, X^λ)i - X
-»p(λ)(Xt-X)<*-0 if and only if v(λ)λt = λp(λ)t = O. Hence λ'^Yu) - λ~\Y)

"'" 6A is the identical endomorphism of A.
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^ 0 if a n d o n l y if v(λ)u-Q. D e n o t i n g b y 7/(21) t h e / - c o o r d i n a t e of u o n A ,

Aλ)π(u) ΞΞO ( m o d . 1 ) if a n d o n l y if * M / ( λ ) E ι i Y ) τ ι ( u ) = 0 ( m o d . 1 ) . H e n c e v{λ)U

= tM<(λ)E>(Y) with an /-adic unimodular matrix U and Eι( Y) = *Mι(λ)~1v(λ)U

= tMι{λΓιt(Mι(λ')Mιiλ))U=tMι(λ')U. From Eι(Y)= -Eι{Y) we get Ei(Y)

= - 'Z7M/U'). Hence, when Γw = 0, Y« - Y - 0 if and only if ^ = 0. On the

other hand there is no point satisfying Yt- Y~~ 0 and p"t = 0 with a ι>. This

shows that A is a model of the Picard variety of A*.

§ 2. Arithmetic preperations

LEMMA 1. Let k be a number field and ' fo an involution of k such that

Sp(a'<x)>0. Then k is a totally real or a totally imaginary field and a1 = α,

where a means the complex conjugate of a.

Proof. L e t kf b e t h e i n v a r i a n t s u b f i e l d o f k b y ' a n d l e t k } = k f { 1 ) , . . . .

kf{rί), k'[rι+1\ . . β , k'ιrι+ri), k'{r^r^l), . . . , kflrι+2ri) be the conjugate fields over

the rational number field, where kf{rι+i) and k'ίrι+r2+ί) i= 1, % . . . , r2 are mutu-

ally complex conjugate fields.

First we assume that r? Φ 0. We take a number 0 of # such that I βίfl+v |

= I /3 ( Γ l + Γ 2 f 1} I > 2(n + 2 r 2), I β ί y ) I < l/2ί n 4- 2 r2) 0 ' # n -f .1, n -V n + 1) and τr/2 ̂  Arg

i3( r i+1)>3/8τr. This is always possible, for the numbers of k'{ri+1) are dense on

the complex plane and there exists a unit τ?0 of kf such that

therefore there exists ^ satisfying for arbitrary positive εo and M,

Hence

This contradicts to the assumption in Lemma. Hence r-ι = 0.

Let V αr0 be the canonical generator of k over kf and let be αo1>, . . . ,

α i Γ ) > 0 and αj r + 1 > , . . . , "αi n / 2 ) <0, where Λ is the (absolute) degree of V. We

take a number β of &' satisfying

ι = l, 2, . . . , r),

O' = r + 1 , . . . , w/2).
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Then β(i)'a'j)>2n (ί = 1,2, . . . ,r),0< -/3 ( / > tαJy ><l O' = r + 1 , . . . ,«/2). Hence

" l + β Sal)(l - β~S~^))

= 2 Σ ( l - ί " l ' β ί " )

Therefore r = 0.

This shows that if k*kf then & is totally imaginary. Hence af = ά for

either case & = k* or

PROPOSITION 1. The center^ of the ring of endomorphisms %{A) of a simple

ahelian variety is totally real or totally imaginary.

Proof. Let Mι(β) be an /-adic representation by /-coordinates with I*p.

As we see in §X, [V] the characteristic polynomial of Mι(0) has rational coef-

ficients. Therefore there exists a non-singular matrix F of an extension of the

/-adic field such that

3U)

0{r)

βlT)

where β = β{1\ βl2\ . . . , βlr) are mutually conjugate over the rational field. If

β is in a, then βf also belongs to 3. Moreover we can take the same F for all

elements β of the center, hence

Q'(J)

β"(r)
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βil^β'i

βir)βHi

Each conjugate field aίί} has a function a(β{i)) = σ(β) = SpMι(β) = nSp^i^β), where

# is the multiplicity of β' in the characteristic equations a(ββ') - <;((/2j3')(<))

= nSph{i)(ββf)>ΰβ This shows that β'iy = W] and 3 is totally real or totally

imaginary from Lemma 1.

PROPOSITION 2. Let a be a symmetric element of the ring of endomorphism
3I(A) of an abelian variety. Then the roots of the characteristic equation of
Mι{a) are all real.

This is an immediate consequence from the fact that Mι(a) can be trans-
formed into a diagonal form and Lemma 1.

PROPOSITION 3. Let X be a positive divisor on a Jacobian variety. Then
the roots of the chacteristic equation of Mι(δ[x) are non-negative.

Proof. By Corollaire 1 of Theorem 31, N° 61, §VIΠ, [V], σ(λ'δxλ)^O for
all endomorphisms λ of /. Let 35 be a commutative subring of symmetric ele-
ments in %(]) containing δχ> Then all matrices Miiβ) with β in S are trans-
formed into a diagonal form with a matrix F9 so as, in particular

(&

In
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where (Zv, Zlυ, . . , Zlr)) is a complete set of conjugates over the rational
number field. By virtue of Proposition 2 all diagonal elements of F~1Mι(β)F
with /5GS are real. From the independence of valuations, {(β/m, fi{1)/m, . . . ,
β(r)/m)} is dense in r + 1 dimensional euclidean space, where m runs over all
rational integers.

hence

Z ί / ^ 0 , t = l, 2, . . . , r * = 1, 2, . . . , Λ.

§ 3. Proof of the main theorem.

DEFINITION. Let X be a divisor on an algebraic variety V over k and lei K
be a field containing k over which X is rational We denote by l(X) the dimen-
sion over K ofthe module of functions fix) on V defined over K satisfying (fix))
>-X.

By virtue of Theorem 10, [3D, [VIIIJ, [FD, HX) does not depend on K.

PROPOSITION 4. Let X, Y be divisors on algebraic varieties A and B respec-
tively. Then KXxB + Ax Y) = l(X)-KY).

This is an immediate consequence from the definition of I(X).

LEMMA 1. Let J be a Jacobian variety and let ΘS) be the theta divisor on J.
Then KΘ) = 1.

Proof Let Γ be the non-singular curve corresponding to / and let ψ be
the canonical function. Let k be a common field of definition for /, <p9 & and
let x be a generic point of / over k. Then by virtue of Theorem 20, § V, [VD,
<fiΓ) 0χ is a non-special divisor on <f (/'). Suppose that y is present in ψ(Γ) Θx

with a positive multiplicity. Then y — x is in Θ, and y — x is a generic point
of Θ over k, for the dimension of y over k is one and the dimension of x over
k is equal to the dimension of /. Let Y be a positive divisor defined over k
such that Y~Q. Since <f(Γ) Θx is non-special, φ(Π Yx = φ(Γ) θχ. Hence y-x
is in a component of Y. On the other hand y — x is a generic point of 8 over
£ and Y is rational over k, hence Θ is present in Y with a positive multiplicity.
Since Y~-θ, necessarily Y = Θ. This shows /(β) = l.

LEMMA 2. Let X be a divisor on an abelian variety. If u = uι + u% 4- . . .

//, £) = 1, (ft, /;)=!(*', 7 = 1, 2, . . . ,

s> See N° 40 § V, [WJ.
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n). Then Xu - X~-0, if and only if Eι,iX) τιt(ui) Ξ 0 mod. 1 (/ = 1, 2, . . . , n),
where τιt(ui) means the U-coordinate of uu

Proof. The case n = 1 is the result in 76°, §XI, [V]. We shall apply the
induction on n. We assume that this is true for n - 1. If Xu - X*>Ό, fyiXu - X)
~~ (Xιe/n - X) = -X/J-'(M1+I/2+...+«„> - X~ Xiy^+^.+uj^+ujf-n+...+»«) — .X^O. By virtue

of the assumption of indution

Eu(X)τh(ϊlJUi) s lfEk{X) r/<(«, ) s 0 mod. 1 for ί = /.

Since (/,-, //) = 1,

£UX)r/;U;) ΞO mod.l U = l, 2, . . . , w).

The convers is clear.

THEOREM 4. Let A, B be άbelian varieties, let λ be a homomorphism from
A onto B satisfyingp + v(λ) and let X be a positive non-degenerate divisor of
B. Then l(λ~1(X))=^v(λ)l{X).

Proof. Let H e a common field of definition for A, B, λ over which all
the points satisfying λt = O and the divisors Xt—X, λ~ι(Xu~ X) satisfying Xt
— X^*0, Γ H X ί - X J ^ O are rational. Let x be a generic point of A over k.

Then9 by virtue of Theorem 12 and its Corollary, N° 27, § IV, [V]? k(x) is nor-
maly algebraic over kiλx) and the galois group is isomorphic to the group of
all points U satisfying λU = O x + tu x + t2, . . . , tf-KvU) (ί = l, 2, . . , v(
is the complete set of conjugates of x over kiλx). From the formula S U
= ^//U)fi(X)Λf/U) in N° 76, §XI, [V] and Lemma 2, there exist points uu

Uz, . . . , «v(λ) of JB such that λ~i{XUi —X)*0 and X^-X^-fO for i*j (f, i
= 1, 2, . . . , y(λ)). Since λ'HXm-X) ( i = l , 2, . . . , ^(^)) are rational over

£, there exist functions φι(x), φ<>ix), . . . , φ^λ)(x) in (̂ΛΓ) such that

From r H x ^ - r Π ^ ) , r H ^ - z ) ^ ^ ; . " ^ ^ - ^ ) (ί, y = i, 2 , . . . ,
»(λ)). Hence

where βi(tj) (i,j = l, 2, . . . , z/(λ)) are roots of unit.

Since XUi + Xu3 for i^j, e,itj) ii=l, 2, . . . , *>U)) are different with each

other as functions of tj ij = 1, 2, . . . , v{λ)).

From this result we can conclude that {φi(x), . . . , 0V(X)(ΛΓ)} is a base of
#(#) over kiλx) and {β, (ί) i = l, 2, . . . , viλ)} is the character group Z(@)
of the galois group © = {tι, . . . , /v<λ) i ^ίί = 0}.

By virtue of the fundamental theorem of abelian group, © = Si + 32 + . . .
-f 3h, where 3ί are cyclic groups of prime power order. Let {1, eL{t), e>M),
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. . . , eff-i (t)} be the annihilator of 32+ . . . + 3 Λ after suitable permutations
of suffices of βi(t). Let t be a generator of Zu

Let fix) be a function defined over k satisfying f(x)> — X. We write

vίλ)

by the above base.

Ax + t) -Ax) = ΣU, ω -DajUx)φjix)

- l)ej(t)iι '1aj(λx)φj(x).

Since βj(t) =e(tΫj, where e(t) is a generator of {1, ei(£), e2(t)9 . . ,
/z^/y for /=¥./,

= ±τiej(t)Π(eh(t)-ek(t))

This shows that the above system of linear equations are uniquely solvable with

respect to aι{λx)φι(x), a2(λx)φ2(x), . . . , aζ1-iUx)φζι-i(x). Hence

fc = 0

By the same method we can determine all ai(λx)φi(x) U = l, 2, . . . , z>U)
-1) except a*{χ){λx)φ*a)(x) where we assume that £ vα)(*)=l.

Let {ai(x)) = Ai-Bi (ί = l, 2, . . . , p(λ)). Since (Ax + kt>))> -λ'\X)kt
for i = 1, 2, . . . , z/U) - 1 , we have

Hence

λ'HAi) - Γ\Bi)> - rHXi,))

and Ai — Bϊ> — Xm* This shows that the dimension of the module {ai(λx)} over
k is exactly l(X) for ί = 1, 2, . . . , z>(λ) - 1 .
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hence + - λ"\X),

- r x (B v ( λ ) ) > - Γ

This shows that the dimension of the module {aV(\)(λx)} over k is also l(X).
Therefore l(λ'\X)) = v(λ)l(X).

LEMMA 3 (Siegel). Let k be a totally real number field. Then there exists
an integral in k such that every totally positive integer in it is expressed as a
sum of four squares of integers. In other words, there exists a uniquely deter-
mined natural number c = c(k) such that, for every totally positive integer a, ca
is expressible as a sum of four squares of integers.

c(k) shall be called SiegeFs constant of k in the following.

LEMMA 4. Let a be a symmetric element of 9K/) satisfying σ(β'aβ)^Q for
all β GΞ 9I(/). Then there exist a natural number c and an emdomorphism λ in
%2l(/4))=9ί(/x/x/x/) such that

ca
ca

ca
ca

where 6U) = θxJxJxJ+JxθxJxJ+JxJxθxJ+JxJxJxθ.

Proof From the proof of Proposition 3, § 2, the roots of the characteristic
equation of Mι(a) are all real and non-negative. Let B be a maximal com-
mutative subring of 2ί(/) of symmetric elements containing a. Then by a
suitable non-singular matrix F

for all βe33, where (β[l), β{f\ . . . , β[r)) is the complete set of conjugates of
β over the rational number field.9) By virtue of Proposition 1, §2, βv, β[ι) (ι = l,

•) Let S3o be the ring generated by ~ , w = l, 2, 3 , . . . , ye53. Then 95o is an algebra of type
5. Therefore S5o is semi-simple. This shows that there is a non-singular matrix with I-

adic element F such that F"1Mι(β)F is diagonal for every βe$8o.
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. . . , r \ v = 1, . « . , n) are all real. 23 is a integral demain of a direct sum
of real number fields and the elements on the diagonal of F~ίMι(β)F are all
totally positive or zero for them SiegeΓs Lemma can be applied.

with γu n,
where c is the product of SiegeΓs constants of our components of 33. This shows
that

coc

where

λ =

is the conjugate of λ as an element 9ί(/(4') from Proposition 5. Hence

ca
ca

ca
\- λfλ = #i-i

ca

DEFINITION. A base divisor of an abelian variety A is the positive divisor
of A satisfying i) l(U) = 1, ii) for any divisor X of A there is an endomorphism
δ'x of A such that Xt - X^ Uδ'χt - U.

We shall denote by U always a base divisor and briefly shall call an abelian
variety with a base divisor a special abelian variety.

LEMMA 5. Let A be a special abelian variety. Then the ring of all square
matrices of a certain degree, say n, over sll{A) is considered as the ring of endo-

n

morphisms of A{n) = A x A x . . . x A. Put Uin) = Ux A{n~l) + AxUx A{n~2)

+ . . +/1 ( M" 1 ) x U. Then an involution (ctijV = *(αίj) is introduced into %(Ain))
such that {aijY'i&r - U{n))^U\n

a]3yt - U{n).
Proof. Let t be a generic point of A over a definition field k for A over

which £/is rational Since Us - £/—0 if and only if s = 0, the point f such that
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(aij)"~\U(tn) - U{nλ)~~U{

tV - U{n) is uniquely determined. Let Λ be the locus of
(t, t*)_over k. Then by vertue of Lemma Ώ, § 1. k it. **) is purely inseparable
over kit). Therefore kit. p'Γ)"Dk(t) with a suitably large z>. Putting t*
= (ocijTt, we have p"iocijT e 5ί(/l(n)). Similarly as for 0 on /, we have

MiipΛav)*) = Eι(U{n)rιtMι(p\*ij))Eι(U{n)). After a suitable change of
the /-coordinates of A,

and Hence i.e.

We can prove the following lemma similarly as for Θ on /.

LEMMA β* Lei A be a special abelian variety. Then for every symmetric
element a of %(A) (by an involution induced by a basic divisor U) there exists
a divisor X such that

2 a = δ'x, where Xt - X~ Uδ*χt

Moreover, if β*?2, ive can choose X such that a — δ*.

U.

LEMMA 7. Let A, B be abelian varieties and let λ be a separable homo-
morphism from A onto B satisfying iΛλ) ̂ 0. Lei X be a divisor on B. Then
liλ~ι(X))^l if and only if HX)^h

Proof. Let k be a common field of definition for A, B and λ over which
all points tu . . . , Ua) satisfying λti = 0 are rational. Let x be a generic point
of A over k. Let fix) be a function defined over k satisfying (/(#))> - λ'\X).
Let (fix) =/i(#), Mx)9 . . . , Λ(»(^)) be the complete set of conjugates over
kiλx). Then the representation Mι(tj) of the Galois group {ti, t>, . . . , ίV(λ) ?
λti-O} by permutations of /iU), /2(ΛΓ), . . . . Λ(λ)(Λr) can be considered.

From the theory of representation of abelian groups (M(tj)} is equivalent
to

ί(ei{tj)
e2itj)

w h e r e eπitj) (j-1,2, . . . 9 p(λ); h-1,2,..., viλ)) a r e r o o t s o f t h e u n i t . L e t

t h e e q u i v a l e n c e i s e f f e c t e d b y t h e m a t r i x F . W e p u t ( f Λ x ) , . . . , A ) )
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= (gι(x), . . . , £v(λ>(*)). Then

(.7 = 1, 2, . . . , *

hence

We put Z=(g*(\)(x)) + λ~ι(X). Then Z > 0 and Z-rH-X'). Since λti =

and k(x)/k(λx) is separable, Z/, = (^(λ)!*))^-*-A"1(-X")/ί= (g»aλ* + */)) + Λ

Hence, by virtue of Proposition 33, N° 789 §XI, [V], there exists a divisor
on B such that Z = r 1 ( y ) . From Z > 0 , y > 0 . Since Z - Γ ^ X ) , λ~\Y)

λ~1(Y-X)^0. Hence y ^ X Therefore /(Z) = Ϊ(Y) ^ 1 .

LEMMA 8. Let A be a special abelian variety with a positive basic divisor
U. Then the operation ' on SMA) which is defined by a^{Ut - U)—U*>t - U is
an involution satisfying i) σ(af) -σ(u), ii) σ(afa) = σ(aaf)>0 for Λ^FO, where
σ(a) = -SpMι(a).

Proof. Similarly for Θ on a Jacobian variety we get Mι(af) = Eι(U)~ιtMι(oc)

Eι(U), Mι(δ'χ) = EiiUy'EiiX). Hence

Since <?(<*) is a rational integer by WeiΓs result, cr(α') —a{a) =

The proof of ii) is rather difficult. Let J be a Jacobian variety from which

there exists a homomorphism λ onto A. Let B be an abelian variety such that

/ and AxB are isogeneous and let μ be a homomorphism from / onto B. Let

PF be a non-degenerate positive divisor on B. we put

ιo=Qx/ί) i.e. pt^λtxμt.
Since

£/x£-h A x W > 0 , ^ ( Z / x β - f A x f l n X ) .

From Proposition 3, § 2, <τ(r'aτ) ̂  0 for all γ e 2K/) where or = ̂ p-iίcrxiί+^x .̂10' By
virtue of Lemma 2 there exists a natural number c and an endomorphism ξ of
/ (4) such that

cα

10> For d̂  see Definition in preceding Lemma 5.
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In the following we denote

and

p'z
Pz

p'z
P'z

v> \'*'

oca1

On

aoc

aa'

From p't;χβ+^xir)P = δ'i,-Ho*B+Λy,\γ) = a, we get

where Z + UxB+AxW. Since

we have

Put Za = a-\U) xB + AxW.

Then

= Λίi(e)Ali((p)M))M/((α'α

Since

'HZJ = p"(α"'(t/) X 5 + A x WO > 0,
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by virtue of Proposition 3, §2, the characteristic roots of M/(ί'"1(/θztt<o)(4>?~1) are

non-negative real numbers. Since -&f/ί( * ) ) has the same characteristic

roots as the characteristic equation of Mι(ξf~1(βzap)u'ξ~1), this shows that the
characteristic equation of Mι(a'a) has non-negative real roots only. Therefore
σ(a'a) +spMι(a'a) >0 for a*0.

By this lemma most results on divisors obtained for Jacobian varieties are
also true for special abelian varieties.

THEOREM 5. Let A be a special abelian variety and X be a positive non-
degenerate divisor of A. Let 7Λ, 72, . . - , tin be the roots of the characteristic
polynomial of Mι(δχ) and let d = cΛQ(7i)), c2 -=c2{Q{72)), . . . , c2n = c(Q(72n))
be SiegeVs constants of Q{7i), Q(72), - - - , QVfan) respectively {where Q is the

rational number field). If p(λ) and c= Π>; are not divisible by p, then l(X)

Proof Similarly as the case of Jacobian varieties 7Λ, X2, . , 72n are non-
negative real numbers. From Lemma 4 there exists an endomorphism λ of Λ<4>

+ Ax Ax Ax A such that

= λ'λ = d\-i(u(*)

with a natural number c, where d'A-noi*)) is the endomorphism such that λ—iUt^

- UU))^U{

δV^(u^)t - Ui4) and ί/(4> = Ux Ax Ax A +AxUxAx A +Ax A

xUxA + AxAxAxU. From Theorem 3

where Z ί 4 ) = Xx Ax Ax A +Ax Xx Ax A +Ax Ax Xx A +Ax Ax Ax X.

Ei(λ'\U{A))) ^'Mi

Hence Eι(λ'\U{^)) =Eι(c2XU)). This shows c2X{JL) sλ'ι(Uuί). By virtue of
Proposition -.1,

Kc2Xw) = l(c2XΫ = p(cδA)U(XyA) = Hλ'KU™))
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Therefore l(X) = ̂ p(δ'χ).

LEMMA 9. Let A be an abelian variety. There exists an isogeneous abelian
variety B with a positive divisor Z such that Zt — Z* 0 if a?ιd only if t = 0.

Proof Let I b : ^ a non-degenerate positive divisor of A ar.d let C be the
finite subgroup of all points t of A satisfying Xt - X-^0. Let B be a quotient
abelian variety of A by C and let λ be the separable homomorphism from A
onto B whose kernel is exactly C. Then Xt — X-^Q for all points t satisfying
// =0. Since λ is separable, by Proposition 33, N° 78, §XI, [V] there exists a
positive divisor Z such that X=λ~1{Z). This Z is our divisor, for Xt - X
*λ~ι{Zu) - λ~\Z) -•=• λ~ι(Zu - Z) ~~Q if and only if λt = 0.

LEMMA 10. Let A be an abelian variety defined over a field of character-
istic zero. Then there exists an isogeneous abelian variety B with a positive
divisor U such that liU) = 1.

Proof. Let A be an abelian variety such that A x A1 is isogeneous to a
Jacobian variety / Let B be the abelian variety isogeneous to A on which
there exists a positive divisor V such that Vt~ F~~ 0 if and only if t = 0, and
lee Bf be the abelian variety isogeneous to A on which there exists a positive
divisor W such that Ws— V/~~0 if and only if s = 0. If λ is a homomorphism
from / onto BxB', l{λ~\ F x F - f B x W)) =v(λ)l(V)l(W). On the other hand
iwH VXB' + BXW)) = ̂ ~( ίχ: l (;.;Λ f + Λ X i n) = v j V M i T ί ί ί ^ ί ^ i
= 7'U). Hence /(F)/(PF) = 1 . Since V, Vv> 0, /( F) =/( WO = 1.

LEMMA 11. Z,£ί A be an abelian variety defined over a field of characteristic
zero and let Vbe a divisor of A such that Vt - F—0 if and only if t = 0.

THEOREM 6. (Frobenius' Theorem) Let A be an abelian variety defined over
a field of characteristic zero and let X be a positive non-degenerate divisor of
A. Then l(X)^^\E{X)l where |£(JT)! = Π/βI, leιa = \MX)\9 Ha.

Proof. Let B be a special abelian variety isogeneous to A and let λ be a
homomorphism from B onto A. Then from Theorem 4: l(λ~ι(X)) - iΛλ)l(X).
On the other hand, l{λ'\X)) = V7,(^^_1(γ~) by Theorem 5. Since v(d'λ-i[X.)
= \Eι(UΓltMι(λ)Eι(X)Mι(λ)\=M)2\Eι(U)-1\\Eι(X)\ and Eι(U) is an Z-adic

unit, p(δί-HX))=v(λ)2Ώleι where !β(Z)i = fιa, Z + α. Hence Z(Z) =

For an abelian variety onto which there exists a homomorphism from a
special abelian variety satisfying p + v(λ), we can easily prove the same result.
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§ 4. Positive divisors

THEOREM 7. Let A be a special abelian variety. Lei a be a symmetic ele-
ment of S1(A) satisfying σ(β'aβ) ^0 for all j9e91(-A), where the involution ' is
introduced by U as follows: a~ι(Ut - U)-^Ua>t — U. Then there exist a positive
divisor X and a natural number v such that p^a = δf

x where Xt ~ X** Uδ'xt — U.

Proof. By virtue of Lemma 8, §3, a(β'aβ)^0 for all β implies that there
exist a natural number c and an endomorphism of A{i) ~ Ax Ax Ax A such
that

ca
ca

ca

where U{i) ^Ux Ax Ax A + AxUx Ax A + Ax AxUx A + Ax Ax AxU.
From Lemma 4, § 3 there exists a divisor W such that a = δ'w when

and 2 a ~ δn when p-2. Therefore

/ tea \ / δΊv

where Wii] = WxAxAxA+Ax WxAxA + AxAx WxA + AxAxAx W,
and e - 1, 2 according as p# or = 2, Hence A-1(eZ7U)) = PF(4)

β From Lemma 1

of § 1 A"\sU{i))t - W{A) - 0 with a suitable t. Put (J{xu x2, Xz, xύ) = eλ~\UU))t

- Wιi) > - W{i\ Let xl, x\, x\ be independent generic points of A over a
common field of definition for W, A, U and /. Put g(xi) =/(#i, x\, xl, x\).
Then g(x) >-W. Put Z = (^(ΛΓ) ) + Ŵ. Then Z> 0 and ^ = εcα: = eĉ »- = ^ » .
Let sc =prb, p*b. ΎhenprbZ= (prb)*W =p2r(bδ)~\W), bZ = ρr(bδ)~\W). From
Lemma 7, § 1, (£Z)f- ( M ) " 1 ^ ^ ) with a suitable f. Hence /(^Z) = l{{bδ)~ι(prZ))
~p{bδ)KprW)^l. Therefore KprW) ^ L Let (0(ΛΓ)) > -prW and let X
- (Φ(x)) +prW. Then JY> 03 X~prW and ol- - δ'PnV^prδ\v- ε^rct. Therefore

p'a = δ.γ when ^ # 2 and 2r+1a = δ.γ when p~2.

COROLLARY 1. Z f̂ A be a special abelian variety defined over a field of
characteristic zero. Then for a symmetric element a (by the involution intro-
duced by a basic divisor), σ(βfaβ) = 0̂ for dll β e %(A) if and only if there exists
a positive divisor X such that a = δ'x.
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