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Abstract

This note establishes estimates for lower bounds of linear forms at algebraic points of £-functions and
G-functions defined over a general algebraic number field.

1980 Mathematics subject classification (Amer. Math. Soc): 10 F 35, 10 F 10.

0

In this note we consider linear forms in a class of ^-functions and G-functions
defined over an algebraic number field, obtaining lower bounds for the linear
forms at algebraic points. Usually such lower bounds for linear forms depend on
the maximum of the absolute values of the coefficients of the linear forms, as in
Shidlovskii [3]; this note gives estimates that take into account the growth of each
of the coefficients. There is similar work of Makarov [2], Galochkin [1], Vaananen
[4], the author [6] and [7], but these papers consider ^-functions and G-functions
defined over the rational numbers or over an imaginary quadratic field. We
provide a generalisation of [4], [6] and [7] to general algebraic number fields.

I should like to express my thanks to Professor A. J. van der Poorten for
suggesting the problem dealt with here.

1. Notation, definition and results

As usual C is the field of complex numbers, Z the domain of rational integers
and Q the field of rational numbers. We denote by I an imaginary quadratic field,
K an algebraic number field over Q of degree h, OK the domain of integers of K,
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(2] Linear forms in a class of ^-functions and G-functions 339

whilst K; denotes a field conjugate to K. If a G K, we write a* = max^^^la,! ,
where a, G K, are the conjugates of a. Then P(z)* denotes the maximum of the
absolute values of the coefficients of the polynomial P(z) and its conjugates over
K.

We now define ^-functions and G-functions. Let O 1 be a constant, and
a0, a,, . . . be a sequence of elements of K satisfying a* < C', I > 0 and so that
there is a sequence of natural numbers 40« ?i>- • • with q, < C', I ~> 0, such that
q,at G OK, 0 < / < / . Then the ^-function

f(z)= fa///!
1=0

is said to belong to the class KE(C), and the (/-function

g{') = 2 a,z'
1=0

is said to belong to the class KG(C). We shall consider ^-functions {/j7(z)} and
G-functions (g,y(z)} as above, which satisfy the same defining system of differen-
tial equations

(i) y'u = QiA*)+ lQ,Az)yu, i=\,...,k,j=\,...,nt,
i=\

where &y/(z) e K(z). For K = 0 , 1 , . . . we have

with all the QijU(z) G K(z).
In the sequel r ( z ) G OK(z) will be supposed to satisfy the following condi-

tions:
(i) In the case of E-functions, all the T(z)Qijl(z) G OK(z).

(ii) In the case of G-functions, all the dn/ic\[T(z)]KQijlK(z) G OK(z), K -
1,...,«, n = 0, 1 , . . . , where {dn} is a sequence of natural numbers satisfying
dn<D",n = 0 , 1 , . . . , w i t h D ^ 1.

(m)T=maxijl(T(zr,(T(z)Qij,(z))*).
(iv) g = max, y ,(deg T(z), deg T(z)Qijl(z)).
Let L — 2f=,«,-, n0 = 1, and let r , , . . . ,rk be positive integers satisfying

r = r0 = max(r,,...,rife) > 3.

Let xtJ (1 < / < k, 1 <_/ < «,) be an arbitrary set of algebraic integers, not all
zero, which belong to OK. Put

x,,- max (l,x*j), x= max (*,., xj , ) ,

where x01 is any algebraic integer of OK.
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We denote linear forms in ^-functions by
k «,

l(z)=xm + 2 2 *„•/>(*),
i= 1 j= 1

and linear forms in G-functions by
k ",

L(z) = x01 + 2 2 Xijgij(z)-
i= l j= l

The Unear forms we call /,(£,) and £,•(£,•) are obtained from the linear forms /(£)
and L(£) by replacing £, x,y and'all the coefficients of fi}{z\ gu(z) with their
conjugates (from K;).

We now summarise our additional notational conventions,
(i) In the case of ^-functions, £ is an algebraic number in K, such that

£7X£) ^ 0, and there is a natural number a such that a£ G OK. We write

# = max(a, a|*), £ = 4C27/T.

Let p denote the minimum of the orders of the zeros at z — 0 of alt the functions
fu(z). Finally, we define two functions

c(r) = h(L + l)\g + o+ l)(log 2?)1/2r(log r)X/\

H(r) = e"2c(rV!

where 0 is a constant depending only on the/y(z). (It is defined explicitly in [7].)
(ii) In the case of G-functions, u and T will be positive numbers satisfying

(2) <o>(g + 2)L, r> ( g * 2 j . v

and the constants E and F are given by

(3) E = y*»h(3T De v

(4) F=E(\+ 2(1

where the constant yQ depends only on gtj{z), the system of differential equations
and L.

THEOREM 1. Let {ftj(z)} belong to the class K£(C). Suppose that the f(j(z) and
1, are linearly independent over C(z) and satisfy the system of differential equations
(1). Put h'Sz'l, noting that the theorem has been proved in [7] in the case h = \. If r
is the positive integer satisfying the inequality

(5) fi(r-\)^x<ix(r),

then we have

(6) r>^4
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[4 ] Linear forms in a class of ^-functions and C-functions 341

and

(7) II *?' • ma:
1=1 l a £ / s

From Theorem 1, we obtain that
k

If x"' max

provided that x 3* Xx where X = 5i6/.2(z.+ 04(g+°+i)2
 a n d w h e n K = I, we obtain

the results of [2] and [7].

THEOREM 2. Let {g,yO)} belong to the class KG(C). Suppose that the gtj{z) and
1 are linearly independent over C(z) and satisfy the system of differential equations
(1). Let q be a natural number satisfying T(l/q) ¥= 0 and also satisfying the
following conditions:

(8) q > max{F'/<T/<1+LT>-<«+2>"\ 4C} .

TTien we have

(
k \-(l+Z.T)(l + (g+l)u-' +log£/log<?)

.•=i

where \ is an effectively computable constant.

From Theorem 2, when K = I, we obtain a result similar to theorems of [4] and
[6]; when K = I and «, = 1 (/ = l,...,k) we obtain a result similar to the
theorem of [1].

2. Proof of Theorem 1

LEMMA 1. Let atj (1 < i < n, 1 ^j^m,n>m)be integers of K, and let A be a
positive number with max, jafj < A. Then there are algebraic integers zx,... ,zn E
OK with

(10) 0 < maxzf < A^-^n^n-
i

such that

This lemma is easily obtained from Lemma 1.22 of [5].
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LEMMA 2. Let w = w( r ) be a non-decreasing function ofr, 2 < w(r) < r and let

k k
m — 2 niri + L — [rio~l], " = 2 "iri + L + 1,

7 = 0 i=0

M=(2C2)h(L+X)2a(r+l)2/r(2hfL+i)"+l((L+\)(r+l)fL+l)".

Then there are L + 1 polynomials Pu{z) £ 0K(z) (0 < i < k, 1 <j < /i,.) w/i/'c/i </o
no? a// vanish identically and which have the following properties:

(i)

(ii) L^r

^(^) = 2 2 P,j(*)f,M) {"herefol(z) = l)
i = Oj=\f

= 2 Ha^.ir'z1'- 1 Ppz-;

then we have

(12) p* <(L+ \)r\(v\y](2C)rM, v>m.

The proof of this lemma is similar to Lemma 2 of [7].

Let

(13) F0(z) = F(z), Fr{z) = T{z)j-zFT_x{z), T = 1 , 2 , .

Then the system of differential equations (1) implies that

FT(z)= 2 i^(:)Jl/:),
1=0 7=1

where PijT{z) G O K (z) . Further write

where »- = 2',=i«, + 7 - 1 (1 < / < fc, 1 < y < n,), and J- = 0 if / = 0, j = 1.
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LEMMA 3. Under the hypotheses of Theorem 1, let No - L(L + l)(g + l ) /2 +
[roT1] + CT+1, t = No+ p — a and suppose r* — min(r,) > No. Then there exist
(L + I)2 algebraic integers qTV(£) (0 < T, V ^ L) £ OK with the following proper-
ties:

(i)

(14)

(ii) For each pair (T, V) we have

(15) q*

where i — i(v) satisfies S'/=i«/ < v < 2/= 0«/ ~ 1,'

C, = 2r((L + t)g + r+ L)L+'TL+'(2H)2r+2(L+')gM.

(iii) For T = 0 , 1 , . . . ,L, we have

(16)

where

C2 = (L

Of course the inequality (16) remains valid if we change £, qTV{£) a n d the
coefficients of /Xz) to their conjugates in any of the fields K,.

The proof of this lemma is similar to Lemma 5 of [7]. Indeed we need only
notice that it suffices to take

where 0 < / ( I ) < • < J(L) < L + t.

We now prove Theorem 1. As in the proof of Theorem 1 of [7], r satisfying (5)
mustsatisfyr>£4 / l 2 < L + l ) 4 («+ o + l ) 2 + 1. Similarly, if we define the integers /-,,.. .,rk

by

2 c ( r ) x ,< / - ! , i = 1 , . . . , * ,

then we may define the function w(r) by the relation

w"1 = « ( r ) " ' =(L+ l ) ( logB/ logr ) 1 / 2 .
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Clearly 2 < w < r. As in the proof of Theorem 1 of [7] we can verify that
r* > No. According to Lemma 3, there is no loss of generality in assuming that,
say

Let

¥=0.

Rr(O = 2 q»
v = 0

Thus Z>(£) can be rewritten as

r ( 0 , T = 1 , . . . , L .

Clearly £>(|) e OK. We denote by £>,(!) the conjugates of Z)(^) in K, noting that
the !>(£) can be obtained by simultaneously replacing all the elements of the
determinant />(£) by their conjugates from the field K,. Because D(£) ¥= 0, we
have n?=1|Z>,(£,)| > 1, and thus, for some t, |A(f )l > L

Decomposing the determinant -D,(£,) according to its first column and by (15)
and (16) of Lemma 3, we have

\ct n (mrm
1 = 1

and by the definitions of the ri we have

ft
Then

2U

2F<2(L+

< = 1 ' •

/ = i

it

1 = 1

and in a manner similar to the computation in Theorem 1 of [7] we may verify
that

2L\C[rL < elc(r\ 2(L
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181 Linear forms in a class of E-functions and G-functions 345

then

proving Theorem 1.

3. Proof of Theorem 2

LEMMA 4. Let N — 2*=,/!,-^, m = r + N — [Nu~l] — 1 and n = r + N where w
satisfies (2). Then there exist L + 1 polynomials />,7(z) G OK(z) (i — 0,...,k,
j — 1,... ,n,-) «o/ a// identically zero with the following properties:

(i)

d e g / > , 7 ( z ) < r - 1, ord p^z) >'r - rn

' ' Y2)* < c4(2w~1)'lAr72"log''Af

w/iere y,, y2 , . . . are positive constants not depending on N or co.
(ii) IFe Aaue

(18) F(z) = 2 2 Ay(^ft>(^) = 2 P^*,
1=07=1 A=m

(19) \F(z)\ < c5<2"

The inequality (19) remains valid if we change all the coefficients of F(z) to
their conjugates in any of the fields K,.

Let

It follows from (1) that

Put

FK(z) = Pou(z) + 2 2 /»,;.(*)&;(*).
1 = 1 7 = 1

rK(z) - ?'+"«f.(z) = C0lK(z) + I 2 C,>(*k,,(2)-
1=1/7-1

Clearly />,yic(z) and CljK{z) G OK(z).
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LEMMA 5. Let r, > [Nu '] + y3, 0 — q ', where q is a natural number satisfying
q > 2C and T(q~x) ¥=• 0. Then there exist L + 1 numbers K0, K, , . .. ,KL, such that

KO + K, + • • • + K L ^ [ A T < O - 1 ] + Y4

and such that the linear forms

rKo{d),rKi(0),...,rKi{0)

are linearly independent. Further we have

(20) maxC*K(0) < (1

where V(K) — max(l, min(r, K)). IfN > 4y4 andq > 4C, then

(21) \rKi(0)\ < (1 - (?)

X

a«c/ (21) remains valid if we change all the coefficients of gij{d) and CjjK(8) in rK{6)
to their conjugates in any of the fields K,.

The proof of Lemmas 4 and 5 is similar to that of Lemmas 1 and 3 of [4].

We now prove Theorem 2. Let w — IIf=1x,"', and

First we assume w ^ qa where

( 2 2 )
g >

2(g+2)(y)

and e is a sufficiently small positive number. We can easily verify that r,
(1 < / < k) and N satisfy the conditions of Lemma 5. According to Lemma 5 we
may suppose that, say,

-^i i X<„voi

CknkK](8) ¥=0.

But A(0) can be rewritten as

L(6) xu
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Clearly A(0) E OK. We denote by A,(0) the conjugates to A(0), whence

So, for some /, |A,(0)| > 1. On decomposing the determinant A, according to its
first column, (20) and (21) of Lemma 5 yield

(23) 1 < |

But by the definitions of ri we have

(24)

and from (2), (8) we have

and

(25) q'-«

Thus if follows from (22) and (24) that

Further from (23) and (25) we obtain

\L((6)\>\q-^+v»<w-

and

/ k

max |I,(0)| > H n ^ '

If w < qa, the proof of Theorem 2 can be completed by applying the above
assertion to the linear form I(z) = q"L(z). This proves Theorem 2.
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