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Introduction

Burkill (1957) introduced extended Riemann-Stieltjes integrals of the form
[of(x)d*g(x)/dx*~" to provide an alternative approach to the theory of
distributions. We will denote Burkill’s integral by (B)fi f(x)d“g(x)/dx*™"
Burkill’s paper (1957) partially motivated the study of the Riemann-Stieltjes
integral [5f(x)d*g(x)/du(x) in Russell (1970). He showed that the two integrals
are not equivalent.

In order to define integrals of the form % f(x)d*g(x)/dx* ' when k =2, it
was necessary to define and develop the concept of bounded k™ variation. This

has been done in Russell (1973) using k** divide differences, and, as indicated in
that paper, we now proceed to define, and obtain properties of:-
Jaf(x)d* g (x)/dx*"".

1. Notation and Preliminaries

Unless otherwise stated, undefined terms and notation will be found in
Russell (1973).

It will be assumed throughout that k is a positive integer greater than 1.

In Russell (1973) we introduced the concept of total k™ variation of a
function in a closed interval. If we call that variation inner variation, then we
now define a related variation which we describe as outer variation.

DerINITION 1. Let k be any positive integer greater than 1. Then we will
denote by T(X i1, *, Xasx—1) a subdivision of the closed interval [a, b] of the
form

A ZExqa< < xpo=ma<x, < <X, =b< - xoua=h'.
Throughout the paper it will be understood that a’ < a < b < b’. In addition we
point out at this stage that a I' subdivision, as opposed to a & subdivision of
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[a, b] (see Russell (1973)), requires a fixed number 2k —2 of points outside
[a,b].

DerINITION 2. The total outer k™ variation of g on [a,b] is defined by
n—I
Zk (Xi+x ‘xi)|Qk(g; X, * ',X;+k)|-
i +1

i=—

W.(g;a,b,a’,b')=sup
r

We will usually use an abbreviated notation W.(g; a’, b’) for this variation. If
W.(g; a',b') << we say that g is of bounded k" variation on [a, b], and write
g € BW,[a’', b']. The summations over which the supremum is taken are called
approximating sums of W,(g;a’,b’).

LemMma 1. If f€ BV.[a’,b’], then f € BW,[a',b'], and
We(f;a',b)= Vi(f; a’,b).
The proof of this lemma is easy, and will be omitted.

LemmA 2. The inclusion, in (a,b), of extra points of subdivision to an
existing T subdivision of [a, b), does not decrease the approximating sums for
Wi(g;a',b’).

A similar proof to that of Russell (1973; Theorem 3) applies, so we omit
details.

LemMma 3. If fE€ BV,[a,b], and

F(x)=f f()ydt, a<c<b, a=x=b,
then F€ BV,.[a,b].

Proor. Since f € BV,[a,b], it follows from Russell (1973; Theorem 19)
that f = u — v, where u and v are 0, 1,2, - -, k-convex, and have right and left
(k — 1) Riemann * derivatives at a and b, respectively. It now follows from
Russell (1973; Theorem 13) that F can be expressed in the form F=U -V,
where U and V are 0,1,2,---,(k + 1)-convex in [a, b]. Using an argument
similar to that in the proof of Russell (1973; Theorem 19) establishes that U and
V have right and left k™ Riemann * derivatives at a and b respectively.
Consequently F € BV, [a,b].

2. Definition and Linearity Properties of the Integral

DerFINITION 3. Let T'(x-is1, - * +, X4x—1) De any subdivision of [a,. b]. We call
max (xi — xi—y)

i=—k+2.ntk—1

the norm of the subdivision T, and denote it by |T|.
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3] Stieltjes-type integrals 433

DEFINITION 4. The integral [,f(x)d*g(x)/dx*"" is the real number I, if it
exists uniquely and if for each € >0 there is a real number 8(¢) such that when
x;§§,~ _.S_X.‘+k, i=—k +1,~--,n — 1,

- i=’§k:+l FEN Qg5 Xivr, -, Xink) — Qg3 X - X )] | < €

whenever |T'|| < 8(¢).

If the integral exists we will write (f, g) € RS;[a, b], and we will refer to the
integral as an RS, integral. We remark that when the integral exists, its value is
independent of a’ and b’.

The proofs of the following two theorems will not be given.

THEOREM 1. If (f,g)E RS [a,b],i=1,2,---,n,and A\, A, - -+, A, are real
numbers, then (Z7_, Af.,g) € RS:la,b], and

[ (& waeo) 2= S0 o 422

THeOREM 2. If (f,g) E RS [a,b),i=1,2,---,n,and w,, p, "+, . are real
numbers, then (f,=7_, ug) < RS:[a,b], and

Z g (x) .

__N=t S d'gi(x)

f f(x) Z f f) =g
THEOREM 3. Let (f,g) € RSila,c] and RSi([c,b], where a <c <b. If f is
continuous and g has right and left (k — 1)" Riemann * derivatives at c, with g

having bounded (k — 1) divided differences in some neighbourhood of c, then
(f.g) ERS:[a, b}, and

"o diet) d'g(x) __f(©) pi-
Lf( x) = ff( 0 G- LDt ge) - D2 g o)

ProoF. We consider a subdivision I'(X_x+1, -, X.1c-1) of [a,b], and sup-
pose that x,_,<c <x, 1=p=n. Since g has bounded (k- 1)" divided
differences in some neighbourhood of ¢, we can choose a & > 0 such that g has
bounded (k — 1) divided differences in the interval {c — 8, ¢ + 8]. We now
confine our discussion to I' subdivisions for which (x,..-,—x,-.)<$8. Let
S(a,b), S(a,c) and S(c, b) denote the approximating sums of

’ d*g(x) dg(x) f d* g( )
f,, f(x) dxk_.,J’ flx X) T and | f(x)

respectively.
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We re-label the points x_x.r, -, Xp—1, €, Xp, = * =, Xnsx—1 @S
Yokots Yo =0y *y Yor1 = b, -, Yok, Where
yi = Xi, i=—-k+1,--,p—1
Yo =C ,and
yi=xi, i=p+1,---,n+k
If we define yy=m =y, i =p —k,---,p, then
(1)  S(a,b)

k—1

= {p__Zk_H FE[Quoi(g; Xivry» * s X)) — Qu=i(g5 Xy + -+, Xiv—1)]

+ ' 2 f('l']i)[Qk—l(g; Vier,* "y Yiew) — Qkfl(g; Yoo, }’Hk—l)]}

i=p—k

+ {‘:me(ni) [Qu=i(g: Yiers s ¥iek) — Qu-r(8 5 ¥ir * * +5 Vien=1)]
+ "Z f(fn) [Qm(g; Xivts* " "y Xivk) — QkAl(g', Xi, " * -,xi,ka‘)]}

+ _pik FEIQu-r(g; Xivr, s Xik) — Q=85 Xiy * * +, Xiex-1)]

i=p—

p—1

- 2 f(”f}.-) [Qk-n(g; Viety " * "y Yiek) — Qk-n(g; i, - ',)’k+k—|)]

i=p-—k

i f("]i) [Qu-i(g; Yivts ", Vi) — Qg yi-- e, Yirk-1)]

2 =8(,c)+S(c,b)+R,
where R consists of the last three summation terms of (1).

Hence,
R = i=2k+l [f(‘fi—l) —f(f.-)]Qkfl(g;x.-, cr e Xiek-1) +f(§p-|)Qk,1(g;x,,, Sy Xp k1)
= f(& 1 )Qu-1(g Xp k" " ", Xp1) — .-:2“, F(ni-) = f(0)1Qu-(g 5 ¥is*  *, Yivk—1)
—fMp-)Qu-1(85 Yor s Yorx=) F F (o) Qu-r(&5 Yoier* = *5 Yo 1)
- i=2k+2 Fi-) = F(n)1Qe-i(g sy - -, Yirk-1) = Fp)Qu-1(8 Yos10 " *y Youk)

+ (M) Q=g Yo icv1, " ", Yo ),
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and after further re-arrangement, R becomes
p—1

3 > (&)= f(ENQu-i(g: X Xieim)

i=p—

-2 E [f(n:—:)—f(ns)]Qk-u(g;y;,---,y.-uf.)

i=p—k+2

+ [f(gp*l) _f(np)]Qk~l(g;yP+l’ Y p+k)
+ [f(np*k)"f(gn—k )]Qkfl(g v Yokt y,,,,)

- [f(np-k)_f("n~k+l)]Qkfl(g;ypkas L Ye)
U M-) = f)IQu- (&3 You ™ = =, Yook 1)

M) Qu-1(85 Yo kts 5 ¥p) = f(Mo-1)Qu-1(g5 Yoo v =7, Y1)

Consequently, using the continuity of f at ¢, the boundedness of the (k — 1)"
divided differences in [c — 8,¢ + 8], and the existence of the right and left
(k — D™ Reimann * derivatives at ¢, we conclude from (3) that R has limit

f(C) k—1 _ yk-l
approaches zero. The required result now follows.

CoroLLARY. Let (f,g) €E RS, [a,c] and RS: [c,b], wherea <c <b.Iffis
continuous and g has a (k — 1) Riemann * derivative at c, then

(f’g)ERSk[a,b],
and
’ d'g(x) _ d'g(x) dg(x)
[ G822~ [ L882+ [ ro0 LES).

3. Existence Theorems

We establish the first existence theorem for a slightly modified form of the
RS, integral, defined as follows:

DEerFINITION S. If in Definition 4 we impose the restrictions
g—k+|="'=§7[:a and §nrk+l:"'= nflzba

then we denote the corresponding integral by (M) [if(x)d*g(x)/dx*"", and
speak of an MRS, integral.

It is now necessary to point out that when k =2 there is a conflict of
notation with an integral of Russell (1970). Since the present paper generalises
that work the conflict can be conveniently resolved by replacing the “MRS,” by
“M*RS,”.
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It is immediately clear that if (f,g) € RS.[a, b], then (f,g) € MRSi[a, b],
but we point out later that the converse is not necessarily true. The linearity
properties of the RS, integral are easily seen to apply to the modified integral,
and we make use of them wherever necessary.

The following lemma is required for the first existence theorem.

LeEmMmA 4. Let f be continuous and g k-convex in [a',b']. If
IF'(x_«+1, ") Xnsx-1) is any subdivision of [a, b], define fori = —k +1,---,n—1

M, = sup f(x) and m;= inf f(x),

o )
X SX =X 40 Xi EX EXivk

S= "2 M[Qk~|(g;xi+l,"',x|‘+k)——Qk—l(g;xi,"',xi+k-l)],

i=—k+t

and
s = 2 1 m; [Quoi(g; Xivr, "y Xivw) — kan(g; Xis**y Xivk-1)].

i=—k

If the upper and lower approximating sums S and s become S’ and s’
respectively on the addition of an extra subdivision point to T, the extra point
belonging to (a,b), then S'=S and s’ = s.

ProoF. We now suppose that the extra point of subdivision is inserted in
the sub-interval (x;_,, x,), s = 1,2, - - -, n. Denote the extra point of subdivision
by y,, and denote the points of the new subdivision I'" so formed by y;, where

4 X i=—k+1,- 51
“@ yi {xi+.,iv'=s+1,---,n+k—l'
We then define

M= sup f(y),

YiZY=Eyivk

and
mi;= inf f(y) when i=-k+1,---,n+k.

ViEYEYivk

We now obtain the following inequalities:

M =M, i=—-k+1,---,s—k—1,

Mmoo
i+1

M= M., i=s ,---n-1

We deduce the following inequalities:
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7 Stieltjes-type integrals 437
M= M, i=—-k+1, ---,s—k—1,
;rk é Mx*k’

{Mi—ls
Mi ’

M.= M.,
M:: M,‘4|, i=s+1,

M;

A

i=s—k+1,---,5—1,

e, on.

Corresponding inequalities can be obtained for m; and m; by replacing ““M”’ by
“m”, and reversing the inequality signs. We now prove that S’ = S.
Writing Q(xi+1, - -, Xivx) for Qu_i(g; Xic1, * *, Xiex ), we have

s—1

§-S'= 2 ME[Q(xi+l, c o Xisk )~ Q(xi, te, xi+k~l)]

i=—k+s

s

- Z MIIQ(Yisr, -, Yiri) = Q(¥i, -+ +, Yinr-1)]

i=—k+s

(5) = M—k+s [Q(X~k+s+|, c e ',x;)_ Q(xAkt\-, "t ',x,\'fl)]

+ E M[Q(-’QH,"',xi+k)_Q(xi,’",X.'+k—1)]

i=~k+s+1

+ Mx~l[Q(xs, tt 'sxs+k—l) - Q(xs~ly ° .,xs*»k*'l)]

- Z MIQ(Yier, -, Yiri) — Q¥i, - =+, Yirk 1)

i=—k+s

We now use (4) and apply Russell (1973; Theorem 1) to the first term of (5)

to give
M—k+x [Q(x—k+s+h R x.v)_ Q(x—k+x’ ° 'sxx—l)]
=M_,. [a—k+sQ()’—k+s+|, cty, )’s)+ B—k+sQ()’—k+s+z, ey Yser)
- Q()’»us, Tt ys—l)]
©)

=M s [{Q(y-ssser, 5 ¥) = QYokrsr* =+ Y1)}
+ B—k+s{Q(y—k+s+2) Y ys+|)_ Q(y—k+s+la T, ys}]

since @ x+s + Bokss = 1.
In a similar way, the third term of (5) can be written in the form

Mf-l[{Q(yS“’ Y y5+k)_ Q()’s, Y yx+k—l)}
+ as—z{Q(}’s, . -,ys+k4) - Q()’s—:, te, ym_z)}],

- where a,,+ B,_,=1.
The general term of the summation

)
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438 A. M. Russell (8):

s=2

M[Q(xi+l, c e Xivk) ™ Q(Xi, cee Xivk-1)]

i=—k+s+1

in (5) can be written in the form
Mi[a:i {Q(Yivr,**, Yiex) — QYis - = *, Yivw—1)}

(8) + Bi{Q(yHZ, Sty y|'+k—|)_ Q(y.'+|, ' -,y.-+k}]

since
a.>1+B,-~, = Q; +B,— =1.

Substituting (6), (7) and (8) in (5), and re-arranging terms gives

S-§'= (M—k+s - MLk+s){Q(y—k+s+l, Y ys)— Q()’—kH, Tt )’.H)}
) o2
+ 2 (BiMi + Ot,-M.«»] - M:‘+I) {Q(yi+2’ R yi+k+l)

i=—k+s

= Q(Yirt, "7, Yiss)}
+ (M‘Al - M'() {Q()’wl, ey, ys+k)— Q()’s, T, )’s+k—|)}-

Each term of (9) enclosed by curly brackets is non-negative because f is
k-convex. Since M_,,, Z M'_,., and M,_, = M/, the first and last terms of (9)
are non-negative. Furthermore, since o; + i =1, and M; 2 M',, and M, =
M., wheni= —k+s,---,5 —2, it follows that g:M; + a;M,., = M .,. Conse-
quently all terms of (9) are non-negative, and so we have shown that

(10) S'=S.

If we replace ““M "’ by ‘““m ™ and reverse the inequality signs, a similar argument
will prove that

(11 s’

W
%]

This completes the proof.

Suppose now that F and G are defined only on [a, b], and that G has right
and left (k — 1)'"" Riemann * derivatives D% 'G(a) and D*~'G(b). Then clearly
there exists an extension f of F to [a,’, b'] such that f is continuous in {a’, b'].
For example, define f(x) = F(a),x =a and f(x) = F(b),x = b. Furthermore,
there exists a function g which agrees with G on [a, b], is a polynomial when
x = b and x = a, and has (k — 1)* Riemann * derivatives at a and b. We omit
‘the proof. If extensions f and g are obtained in this way we say that they
satisfy Condition A.

THEOREM 4. Let F be continuous and G k-convex in {a,b]. Then there exist
extensions f and g of F and G, respectively, to [a’,b'] such that

(f.g) € MRS [a,b].
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Proor. Let f and g satisfy Condition A. We consider any
I'(X_xs1, -+, Xnex—1) subdivision of [a, b], and make the following definitions:

M.,= sup f(x),

X+ EXEX

m_ ;= lnf f(x),

X g+ [ SXEXg -1

M, = sup f(x),

X{EX EXi+k

m; = inf f(x), i=0,1,---,n—k,

XiEXEXi 4k

M, = sup  f(x),

Xp —k+1EXEXp 4k -1

Moy = inf f(x),

and
S = M—l{Qk—l(g; X0,y Xe—1) — Qk~|(g s X kwtyt T ',xo)}

n—k
+ 2 MA{Qu-(8:5 Xivrs s Xisa ) — Quoi(g; Xi -+  Xivn—1)}
i=0

+ Mn*k+|{Qk»l(g 3 Xyttt Xnwk—1) — Qk—l(g s Xn-k+1y " " ',xn)}, and
let s be the expression obtained from S by replacing “M” by “m”. Finally, we
define
U =irng and L =sups.
r

Let S and s become S’ and s’ on the addition of an extra subdivision point to
I. It follows immediately from Lemma 4 that if the extra subdivision point
belongs to (a,b), then S’ = S and s’ = s. If the extra subdivision point belongs
to either [a’,a) or (b, b’], it follows readily that S'= S and s’ = s. Thus in all
cases we have

(12) S’'=S, and s'=s.

Let I', and I'> be any two subdivisions of [a, b], and let 'y be a subdivision
obtained by combining I', and I, all points of ', and I'» in [a, b] being included.
If the upper and lower approximating sums corresponding to I'; are denoted,
respectively, by Si and s, i = 1,2,3, then it follows from (12) that

S|§S3§S}§S3.

Similarly s, =S\, and so we conclude that L = U.

https://doi.org/10.1017/51446788700016153 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700016153

440 A. M. Russell [10]

Since f is continuous in [a’, b'] it is uniformly continuous there, so, given
£ >0, there exists §(¢) such that for each i,

£

M, —m; <3 whenever ||| < 8(¢e),

M being an upperbound for the non-negative sum

) 2 {Qm(g; Xivtyr 5 Xivw) — Qui(g 5 Xiy - - 'sxi+k—l)}

i~k
= Qk—l(g; Xny* * "y Xnsk—1) — Qkfl(g; X_kats" "y Xo)}

and the upper bound exists since D% 'g(x) and D* 'g(x) exist for all x in
(a’,b’) by Bullen (1971; Theorem 7(b)). Hence

0=sU-L=S-s5= "2 (M.-—m,-) [qu(g;x,'ﬂg"'axnk)

i=—k+1

—Quoi(g; Xy X)) < e
Therefore, since & >0 is arbitrary, U =L = I, say. Consequently if
Ein=¢in==¢,=a, xi=&=Xiw i=0,1,---,n—k, and
bnkr1=€nsia= =& ,=b,
it follows that

I - ,:_Z; . f(fl) [Qk—l(g;xi+ly Tt x;'+k) - Qk,,(g;xi, .. -’xH‘k“,)] < g

whenever ||| < 8(g). This completes the proof.

Remark. The necessity of introducing the interval [a’, b’] in association
with the interval [a, b] arose from determinations of the behaviour of S and s
on the addition of extra subdivision points. An example is given in Russell
(1970) of the difficulties arising when =, and not I', subdivisions of [a,b] are
used.

We now relax the restrictions imposed upon f and g in the intervals [a’, a]
and [b, b’], and also obtain existence theorems for the RS, integral.

THEOREM 5. Let f be continuous on [a’,b’]. If g is k-convex in [a',b’],
then (f,g) € MRS.[a,b].

The proof is straightforward and will be omitted. .

THEOREM 6. If f is contirnuous on [a',b’], and g € BV.[a’,b’], then
(ﬂg)EMRSk[ayb].

Proor. The proof follows from Theorem 18 of Russell (1973), Theorem 5,
and Theorem 2.
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THeoreM 7. If f is continuous and g € BV, [a',b’], then (f,g) € RS:la, b],
and

, d*g(x) (x)
[[ 10 LE - an [ j 458

The proof is straightforward and will be omitted.

We have obtained an existence theorem for the RS, integral when f and g
are defined on [a’,b’]. If F and G are only defined on [a,b], F being
continuous and G of bounded k' variation, then it is clear from the previous
discussions that extensions f and g of F and G, respectively, exist such that
(f,g) € RSi[a,b]. We now state two theorems, without proof, which show
effectively that the existence of the RS, integral is determined by the behaviour
of f and g in [a, b] and at the end points a and b, and is otherwise independent
of the extensions used.

THEOREM 8. Let f, and f, be two functions that are continuous at a and b,
and, in addition, are continuous and equal on [a,b]. If g € BV.[a',b’], then
(f1.g) and (f,,g) belong to RS:[a,b], and

[0SR - [ 45

THEOREM 9. Let f be continuous on [a’, b’]l, and let g,, and g, belong to
BVi(a,bl. If, in addition, g.(x) = gx),a =x = b, and g, and g have (k = 1)"
Riemann * derivatives at a and b, then (f,g\) and (f, g.) belong to RS:[a,b],

and
’ gi(x) _
L f( ) dx k-1

If in Definition 4 we consider only 7 subdivisions of [a,b], so that we
necessarily consider only functions f and g defined on [a, b], then we obtain an

RS¥ integral,
f f() i‘

We now present existence theorems for this integral.

Tueorem 10. If (f,g) € RS:[a,b], and g has (k — 1)" Riemann * deriva-
tives at a and b, then (f,g)E RS*¥[a,b], and
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ff() g(x)

The proof is straightforward and will be omitted.

TueoreMm 11. If f is continuous on [a,b], and g € BV.[a,b], then
(f,.g) € RStla,b].

Proor. Since g € BV, [a, b], it follows from Russell (1973; Theorem 19)
that g has right and left (k — 1) Riemann * derivatives at a and b respectively,
and so there extensions F and G satisfying Condition A and such
that F is continuous and G is of bounded k™ variation in [a’,b’']. Thus
(F,G) € RS, [a, b}, and the required result now follows from Theorem 10.

We conclude this section by giving an example which shows that the
existence of the MRS, integral does not imply the existence of the RS; integral.
Let k=2, a=0and b=1.If f(x)=0 when x#0, f(0)=1, and g is any

function for which g’“ and g:’ exist and are unequal, then
' d’g(x)
J:) f(X) dx
does not exist, whereas
d’g(x
) [0 X

does exist, and equals g’ —g2@,

4. Related Integrals.

We now discuss further useful modifications of the RS, integral. These
modifications will be obtained by giving &, in Definition 4, a specific value in the
sub-interval [x;. x...], and also by restricting our subdivisions so that all
sub-intervals are of equal length. In Russell (1970) examples of modified
integrals are given, one of which exhibits properties of Dirac’s delta function.

If in Definition 4 we put & = x,, we call the corresponding integral the
M,RS; integral.

Again, if in Definition 4 we consider only I' subdivisions in which all
sub-intervals (x; — x;_\) are of equal length, and put & = x;.«, then we call the
corresponding integral the M,RS, integral. This integral will be useful in the
context of integration by parts.

We conclude this section by showing that (f,g) € M,RS:[a, b] when f is
quasi-continuous and g is of bounded k" variation on [a’, b']. We define step
functions and quasi-continuous functions that are anchored at a as in Webb
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(1967). We must now define the following extensions of the unit step functions
L. and R. of Webb (1967):

r.(x)=0,a' =x<c

A

=l,c=x=b’', and
lL(x)=0,a'=x=c
=l,c<x=b'.

THEOREM 12. If k =2 and g € BV, [a',b’], then

(M(»)f lc (X ) ddfk(xl)

«

and

? d*g(
[ e
exist and equal

D! 'g(b)-D* 'g(c)
k-1

The proof is straightforward and will be omitted.

THEOREM 13. If F is a step function on [a.b], and g € BV,[a’,b’], then
there exists an extension f of F such that (f,g) € M,RS:[a,b].

Again the proof is straightforward and will be omitted.

THeoreM 14, If F is a quasi-continuous function anchored at a, and
g EBVi.la’',b'], then there is an extension f of F such that

d'g(x)
xkvl

(Mn)f f(x)

exists.

Proor. Since F is quasi-continuous on [a, b], there exists a sequence {F,}
of step functions which converges uniformly to F. We extend each step
function F, by defining

0,x=a
f(x)=2% F.(x),a=x=b
F.(b),x > b.

Then the sequence {f.} converges uniformly to, say, f on {a’,b']. Then, using
Theorem 13 we obtain
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|0 [ g0 GBE - Mo [ o) LB

=0 [ ) - e L8

=|fn —fo | Wi(g; a’,b'), where
Ifm =full = sup |fm(x)=fi(x)I.

Hence { (Mo) J'ab fa(x) d;fg)}

is a Cauchy sequence of real numbers, so let its limit be L.
Let ¢ >0 be given. Then there is a positive integer n such that

(13) |[1-0 [ o) L8R <&,
and
a4 I~ 11<3% G a7

Since (f., g) € MoRS.[a, b1, there exists 8(¢) such that whenever ||[C|| < 8(¢),

Mo [ 10 LEE - s (.1, 8| <

(15)

where S(T', f.,g) is an approximating sum for

Mo [ fo0 GEE.

Consequently, if S(T, f, g) is an approximating sum for the M,RS; integral, and
[T]| < 8(e), then using (13), (14) and (15) we obtain

II-ST.fg)l<e,

and this completes the proof.

5. Integration by Parts

In order to obtain an integration by parts result we will need to introduce
Hellinger-type integrals. The simplest integration by parts result is given in
Russell (1970) for the case k = 2. For larger values of k it appears to be
convenient to work with sub-intervals of equal length.

In order to define our Hellinger-type integrals we make use of the operator
A, where

https://doi.org/10.1017/51446788700016153 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700016153

[15] Stieltjes-type integrals 445

Af(x) = f(x + h)— f(x), and Aif(x) = AAL'f(x)).

DEFINITION 6. Let € >0 be arbitrary and let s be a fixed positive integer
such that 1=s =k — 1. Then

d f(x)dg(n(x)
; dxk [

is the real number I, if it exists uniquely and there is a real number §(¢) such
that

1 S A )AR g ()
(s — D'k —s)! S h*!

I— <e

whenever |T, || < 8(e).
We retain the factorial terms in our definition as a consequence of the

result.

A:f(XO)
Qu(f; xo, "+ +, X)) = h*

when all sub-intervals are of equal length h.

THeoREM 15. Let (f,g) € RSi[a,bl. If DX g(a), DX ?g(b), DX *f(a) and
D**f(b) exist, and 1=s =k — 1, then

j f(x)s : x) exists and

If( ydig@) _ (=D = D!k =9)! " dF(x)d g (x)

(16) d k—1 (k__])! " dxkfl

Z (- D)™ '[D™'f(b)D  "g(b)— D" 'f(a)D% "g(a)l.

N 1)‘

ProOF. We consider any I', subdivision of [a, b] in which all sub-intervals
are of equal length h. Denote the corresponding approximating sum of the RS.
integral by S(T..f,g). Since (f,g) € RS«la,b]l, we can choose & = xi.-.,
i=—-k+1,---,n—1.Then, writing A" instead of A%, and using the property

Ar f(x)=A"f(x + h)— AV 'f(x),
we are able to show that

h* "'k — D! STwf.8)

A7) = (=17 "3 AF(Xies)A g (xi0s)

i=—k+1

+ 2; (= D™ [A™ 7 f (X ks —m )A* "G (X0 ) = A™ T (X )A TG (X k)]
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Dividing (17) by h*'(k — 1)!, noting that the existence of a (k —2)" Riemann *
derivative implies the existence of a (k —s —2)" Riemann * derivative when
s=1,2,---,k—2, and letting ||| approach zero, establishes the required
result.

THEOREM 16. Let (f,g)€ RS [a,b). If DX 'g(a), Di 'g(b), D 'f(a) and
D*7'f(b) exist, then

M) [ g0 4L

exists, and

d'g(x) _ d*f(x)
[ 10 R = oo [T g0 GEE
(18)

Tk 11)- > (= D™D 7'f(b)D}"g(b) ~ D" 'f(a)D* "g(a)].

ProoF. The proof is similar to that for Theorem 15, and will be omitted.

Remark. If in addition to the hypothesis of Theorem 16 we know that
(g,f) € RSi[a, b], then the MRS, integral in (18) can be replaced by the RS.
integral.

6. Reduction of the RS: Integral
THEOREM 17. Let f be a step-function on [a,b], and let g € BV.._Ja’,b'].

If G(x)=G(a")+ i gt)dt, a’ =x =b’, then there is an extension F of f to
[a’,b’] so that

k=M [ 0 L8R = Mo [ P 4 ED),

Proor. The case k =2 appears in Russell (1970), so we assume that k = 3.
We first note that since g € BV, [a’,b’'], it follows from Lemma 3

that G € BVi[a',b']. Then, as in Theorem 12, (r.,g)€E MoRS,_\[a,b],
(r:;, G) € MoRS,[a,b], and

(M(,)f r((x)dd g(x) _ fg((l;():z)!:g(c)

and

d‘G(x) D:Y'G(b)—-D% 'G(c)
(M())f r(( ) dxk [ (k_l)’

Corresponding results apply for the extended unit step function [. It now
follows from Russell (1973; Theorem 18) and Bullen (1971; Theorem 7), that
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DYT'G(b) =(G* )ub)=(g"HUb)=Di’g(b).
Similarly, D! "'G(¢) = D% g(c), and consequently

(k—l)(Mo)f ro(x )dG(")—(MO)f Rt 89,
Similarly,
d G(x)_ d" 'g(X)

(Mo) l( )

a

(k — ])(Mo)f L (x)

The required result now follows using the definition of a step-function.

THEOREM 18. Let f be anchored at a, continuous in [a’,b'] and let
gEBV, _\[a'b'] If

x

G =G+ [ e

a

then

k k—1
LOE " jo T8,

Proor. We first observe that (f,g) and (f, G) belong to RSi_i[a,b] and
RS, [a, b] respectively. Let F be the restriction of f to [a, b]. It is a well known
result that a sequence {F,} of step functions can be obtained which converges
uniformly to F. As in Theorem 14 we define an extension f, of F, for each n.
Then the sequence {f.} converges uniformly to a function h on [a’,b’], and h
will be continuous in [a’,b’]. From Theorem 13 we conclude that (f,,G) &€
MRS, [a,b], and (f,,g) € M,RS, _\[a,b], and Theorem 17 tells us that

LO0) = Mo [0 L 580

(k—nf fo)

(k — ])(M())j fa(x)

for all values of n.
Since g and G belongto BV, [a’,b'] and BV,[a’, b'] respectively, we let
n tend to infinity and obtain

d"G(

(k—l)(Mo)f et d“'g(x)

D= M [ heo £ 5

Since (h,G)and (h,g) € RS.{a, b] and RS, _[a, b] respectively, it follows that

B d'G(x) _ d“ 'g(x)
(k ]),h()dkl ‘h()de?

and finally since h is continuous on [a’,b’], agreeing with f on [a,b], we
employ Theorem 8 to show that
o4 e x)

T k-2

(k
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