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TERNARY QUADRATIC FORMS AND
SHIMURA’S CORRESPONDENCE

PAUL PONOMAREV*

Introduction

In his paper [11] Shimura defined a correspondence between modular
forms of half integral weight and modular forms of integral weight. To
each pair (¢, f(2)), consisting of a square-free integer ¢ > 1 and a cusp form
f(2) = Xr., a(n)e™** of weight /2 (¢ odd, > 3), level N (divisible by 4) and
character y, he associated a certain function [“(2) (F.(z) in Shimura’s
notation). He showed that f*’ was an integral modular form of weight
£ — 1 and character y*, provided f was a common eigenfunction of the
Hecke operator T,(p?) for certain primes p|N. Furthermore, he showed
that f was a cusp form if ¥ > 5. He conjectured that the level of f©®
could be taken as NJ2. Niwa [6] verified this conjecture for x> 7 by
constructing a kernel function for the “lifting” f— f®. In particular his
approach obviates any assumption on eigenfunctions. The dependence on
t of the correspondence f~ f can be circumvented if f is a common
eigenfunction for all TY(p*). In that case Shimura showed that f“(2) =
a(t)F(2), where F is independent of ¢&. This allows one to define a “lifting”
f+— F which we call the Shimura lifting.

In this paper we determine the effect of Shimura’s correspondence on
the theta series associated to certain positive definite ternary quadratic
forms. These quadratic forms are associated to certain maximal lattices
and their duals (see §1). Let L be one of these lattices, with ambient
space V, and let § = 6(z, L) be the associated theta series. In §5 we ex-
press 0 as an explicit linear combination of theta series associated to
maximal lattices from a quaternion algebra U which is naturally paired
with V. Our approach is purely arithmetic. It is based on the fundamental
idea of Eichler ([1], Chapter IV) that the effect of a Hecke operator on the
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theta series coming from a similitude genus (“Idealkomplex” in Eichler’s
terminology) is the same as a certain “Anzahlmatrix” which is defined in
a purely arithmetic way. Following Rallis [10], we call this “Eichler’s
commutation relation.” In §4 we show that the Anzahlmatrices associated
to the lattices L are “‘reduced” Brandt matrices associated to a quaternion
algebra 2. This, combined with the commutation relations, allows us to
explicitly determine . The same approach can be used to evaluate the
effect of the Doi-Naganuma lifting on theta series. The details will appear
elsewhere.

§1. Preliminaries

Let V be a nondegenerate quadratic space of dimension n over @ and
q: V— @ the quadratic mapping on V. The symmetric bilinear form B
assoclated to g is given by:

B(v, w) = q(v + w) — q(v) — q(w) for v, we V.

A similitude of V is an element ¢ € GL(V) such that g(¢(v)) = a,q(v) for
every ve V, where q, € Q% is independent of v. We call a, the norm of ¢
and denote it by n(s). If dim V is odd, then r ¢ @* is the norm of a simili-
tude & r is a square. An orthogonal transformation is a similitude of
norm 1.

By a lattice on V we will mean a Z-lattice in V of rank n. The dis-
criminant A(L) of a lattice L on V is defined by:

AL) = det [B(v, v))] ,

where {v;} is a Z-basis of L. The norm of L is the positive rational number
n(L) which generates the Z-span of all q(v), ve L. The reduced discrimi-
nant 4'(L) is defined by:

4 (L) = det [(L)"'B(v, v))] ,

where {v;} is a Z-basis of L. It is clear that 4(L)e Z. A lattice Lon V
which is maximal among all lattices on V of norm r is called r-maximal.

The notions of discriminant, norm and reduced discriminant all carry
over in the obvious way to Z -lattices on V, = V®,Q,, p a rational
prime. Depending on the situation, they may be regarded either as frac-
tional ideals of @, or powers of the prime p. For a lattice L on V we
set L, = L®,;Z, Two lattices L, M on V are said to be similar, or in
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the same similitude class, if (L) = M for some similitude ¢ of V; they
are in the same similitude genus (“Idealkomplex” in the sense of Eichler
[1]) if L,, M, are similar for all p. It is well known that the number of
similitude classes in a similitude genus is finite ([1], p. 79).

An integral quadratic form in n variables is a homogeneous polynomial
f=fX, -, X,) of degree two with coefficients in Z. The discriminant
of f is taken to be the determinant 4 = A(f) of the matrix

A= [#"’Zf ] .

0X,0X;
We always assume A is nonsingular, i.e. 4(f) += 0. We note that A is an
even matrix, that is, it has integer entries and is even along the diagonal.
The level of f is defined to be the least positive integer N such that NA!
is even. We put A* = NA~' and denote by f* the integral quadratic form
associated to A*. By definition, f* is a primitive form, called the primitive
adjoint of f. It should be noted that N|4 is not necessarily true when n
is odd, since 4A-! need not be even (cf. [1], Satz 10.3). Of course, it is
true that N|24. Moreover, since every Z,-lattice has a one-dimensional
orthogonal component when n is odd ([1], p. 48), it is always true that 2|4,
4| N.

Two integral quadratic forms f, g in n variables are equivalent if one
can be obtained from the other by a linear change of variables with integer
coefficients and determinant +1. Equivalent forms have the same dis-
criminant and level. To each similitude class {L} of lattices on V we can
associate an equivalence class {f;} of integral quadratic forms by setting

® fuXs -+, X) = n(D)g(3 X, ),

where {v;} is a Z-basis of L. It is clear that f, is primitive and 4(f,)=
A (L). If g is positive definite, then f;, f,, are equivalent & L, M are similar
(cf. [8], p. 33). The level of L is defined to be level of f,. Let L* be the
dual lattice of L with respect to B. It is clear that

fL*t = (fL)* .

From now on we assume that n = 3. Then V is similar to the pure
part of some quaternion algebra % over @, the quadratic form being the
reduced norm N (cf. [1], §5.2). Accordingly, there is no loss of generality
in taking V= {a e U|T(a) = 0}, where T is the reduced trace on UA. Then
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B(x, B) = — T(«p), the similitudes of V are the mappings & — caa™’, cc Q*,
a e, and the orthogonal transformations are those with ¢ = +1. Of
course, V is positive definite & U is definite.

To determine all maximal lattices on V is suffices to determine all
those having square-free norm. This corresponds to determining the 1-
maximal and p-maximal lattices on V, for each prime p. Let d be the
product of all finite primes p such that ¥, is not split. For p/d we define
an Eichler order to be any order O, of %, such that

0, = [Z" Z,,] .
pZ, Z,

An Eichler order ©, has a unique two-sided prime ideal

$=%P ﬂzpa 4].
p 0 pZ, pZ,

From §2 of [9] we obtain the following classification of maximal lattices:
If pld: (i) L, is 1-maximal & L, = {a, € V,|N(a,)e Z,} = O, N V,,
where O, is the unique maximal order of ¥,.
(ii) L, is p-maximal & L, = {«, € V,|p| N(a,)} =B N V,, where
B is the unique two-sided prime ideal of O,.
If ptd: (iii) L, is 1-maximal & L, = O, N V,, where O, is a maximal
order of U,.
(iv) L,is p-maximal & L, =% N V,, where R is the two-sided
prime ideal of an Eichler order O, of %,

The corresponding reduced discriminants 4, and levels N, are:

@ ifp=2
(p fp+2

@ ifp=2
(p) ifp#2

(i) 4, =2p") N, ={

(i), @) 4= (o), N, = |

(i) 4,=2), N, = 4.

We observe that the lattices of type (i) are paired naturally with those
of type (ii). If L, is of either type, then M, = {a, € L,|p|(N(a,)/N(L,))} is
of the other type.

For p+ 2 M, is similar to L!, so this pairing is ordinary duality.
For p = 2 it is not the dual pairing, since the level is changed. Indeed,
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a lattice L, of type (i) is similar to its dual L{ In accordance with this
pairing, we introduce the notion of “‘d-transform” of a maximal lattice L
for any 6|d. If L is a maximal lattice on V, then L® = {a e L|d|f.()},
9 = f,». Such a transform changes the type of the lattice at any prime
p|6. These transforms are special cases of transformations introduced by
Watson [13] which do not increase the class number. In the present case
it is clear that two maximal lattices L, M are similar & L%, M are
similar, which means the class number is actually unchanged. The primi-
tive adjoint of a form is another example of a Watson transformation
which leaves the class number unchanged. However, the dual of maximal
lattice need not be maximal. For example, the dual of a lattice of type
(iv) is similar to the trace 0 part of an Eichler order, hence non-maximal.

From above we see that if L is a maximal lattice on V, then L has
level 4m, where m is a square-free multiple of d. The converse is not
true. However, it can be shown that any lattice on V with such a level
is similar to one gotten from the trace 0 part of an order which is locally
either maximal or Eichler by taking a finite number of d-transforms and
duals. The details will appear elsewhere. In this paper we will only con-
sider lattices which are similar to J-transforms of lattices L of the fol-
lowing two types:

2) I. L=SN V for some maximal order © of % .
3) II. If d is odd, then L = (2dM*)®, where M is of type I

The lattices of type I are simply the 1-maximal lattices on V. If L is of
type I, then L, = M, = 9O, N V, for p|d but

) L, = oM; = {[—“ 2b]

a, b,ceZz}.
2¢c a

In particular, such a lattice has norm 1 but is not maximal. The reason
for choosing L in this form when d is odd will become apparent in the
next section. We note that the lattices of type I have discriminant 2d2
while those of type II have discriminant 32d® It is clear that a lattice
of reduced discriminant 4 is similar to a J-transform of a lattice of type
I, type II, resp. & 2d|4|2d? 32d|4]32d? resp. In either case, the total
number of similitude genera with such reduced discriminants is 2°, where
e = the number of primes dividing d.

If L is of type I, then the maximal order © such that O N V=L is
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uniquely determined ([9], p. 585). Let G be the similitude genus contain-
ing the lattices of type I. Then the number of similitude classes in G is
equal to T, “the type number” of ¥, that is, the number of isomorphism
classes of maximal orders of ¥ ([9], p. 586). It follows that any similitude
genus obtained from G by taking é-transforms and duals also has T simili-
tude classes.

§2. Eichler’s commutation relation for type I lattices

Let f = f(X,, X,, X;) be a positive definite integral ternary quadratic
form. Let 4 be the discriminant of f and N its level. For each integer
n >0 put a(n,f) = {ve Z°|f(v) = n} and

0(2) = 0(z, f) = 2:0 a(n, fe=ne .

Then ¢ is an integral modular form of weight 3/2, level N and character
x(d) = (24/d) ([11], p. 456). For each prime number p we have a Hecke
operator 77 (p*) defined ([11], p. 450) such that if

O TPNE = 3 blmere,

then b(n) = a(p’n, f) + (—24n)[p)a(n, ) + pa(n/p’, f) if pf4 and
(6)) b(n) = a(p’n,f)  if pld.

In particular, b(n) = a(4n, f) for any n > 0.

Suppose f = f,, where L is a lattice of type I. Following ideas of
Eichler ([1], § 21.3), we will show that |7 (p® for pt4 is a certain ex-
plicit linear combination of #-series associated to the similitude genus of
L. The coefficients of this linear combination come from an “Anzahlmatrix”
P(p%, which we now describe. Let C, - --, C, be the similitude classes in
G. Choose a representative L,e C,i=1,.-.,T. Let p be a prime num-
ber. Fix i and consider the set of all Ke G such that KC L,, n(K) =
p*n(L,), and K =+ pL, if ptd. This is a finite set with a cardinality which
depends on p but not on i. We denote this cardinality by =(p?. Put
7;;(p’) = the number of K which are similar to L;. It is easily seen that
7;{(p*) depends on (i, j)) but not on the choice of representatives L, L,.
Then P(p®) = [r;;(p?)] is an “Anzahlmatrix” in the sense of Eichler ([1], p.
109), where the elementary divisors (p, p, p) are not allowed for ptd. We
note that our matrices are the transposes of Eichler’s. For any i we have

https://doi.org/10.1017/50027763000019218 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019218

TERNARY QUADRATIC FORMS 129

T
(6) ]Z::ln'ij(pz) = n(p) .
For any lattice L on V denote a(n, f,) by a(n, L) and 8(z, f,) by 6(z, L).
Set
0(z, L)
0,(2) = .
6(z, Ly)

ProposiTioN 1. (Eichler’s commutation relation.) Let G be the simili-
tude genus containing the lattices of type 1. Let 4 be the reduced discri-
minant of G, N the level of G, y the character (mod N) defined by x(d) =
(24/d). Then

(7) 04| T3, (p°) = P(p")0,
for any prime p/tA.

Although Eichler’s book [1] does not contain the definition of Hecke
operators for half integral weight, the above ‘“commutation relation” is,
in principle, contained as a special case of his formula 18.20C, p. 123. For
the sake of exposition and the convenience of the reader, we present a
self-contained proof here. Since 24 = 4d? a square, we must show

(8) 2 wueal L) = alpn, L) + (=)atn, L) + palnip’, L)
for any n > 0.

We may assume the L, are of type I, sothat L, = O, NV, i=1,..., T,
where O, - - -, O, form a complete set of representatives for the isomorphism
classes of maximal orders of 2. Let & be the set of all rational multi-
ples of maximal orders of . Then we have a one-to-one correspondence
between the elements § of @ and K of G given by - & N V= K. Sup-
pose L is of type I, L =9 N V, © a maximal order of %. Then the pro-
blem of determining all K¢ G such that K C L, n(K) = p’n(L) = p*, K +
pL is the same as determining all £ € & such that & € O, n(®) = p*, & +
pO. For any such & we must have

R, =9, for g #p
&, = pB;'O,B for some B, e WX .

We may assume %, = M(2,Q,), O, = M(2, Z,). By direct computation,
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pB,'M(2, Z,)8, C M(2, Z,) implies B, = ca,, where ce Q}, a, € M(2, Z,) and
N(a,) = u or pu, v a unit of Z,. Since &, + pO, we have

) = po{;leo(p ’

where «, €O, and Me,) = pu, u a p-adic unit. Multiplying «, on the
left by a suitable unit of ©,, we may assume

(10) %=[p(qor%=[lc}cez0gc<p.
0 1 0 p

Each of these «, gives a distinct sublattice & of © of the required type.

In particular, we have

(11) a(P)=p+1.

Then (6) combined with (11) verifies (8) for n = 0.

Suppose L is of type I, L=9O NV, © a maximal order. For each
integer n > 1 let A(n, L) = {ve L|N() = n} = {v€O|v* = —n}, so that
card (A(n, L)) = a(n, L). For each pe A(p°n, L) put z(y, O) = the number
of &, such that pe ®,. We say that two vectors 2, ' € L, are associates,
and write 2~2, if ¥ = ¢(2) for some orthogonal automorphism ¢ of L,.
Then =(y, O) = the number of &, containing 4/ for any associate x/ of p.
For an integer k& > 0 we write p*|p if p~*pe O,; we write p*| x if p*|p but
p*"'fu. In particular,l|x & p is a primitive vector of O, (or L,). Since
pY4(L,), any two primitive veetors in L, of the same length are associates
({11, p. 60). It follows that p*||p & u~ 4/, where

v=rl 2 )

with m = np**-%,

LEmMmA. Let pe A(p*n, L). Then

1 if p is primitive ,
(13) 2, ©) =41 + (:p’-’) if Dl
p+1 if p*lpe.

Proof. Suppose p*||p. Taking R, as in (9) and 4/ as in (12), we see
that z(y, O) = the number of «, as in (10) such that 4 € pa;'O,«,, i.e.

(14) p"“ap[ ‘1’ ng]agleM@, z).
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If u is primitive, then & = 0 and (14) holds only for
o = [1 O]
D 0 p

If > 1, then p*'a,;'e M(2, Z,) for every a,, hence (14) holds for every «a,,
and n(y, O) = n(p*) = p + 1. Now suppose £ =1, so that m = n. Then

(14) is valid for «, = [18 (1)] Taking «, =[(1) ;], 0<c<p, we get
o [ 0 n] o [—c (c* + n)p“] ’
1 0 —p c

which is in M(2, Z,) & ¢* + n = 0(mod p). Thus
WD) =11 if pln

Proof of Proposition 1. Let us write A; = A(n, L;), B, = A(p’n, L,).
Note that if K e G with n(K) = p* is similar to L, (written K~L,), then
a(p’n, K) = a(n, L;). On the one hand, we have

2 Q) =222,1=212, 1*2 2 2

=% % aln, L) = Y aln, »K;L 1
= 33 aln, L)w(p) -

On the other hand,
ZI; TC(,U, 0,) = 1%: 75(.“: £9,) + % 71'(#, 9, + 1; 71'(#’ 9,)

¢rEB;

(15) =21+2(1+(:p’i))+z<1+p>,

1 ple p2p

by the Lemma. Then (15) equals

> 1+( - )Zl—i—p;ﬂ

HEBy

= a(p’n, L) + pa(n/p’, L;)  if p|n, and
(16) a(p'n, L) +( “)S1 o ifpin,

Dlle
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in which case p|p & pllp, so that (16) equals
a(pin, L) + (—)atn, L),
b

completing the proof.

ProrosiTioN 2. Let the assumptions be as in Proposition 1. Then
Eichler’s commutation relation (7) is valid for p|d.

Proof. We must show (cf. (5))
) 3 m(Paln, L) = a(p'n, L) .

Suppose R ®, & C O and n(R) = p®. Then & = pO, since p|d. It follows
that =,,(p*) = §,;, the Kronecker delta. On the other hand, for p|d we
have

P'INw&Splg  for ped,,
which implies a(p’n, L,) = a(n, L,), proving (17).

§3. Eichler’s commutation relation for type II lattices

The remaining case for type I lattices where we don’t have a com-
mutation relation is p|4, pfd. This occurs only if d is odd and p = 2.
As we shall see, (17) is not valid for p = 2 except for special values of n.
For general n the right hand side of (17) involves representation numbers
of the lattice of type II associated to L,. In this section we derive com-
mutation relations for type II lattices and, as a result, obtain the missing
one for type I lattices.

Let L,, - - -, L, be lattices of type I representing the similitude classes
in G, and O, - - -, O the corresponding maximal orders of A. For each
lattice L of type I put

L* = (2dL}®

a lattice of type II (cf. (3)). Then L}, ..., L¥ form a complete set of re-
presentatives for the similitude classes in G*, the similitude genus con-
taining the type II lattices. For each prime p let P*(p*) = [z}(p*)] denote
the Anzahlmatrix corresponding to norm p* and the system L¥, ---, L¥ (in
§5 we’ll see that P*(p?) = P(p?)). Let 6, be the column of f-series cor-
responding to L¥, ..., L¥, resp. These f-series have the same level and
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character as those from G.

ProrosiTiON 3. Suppose d is odd. Let N = 4d, x the character mod N

defined by y(m) = (4d*/m). Let G* be the similitude genus containing the
lattices of type II. Then

@18 0o+| T3 (D%) = P*(p*)0sr  for p + 2
and
19 Ooe| T (4) = 6, .

Proof. If L is of type I, then L¥ = L, for all p = 2. The arguments
used to prove Propositions 1 and 2 carry over verbatim to prove (18). It
is evident from (4) that a(4n, L*) = a(n, L), which proves (19).

The identity (19) is not the commutation relation we seek, as it does
not involve P*(4). Before stating it we need some preparatory discussion.
We may assume U, = M(2, Q,), O, = M(2, Z,). Then

n={7

o= ([0
C a

a, b,ceZz},

a, b,ceZz}.

By duality, the orthogonal automorphisms of L} are the same as those
of L,: &> +e'&, where ¢ is a unit of ©,. Suppose K e G*, K < L*, n(K)
=4, K+ 2L*. Then K, = L} for p # 2 and

(20) K, = 2B;'L}p,

for some 8, € GL(2, Q). However, 26;'Lfp, C L¥ & 2p;7'Lip, € L & 27572 L,B,
DL, L, D28LETTE O, D 280,87, As before, we may replace 5, by a,
e, with NMa,) = 2u, uv a 2-adic unit. Multiplying «, on the left by a
suitable unit of O,, we may assume «, is as in (10) with p = 2.

LEMmA 1. Suppose 2, 2 are two primitive vectors of L§ such that N(R)
= N@') and 2 = ¥ (mod 2L,). Then i~2 .

Proof. We apply Kneser’s criterion ([5], § 2) to the situation E = Lf,
a=4, F=@), G=(). Then E*=E, = 2L,. Kneser’s condition (9) fol-
lows from the primitivity of 2, 2.

For an element px <€ A(4n, L¥) put z(y, L*) = the number of K as above
such that ze K,. Then n(y, L¥) is the number of «, as in (10) satisfying
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(21) 2yl a;t € L

for any fixed associate ¢/ of p. We note that if n is represented by L*,
then —n must be a square (mod 4), so that n =0, 3 (mod4). For such a
value of n let (—n/2) denote the usual Kronecker symbol.

LemMA 2. Let pe A(4n, L*), where n =0, 3 (mod 4). Then

1 if p is primitive ,
22) " L9 =11+ (%) if 2,
3 if 4llp.

Proof. Suppose p = [é;x 2% ] Then —x* — 4yz = 4n implies that 2|x.

Moreover, y is primitive & (y,2) = 1. Suppose g is primitive. Applying
Kneser’s criterion, we may take
, =[ 0 Zn]
-2 0l°
Checking condition (21), we find that a(y, L*) = 1.
Now suppose 2°||g, k> 1. If k> 1, then all of the a, satisfy (21), so

that n(y, L*) = 3 in this case.
—x 2y

% x]’ where (x,y,2) =1 and

Finally suppose £ = 1. Then y = 2[

—x? — 4yz = n. There are two cases:
(1) If 2|x, then n = 0 (mod 4) and we may take

L)

Condition (21) is satisfied only once for each possible n, so n(y, L*) = 1.
(2) If x is odd, then n =—1 (mod 4) and we may take

=L

We find that #z(y, L*) =0 if —n =5 (mod8) and n(y, L¥) =2 if —n=1
(mod 8). This completes the proof of the Lemma.

PrOPOSITION 4. Suppose d is odd. Let L¥, ..., L¥ represent the iso-
metry classes of type 11 lattices. Let n =0, 3 (mod4). Then

@) 3 w@atn, L) = aldn, L) + (" )aln, L) + 2a(njt, Lt)
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Proof. Using the same counting argument as for Proposition 1, we
see that (23) is a direct consequence of Lemma 2.

COROLLARY. P*(4)0, = 04| TS (4) + 20,

Proof. We have for any n:

(24) in;’}@)a(n, L) = i n¥(4)a(4n, L¥) = a(16n, L¥) + 2a(n, L¥)

=1

= a(4n, L;) 4+ 2a(n, L}) .

In particular, the Corollary shows that the space of theta series as-
sociated to lattices of type I is not invariant under the Hecke operator
TY.(4) when d is odd. As a special case of (24) we have

(25) > wi@an, L) = a(dn, L) + 2a(n/4, L) if 4n.

§4. Brandt matrices

In this section we show that the Anzahlmatrices defined in § 2 are
nothing but “reduced” Brandt matrices associated to the quaternion
algebra U. First we recall the definition of a Brandt matrix (cf. [3], p. 138).
Let © be a maximal order of A. Two left O-ideals &, & are equivalent
if ¥ = Q« for some a € ¥*. An analogous notion of equivalence can be
defined for right ©-ideals. It is well known that the number of equivalence
classes of left ©-ideals is the same as the number of equivalence classes
of right ©-ideals, and that this number is independent of the choice of
maximal order ©. Fix a maximal order © and let O =2, ---,2, be a
complete set of representatives for the left ideal classes of ©. Let O =
O, -+, O, be the right orders of &, ---,8,, resp. Since any maximal
order is isomorphic to one of the £, there is no loss of generality in
assuming that O, ---, 9O, give a complete set of representatives for the
isomorphism classes of maximal orders of A. We note, in particular, that
T < H.

We put 2, = 2;'%, 1< k&, ¢ < H, a lattice on ¥ with left order O,
and right order £,. If we fix &, then &,,, ¢ =1, ---, H, give a complete
set of representatives for the left ideal classes of £,. We recall that any
proper similitude of % is of the form & — a&f, a, B> ([8], p. 4). It fol-
lows that any lattice on U of reduced discriminant d* is properly similar
to one of the 2,,. Let n be a positive integer. The Brandt matrix B(n)
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corresponding to n is defined by;
(26) B(n) = [bu(n)] ,

where b,,(n) = the number of integral left O,-ideals of norm n which are
equivalent to €. Since & = &, it is apparent that b,,(n) = the number of
left O,-ideals of the form {,,«, where « € &,, and N(&,,&) = n, i.e. N(«)/N(L,..)
= n. Let f,, be the integral quadratic form associated to Z,, as in (1).
Let w, = a(l, f,;) = order of the unit group of ©,. Then

27 bu(n) = Mn#m forn>1,

and if we set b,,(0) = 1/w,, we obtain
> bu(mes = 20z, fur)
n=0 wz

an integral modular form of weight 2, level d and trivial character.

As before,let L, =9, NV, i=1, ..., T. Letp be a prime not dividing
d. Fix i,j < T. Any similitude of norm p* on V is of the form ¢ — pa~'éea,
aecU*. It follows that z,;(p*) = the number of sublattices K C L, of the
form K = pa~'L,x, K + pL,. By the one-to-one correspondence between G
and &, the latter equals the number of sublattices & C O, of the form
pa 'O # po,;, i.e. a'O,a + O, (this is automatically satisfied if i + j).
Our basic problem is to determine all @ € * such that

(28) pe 'O, C DO, .

We first solve this problem in the idele group Jy of ¥, that is, we find all
& = (a,) € Jy such that

(29) pa 'O, C O,

where pa~'O,& is the lattice on & whose g-th localization is pa;(D;),a,.

For any maximal order O put R(D) = {7 € Jy|77'O7 = O}, N(DO) = N(D)
N A%, Tt is well known (cf. [7], p. 299) that 7 € N(D) & 7 = rzd, where re
Q*, ¢ = (¢,) with ¢,€ Oy for all g, and N(O5)|d. The lattices 05, 2° in
number, give a complete set of representatives for the group of two-sided
ideals of © mod the rational principal ones.

Since O;, O, are locally isomorphic, 3@, € Jy such that &'O,q, = O,.
Then
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pa~'Q,a C O, = pa~'0,a C & 'Q0,a, = p(ad; ") 'O,ad" C O; = ai;' = 78,

where 7 € N(D,) and N(O,5) = p. Hence
(30) & = rééfa, ,
where r, &, § are as above for O = O,. Put J = 90,4, D =90,6. Then ,
is a left ©;-ideal with right order ©O,, and ©© is a two-sided ideal of O,
with N(®)|d. Suppose « € A* satisfies (28). Then (30) implies that
31) a erdy,
for some re @ and ®, such that
(32) N(e) = pN(rd,)

Multiplying « on the left by an element of 3(D) leaves pa~'Q,a« unchanged.
Hence we may assume r = 1 and {®} is a complete set of representatives
for the two-sided ideals of £, mod the principal ones, a group of order
2¢-77 for some 0 < f; < e. If we fix J, and let ® vary, then J = DY, will
range over a complete set of representatives for the right ©,-ideal classes
with left order isomorphic to ©;. This shows, in particular, that

(33) SToet = H.
J7=1

LeEMMA. Let {J} be a complete set of representatives for the right ;-
ideals with left order isomorphic to ©,. Let p be a prime, ptd. Then

39 rop) = 5 UBL)
i
Proof. Multiplying each § on the left by a suitable element of %X,
we may assume {J} is given as in the preceding discussion. Then for each
! we have an ideal § and an element @ e such that N(a) = pN(J) and
pa 'O, = & Suppose a, €, @, €F, NMay) = pN(S), NMa,) = pN(3,), and
par ;0 = pa;'O,a,. It follows that a,ar* e N(O,), which implies

(35) NS = NMagai’) € NOUD)) .

Since the two-sided ideals of O, are uniquely determined by their norms,
35) = J,, 1 are equivalent = J, = ;. Then ;! € JJ7! = O, and Ma,a;r?)
= 1, which means «, = e, for some ¢ €O}, This completes the proof.

ProposITION 5. Let p be a prime. Then
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(36) 7B = 3] bulp) -

Proof. First supppose pfd. As ¢ varies over all indices such that
9, = 9O,, X, varies over a complete set of representatives for the right O,-
-ideals with left order isomorphic to ©,. Therefore, by the Lemma and
(27),

ﬂ'ij(pz) = 2, W = 2 bip).

D¢=0; Dy=0;

Now suppose p|d. Then, as remarked earlier, z,(p*) = d,;,, On the
other hand, since an integral left ©,-ideal of norm p is uniquely determined
and two-sided, b,(p) = 0 unless O, = O, and, in that case, b,(p) =1 for
a unique /.

Applying Proposition 5, we see that the Anzahlmatrix P(p? may be
obtained from the Brandt matrix B(p) as follows: First, for each j < T,
replace the j-th column of B(p) by the sum of all columns with index ¢
such that O, = ©,. Then P(p® is the T' X T submatrix of the latter matrix
consisting of all entries with row and column index < T. In this sense,
we may regard P(p?) as a “reduced” Brandt matrix. Symbolically, we

write
(37 P(p*) = B(p) .
Of course, this reduction procedure can be applied to any Brandt
matrix B(n) to obtain a matrix B(n) = [r,,(n?)], where
(38) r,(n?) = D;"o,. b,(n) .

Extending definition (38) to i > T, we see that
(39) ﬂkj(nz) = ﬁgj(nz) if Qk = Qg .

LemMMa. B(m)B(n) = B(m)B(n).

Proof. Let B(m)B(n) = (ci), (i) = (pi;). Let ¢~j signify O, = O,.
Then
H

0ij = ZZ; Cyp = Z ) b, (m)b,(n)

b~j r=

= 3 Bulm)(E b)) = 33 bolmye, ()

I

33 2 Bulm (w) = 3 (3 b (mme(m)

~k
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T
= kZ_; T (M, (n?) , as was to be shown.

We extend the definition of Anzahlmatrix by setting
(40) P(n?) = B(n) for n>0.

ProrositioN 6. (i) If (m, n) = 1, then P(m*)P(n*) = P(m*n®.
(i1) If p|d, then P(p*®) = I for all a > 0.
(i) If pd and 0 < a < b, then

P(p")P(p") = 33 p*P(p*e*7) .

Proof. Each assertion is an immediate consequence of the Lemma
and the corresponding multiplicative property of the B(m) ([3], p. 138).

§5. Shimura’s correspondence

In this section we explicitly determine the effect of Shimura’s cor-
respondence on theta series associated to ternary lattices of type I and
II. For each such 6(2) and square-free integer ¢ > 1 we will express 6)(2)
in terms of the theta series associated to the quaternary lattices ,, defined
in §4. As a simple application, we will also be able to determine the
effect on theta series associated to d-transforms of type I or type II lattices.
We first settle the matter of P*(p?) = P(p?.

LEMMA. Let p be a prime. Then for any i, j we have
(41) 751;(p2)w12” = ﬂji(pz)wﬂn .

Proof. Applying a result of Eichler ([1], p. 110, (17.8)) and keeping in
mind that his Anzahlmatrices are the transposes of ours, we see that

(42) 7 (D); = m(PHv;
where v, denotes the order of the orthogonal automorphism group of L,
k=1,.---,T. Any orthogonal automorphism of L, is of the form &

+a ¢a for some o e N(D,). It is easily seen that [N(KD,): @F] = w2/ !
(7, p. 299). Then v, = w,2’* and the assertion follows from (42).

ProrositioN 7. Assume d is odd. Let L,, - - -, L, represent the isometry
classes of type 1 lattices, so that L}, ---,L¥ represent the isometry classes
of type Il lattices. Let p be a prime and P(p?), resp. P*(p?), the associated
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Anzahlmatrix with respect to L, - - -, Ly, resp. L¥, --.,L¥. Then P*(p®) =
P(p").

Proof. Let ac%*. Then

pa'L¥ae C L¥ & pa 'Lia C L}
Gplallie DL, &paLa ' C L, .

Thus @ — a! gives a one-to-one correspondence between elements « such
that pa~'L¥a C L} and elements 8 such that pp~'L,g C L;, Furthermore,
it is easily seen that pa™'Lfa = pLf & paL,a™ = pL;, The number of o«’s
is z¥(pYw,;2%, while the number of f’s is ;(p)w,2”". Applying the Lemma,
we get

rH(pYw,2" = n,(PHw2" = r, (pHw,2'7,

proving the result.
Let t > 1 be a square-free integer. Following Shimura ([11], p. 458),
we define y,, a character mod Nt, as follows:

2(n) = [(:{Tt) if (o, Ny =1

0 otherwise

In particular, y,(n) = 0 if n is even. Let L be a lattice of type I or IL
We set

00

(43) 60 = 69z, L) = > AW(n)e* s |

n=0

where A“(n) is defined for n > 1 by

(44) g;lAW(n)n” = (i a(tn’, L)n“) (i Xz(n)n")

and A®(0) is the unique value which makes 6> a modular form.
Let L, ---, L, represent the isometry classes of type I lattices. If d
is odd, let L¥, ---, L} be the corresponding type II lattices. Put

0, = 0z, L) = 3 a(n)eri=*
n=0

0? = 0(2, L:k) = Z: a;k(n)ehtnz, i = 17 R} T.

n=0
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Let 6, = [0,], 0.« = [0F], a(?) = [a,()], a*(®) = [a¥(®)], all considered as column
vectors. Put

0 = 6(z) = > B(n)exi** |
n=0
8 = B(z) = 3 Blme.
n=0

THEOREM 1. Let t > 1 be a square-free integer. If d is odd assume that
t=1, 2 (mod4). Then we have
0% = Bal(t) .

Proof. We must show for each i that

(45) 00 = 37 at) 37 m (et
Jj=1 n=0
Evaluating the M-th Fourier coefficient of each side for M > 1, we
must show
T
(46) ‘l/_.;'[ 1(ma M [m?) = 3, mi,(M)a,@) -
m J=

The proof will be by induction on the number of primes dividing M. If
M = 1 the statement is trivial. Suppose (46) is true for M and its divisors,

and let N = Mp, p a prime. There are two cases: (1) p/M or p|d, (2)
p|M and ptd.

Case (1). For any k we have
@D Ep) T uma e MEIm) = 3 (2 3w (MIa)
The right side of (47) =
(“9) IHOENCNUOTORDENCETION
by Proposition 6 (i), (ii). If p is odd or p = 2|d, the left side of (47) =
(19) 3% um) 35w (P)a(EM )
= 5 @M D) + 1P M)

by Propositions 1 and 2. We note that (49) is also valid for p = 2 when
d is odd by applying (24) and the fact that tM*/m* is not represented by
L¥. Then (49) equals
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"%:{ x(m)a,(tM’p*[m*) + %%L(mp)ak(tM *p*lm’p*)

= > ydn)a, (tN?*/n?), as required.
n|N

Case (2). In this case, applying Proposition 6 (iii), we see that the
right side of (47) equals

(50) z (@ (N?) + pry (M2 [p?))a(t)
— 3 (N0 + p 2w (MPIa D)

On the other hand, the left side of (47) equals

5D =, um) 3 mdPadeM|m) +
Y [m)

52 5 lm) 3w padeM i)
PHM/m)

The evaluation of (51) proceeds exactly as in Case (1) to give

(53) m% x(m)a, (M p*m*) + % x(mp)a,(tM*p*/m’p’) .

m
pI(M/m) PI(M/m)

After application of Proposition 1 and (25), (62) becomes

(54) 2, 1dma (M m’) +p 2, xdm)a M [m’p?) .
» l"(lﬂllf}lm) ! zﬂﬁ'l /m)

Adding (563) to (54), we see that the left side of (47) equals

;ﬂ?ﬁ 1(m)a,(tN*[n?) + pm“ZM]/p) 1{m)a(tM* [p*m’)
(55) T
= 7%.; x(ma.(tN*/n®) + p j2=1 T (M?[pD)a,(?) ,

by the inductive hypothesis. By equating (55) with (50), the Theorem is
proved.
Assume that d is odd. Let ¢t > 1 be square-free, ¢ = 3 (mod 4). Define

;, a character mod dt, as follows

0 n) = (——;,L) if (n, dt) =1 .

0 otherwise

We note that
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(56) 0 2n) = (~;—t)kx,(n) if nis odd .
Let L* be a lattice of type II. We define a “modified” Shimura lifting
0% by
(57) ¢ = 3, A (metne
n=0

where AM(0) = A(0) and

(58) ST AY(rm)nt = (nila(tﬁ, L*)n-s) (i wt(n)n's).

n=1 n=1

Replacing y, by o, and applying Proposition 4, we can proceed as in the
proof of Theorem 1 to obtain:

LEMMA. Assume d is odd. Let t > 1 be a square-free integer, t = 3
(mod 4). Then

0% = Da*(t) .

THEOREM 2. Assume d is odd. Let t > 1 be a square-free integer, t=3
(mod 4). Then
08 = (B(2) — (:2‘_’5)@(22))(;*@) .

Proof. By (56), we have > w,(m)n"* = G x,(mn=)1 — (—¢/2)27°)". It
follows that

S (G i (2)2)
= 3 anmn — (1) 5 Ammen .

Hence (67)“(2) = (67)"(z) — (—t/2)(6¥)(2z). The proof is completed by ap-
plying the Lemma.

If f(2) is an integral modular form of weight two and level d, then
f(22) is an integral modular form of weight two and level 2d. In par-
ticular, Theorem 2 shows that liftings (%)’ are of level 2d when ¢t =3
(mod 4). This is to be contrasted with the liftings ¥ of Theorem 1, which
are of level d. On the space of integral modular forms of weight two and
level 2d we have operators U(p) defined for primes p|2d as follows:
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It fz) = 5 a()e™™, then (f|U(P)E) = 3 alpr)e=" .
From the definition (43), (44) of 6, it is clear that
(59) @\ TE(pH)® = 69| U(p) for p|2d .

In addition, for (n,d) = 1 we have Hecke operators T(n) defined on the
forms of level d. If f(2) is an integral modular form of weight two and
level d, then

(60) (F1T@)2) = (f1U@)2) + 2((22) .

The Hecke operators T'(n) satisfy the following commutation relation ([4],
p. 166):

(61) O]T(m)(2) = B(nO(2) .

It follows that

(62) 0| T(n) = (O] T(n)) = (B(mB(2)) = B(n)B(2)

for (n,d) = 1. We are in a position now to evaluate the liftings in the
remaining cases.

THEOREM 3. Assume d is odd. Let t > 1 be a square-free integer.
(1) If t=1, 2 (mod 4), then

08 = 0(22)a(t) .
(ii) If t = 3 (mod 4), then
08 = B(2)a(t) — 202z)a*(t) .

Proof. First suppose £ = 1, 2 (mod 4). Applying the Corollary to Pro-
position 4, we have

@ = #(BQ2)s — 05| T3, ()"

= (B — 62|1U2) = 6§(22) ,

by (59), (62) and (60). The result then follows from Theorem 1.
Now suppose ¢ = 3 (mod 4). Applying Proposition 3 and Theorem 2,
we obtain

08 = (0| T (9)” = 62| U(2)

@ (@(z)',_(:z_t)f@(z;)) U(2)-a*() = (@1 U©) —(th—)@)a*(t) :
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Using (60), (62) and Proposition 4, we see that (63) equals
— e — __t — *
(@(z)B(2) — 208(22) — (—2—>@(z))a )

= BR)(P@)a*(?) — 20(22)a*(t) — (—T‘)@(z)a*(t)
- @(z)(a*(4t) + (:2—t>a*(t)> _ 9922)a*(t) — (_;L)@(z)a*(t)
= B@)alt) — 20(22)a*(t) ,

as asserted.

Let §|d, where d can be even or odd. Suppose M is similar to L,
where L is of type I or type II. Let ¢>1 be square-free, 4, = d/(¢, 9).
Then

a(tn?, M) = a(ton?, L) = a(té,n?, L) ,
by the proof of Proposition 2. Let 4 = 6(z, M). To determine 4 in this
case, one takes the character y, defined by:

1dn) = {( _,:61) for (n, Nt) = 1

0 otherwise

It is clear that Theorems 1, 2, 3 carry over to J-transforms of type I or
type II lattices, with the congruence conditions on ¢J, instead of ¢ and
with the quadratic symbol (—25,/2) instead of (—¢/2). More precisely, let
L, .., L, represent the similitude classesin G. Let M, =L®,i=1, ..., T.
Let I denote the similitude genus containing the M,. If d is odd, let I'*
denote the similitude genus containing the MF*. Let 6, = [6(z, M,)], 6. =
[0(z, M¥)], a(t) = [a(t, M)], a*() = [a(t, M¥)]. Then we have:

COROLLARY. Let 4, 0, O, a(t), a*(t) be as just defined.
(1) Suppose d is even, or d is odd and t6 = 1, 2 (mod 4). Then

0%) = O;a(t) ’
6% = B(22)a(?) (if d is odd) .

(i1) Suppose d is odd, t6 = 3 (mod 4). Then
0% = 6(2)a(t) — 20(22)a*(?) ,
o, — (@(z) _ (;zti)@(zz))a*(t) .
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§6. Concluding Remarks

The dependence on ¢ of Shimura’s correspondence ¢ ~ ¢ can be cir-
cumvented if ¢ is a cusp form which is a common eigenfunction for all
Hecke operators Ti',(p?). In that case ¢ = a(f)-f, where a(t) is the ¢-th
Fourier coefficient of ¢ and f is independent of ¢ ([11], p. 453). It is natural
to call f the “Shimura lifting of ¢.” The theta series we have considered
are neither cusp forms nor, in general, Hecke eigenfunctions. In this sec-
tion we will consider the question of the existence of Hecke eigenfunc-
tions in the space spanned by these theta series. In addition, we will
generalize a result of Niwa’s on the image of Shimura’s correspondence
when d is an odd prime.

As before, let 6, - - -, 6, be the theta series associated to the isometry
classes of type I lattices. If d is odd let 6%, .- -, 8} be the corresponding
theta series associated to type II classes. Let 2 be the C-linear span of
0,, - -+, 07, 2% the C-linear span of 6%, - --,0% The basic problem we must
address is whether 2, resp. 2 4 2%, has a basis of common eigenfunctions
for all T¥,(p?) when d is even, resp. d is odd.

Putting ¥ = [v,6,;], where the v, are as in (42), we have

B(py»" = P(p)?" = ¥"P(p®) = v"B(p)
for all primes p. It follows that
B(nyy" = »B(n) foralln>0.

Then R(n) = v# 'B(n)v'7" is symmetric for all n > 0. Since {R(n)} is a
commuting family of symmetric real matrices, there exists an invertible
real matrix C such that CB(n)C-' is a diagonal real matrix for all n > 0
(cf. [1], p. 111). Let us write

[ Bi(n)
(64) CB(n)C-' = - ,
i Br(m)
and put f(2) = >, B(n)e**", i =1, ..., T. Then
[ /i
(65) CoC' = -
| fr
From (62) it follows that f,| T(n) = g,(n)f, for (n,d) =1. For p|d it is clear
that
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0|U(p) = 6|U(p) = 6B(p) = OB(p) = 0,
from which it follows that f;|U(p) = f; for all p|d. Hence each f,(2) is a
common eigenfunction for all 7(n), (n,d) = 1, and U(p), p|d, and we have:

66 DA =10~ P+ AP

Suppose first that d is even. Let ¢ = [p,(2)] be defined by ¢ = C4,.
By Propositions 1 and 2, 6,;|T¥(p*) = B(p)d,; for all p. It follows that
o| Ty (p») = CB(p)C ~'¢, so that

(67) 0| T (D°) = Bp)p,  for all p .

In particular, some subset of {p;} provides a basis of 2 of common eigen-
functions for all the T, (p*). Furthermore, if ¢,(2) is a cusp form, then its
Shimura lifting must be f;(z2). We put

(68) E@) = ZT] v:0,(2) .

Then E|Ty(p®) = E for p|d, and for p Y d we have
E|T5(p") = 2 vui! E;—“ 7, (D90; = 2] Zi: v; TP,
B J
= 2250w, = 2 (p + Du’6; = (p + DE,

by (6) of §2. We conclude that E(2) lifts to the Eisenstein series

(69) E(2) = _¢_(2“i_)~ + i Z meinz

n=1 mnm|n
(m,d)=1

Since §;, — 6, is a cusp form for all i, j, §, — M'E is a cusp form for each
i, where M = >3, v;*. It follows that the subspace of cusp forms in 2 is
of codimension one. Without loss of generality, we may assume ¢, = E,
fi = E,. Then any ¢, + E must be a cusp form.

Now suppose d is odd. Let C, ¢ be as above, and put ¢* = [pf(2)]
= Cfz. Then for each i we have

1]
of
Furthermore, by Proposition 3, and the Corollary to Proposition 4, we
have

Ty (p") = BAp) [ka] for p+ 2.
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so that
w [n]me= ] =
Putting g.(2) = f.(22), we also have:
AL e 1]

The relation (71) is a special case of the following general phenomenon.
Let f be an integral modular form of (even) weight % and level N. Suppose
f is an eigenfunction for a Hecke operator T(p), where p is a prime, p f N.
Let a(p) be the eigenvalue and put g(2) = f(pz). Then we have:

[ Joe =17 7]

Since f, g are linearly independent, we see that U(p) is diagonalizable on
the span of f, g & X? — a(p)X + p*~! has two distinct roots. If f is a cusp
form, then Deligne’s proof of the Petersson conjecture shows that a(p)? <
4p*-! (when k = 2 this was first proved by Eichler [2]). We conclude that
U(p) is diagonalizable on the span of f, g & d(p)* < 4p*~'. In particular,
for square-free level M, the diagonalizability of the operators U(p) on old
forms of level M is equivalent to this “strong” form of Petersson’s con-
jecture for all new forms of level a proper divisor of M.

Returning to our situation, we see that if ¢, ¢f are cusp forms and
¥, is an eigenfunction for T3,(4) in the span of ¢, ¢f, then the lifting of
4, will have a Dirichlet series with the following Euler product:

(72) a- oi(2)2‘s)"pgi 1 — g(pp~* +p' ) zl’l(l —p)7,

where
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(73) (1 — 0‘,-(2)2‘3)(1 — o'i(2)2"’) e (]_ — fgz(z)z-s + 21—23) .

In particular, the lifting of +, will be an old form of level 2d which is an
eigenfunction for all U(p), p|2d. Moreover, 2 + 2* has a basis of common
eigenfunctions for all T,(p*) unless, for some i, ¢,, ¢} are linearly inde-
pendent and B,(2° = 8, in which case ¢,(2) = ¢,(2) = ++ 2. Looking at
the tables of Wada [12], we see that 5,(2)° < 8 if d is any odd prime < 250.

For i =1 we have ¢, = E, ¢f = E* = 3 v;%0f, B(2) =38. Then E —
2E*, E — E* are eigenfunctions for T7,(4) with eigenvalues 1, 2, resp.
The corresponding liftings are E,(2) — 2E,(22), E(z) — E,2z), resp., where
Ey(2) is as in (69).

We conclude with a discussion of the image of Shimura’s correspond-
ence in the special case d = p, an odd prime. For i,k < H, j< T, let

0,.(2) = Z=.‘.0 by (n)er=*
51‘;‘(2) = 2.0u(2) .
i~
Using the notation of § 4, 6,,(2) = w;'(z, f;,) is the theta series associated

to R;,. It is easily seen that ©f = $;?, where §; is the unique two-sided
ideal of £, with norm p. It follows that

2, = N&)B7',, .

Then f;; represents p & %, is principal & 0,, = 0,; & f,, is equivalent to f}.
If %, is not principal, then

(74) 9”‘(2) = wfl(ﬁ(Z, f ji) + 0z f, fi)) .

Let I denote the space of modular forms of weight 2 and level p. We
have an operator W(p) on I defined by

(FIW(D)2) = f} (z) p 2 f(—1/p2) .

Let I~ denote the subspace of I of all f such that f|W(p) = —f. The
inversion formula for theta series (cf. [1], p. 136, (20.6)) implies that 6, €

M- for all i, j. Let g, g* denote the genus of I'(p), <F0(p), [g —(1)]>,

resp. Then g = H — 1, dim M- = H — g*. Comparing the classical formula
of Fricke for g — 2¢* ([14], p. 408) with the formula for T ([3], p. 147), we
see that
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(75) dimM- = T.

Since the level is prime, I~ has a basis consisting of E, and newforms
of level p. Let M, denote the span of E z), E(2z) and the oldforms of
level 2p coming from IN-. It is clear that dim My, = 27T. As a direct
consequence of Theorems 1-3 we have

ProrosrTiON 8. Let d = p, an odd prime, t > 1 a square free integer.

(i) If L is a lattice of type 1 and t = 1, 2 (mod 4), then 6“(z, L) ¢ M.

(i1) If Lis of type I, or if L is of type I and t = 3 (mod 4), then
0z, L) € Miq-

Remarks 1. Using the Corollary at the end of §5, we see that the
same results hold for p-transforms after replacing ¢ by #p in the congru-
ences.

2. The case t = 2 (mod 4) was first proved by Niwa in a letter to
Shimura in 1975.

3. The fact that dim M- = 7, dim I, = 2T suggests that the theta
series 0,, 8F are linearly independent and the Shimura lifting (or 6 — 6
for certain £) is a bijection.
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