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§ 1. Let X be a space whose z-th homotopy group τr,(X) vanishes for every

/ ^ 0 except i = n ^ 1, and whose w-th homotopy group is isomorphic to a group

π. Then it is well known that the polyhedral homotopy type of X is completely

determined by π and n. We call such a space a (π, w)-type space. Also it is

well known that the minimal complex of the singular complex of a (π, n)-type

space is isomorphic to the complex Kiπ, n) defined by S. Eilenberg and

S. MacLane [ l j We know also that for any n^l and any group π (abelian

if n > 1) there exists a (π, n)-type space (See [6]).

The purpose of this paper is to shown that if π is a finitely generated

abelian group and n =* 2, then there exists a (7r, ?i)-type CW-complex whose

number of cells is algebraically minimal to realize the integral homology group

H*(π, n Z) of K(π, n). Since H^(π, n Z) is finitely generated in each

dimension under our assumption (Cf. [3]), the number of cells of such a com-

plex is finite in each dimension.

The author wishes to express his sincere gratitude to Mr. Nobuo Yoneda

for his valuable suggestions in preparing this paper.

§ 2. Throughout this paper we assume π is a finitely generated abelian

group, n > 1, and the coefficient group is always the group of integers Z.

We know that H*{π> n) is finitely generated in each dimension, so we can

decompose Hη(π, n) as a finite sum of cyclic groups.

Let

(1) HQ(π, n)=Fί+ . . . +F?fl + Γ?+ . . . + Tlt

be such a decomposition, where Ff is an infinite cyclic group and 77 is a cyclic

group of order it

To each F] U'=l, . . . , rQ) we associate a g-cell e\ and also to each 77

(ί = l, . . . , lQ) we associate a tf-cell fe? and a (g+l)-cell "eγι.
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THEOREM. There exists a (π, n)~type CW-complex X such that

i) X= U (ΰrfΰ'^U'^Γ1),
« = 0 t - 1 i = l t = l

ii) a*? = 3'e? = 0, 3"e?+1 = *?'*?,

where d is the boundary operator of the chain complex C(X) of X.

We prove this theorem in the following manner. Namely we shall construct

CW-complexes Xk (k - 0, 1, 2, . . . ) which satisfy the following conditions

D—5).

1) Xk-ι C Xk,

2) Xk-Xk-χ= \Jei\J'eil\J"ei (X-i = 0),

f = 1 i = 1 f = 1

3) del = a'e? = 0, a"e? = tqΓι'eΓι (q έ ft),

4) 7r;(Xfc)=0, f#w and ί < ^ ?

π, if * > w .

By 1) and 2) X2 (^-skeleton of Xk) = XQ (a ^ k), and then by 3) Hk(Xk) is a

free abelian group generated by {#f, '̂ ?}.

5) If k> n, there exists a homomorphism

Ψk :

such that ^ ^ , ψk'ef generates FΪ, T\ respectively and the following sequence

) -1** πk(Xk) ~ ^ Hk(Xk) ~^> Hkiπ, n) —> 0

is exact, where / is the injection map Xk-ι -> Xk and T? is the Hurewicz homo-

morphism.

Obviously X-\jXk will have the required property of our theorem.
k

§3. We first construct Xk (k i= n + l) as follows:

L » e t Λ n + i = e e \ . . . ^ r n e \ . . . β / n e i . . . e ι n w n e r e e t

and ^? are /z-cells attached to a 0-cell e° by constant mappings def -> e°, a'̂ f -> e°t

and ;^Γ+1 is attached to 'e?^e° by a map d»e"+1-»'ef^e0 of degree /?. Let

Xk Kk ύ. n + 1) be the ^-skeleton X^fi of Xn+u then the conditions 1)—5) follows

immediately from the fact that Hn+iiπ, n)=0 [2] and also that i*: πn+ΛXn)

-> πn+ΛXn+i) is onto [5].

Now assume we already have Xϋt . . . , %k (k > n) with conditions 1)—5).

The construction of Xk+i requires the following lemma.
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LEMMA. Denoting by i the injection map Xk-\ -y Xk we have Hk-i(π, n)

~ i*πk(Xk-i) for k ̂  n.

(Essentially the same lemma is proved in [4].)

Proof. Let Y be a (π, n)-type CW-complex obtained by killing the homotopy

groups of Xk except for πn(Xk) in the usual way, and consider the commutative

diagram

X fa

0 = 7Γ̂ +1( Yk+2)-^πk+ί( Yk+\ Xk-iAπkiXk-i)—>πki Yk'2) - 0

\h a/

πk+ιKXk, Xk-i)

in which rows and columns are exact sequences of triples and a pair. Then, since

Yk = Xk and Yk~" = Xk-U we have

Hk+ι(π, n) ̂  Ker a3/Im d2 - Ker dL ̂  Coker ίΊ ̂  Coker 3 - ή ^ ( JV^-i).

Now by the condition 5) for Xk there exists α , e τzk(Xk) for each generator

ti'ef of Kerf*, such that -η(ca)=tϊ'el We attach new U + D-cells "e M 1

(/= 1, . . . , Ik) to X& each by a representative map g'/ : a"ef+1 -+ Xk of ou. Let

i3, ( ί = 1, . . . , n-ri), /3/ (/= 1, . . . , fcfi) be elements of i^πkiXk-i) whose images

under the isomorphism Hk+Λπ, n) ̂  ΰπk(Xk-i) generate F?+ 1, Tf+ι respectively.

We now attach e*+ι (ί = l, . . . , n+i) and ' ^ r 2 (t = l, . . . , 4fi) by representa-

tive mappings hi : de}+1 -* Xk-i and h' : a ^ ? M ̂  .YA-I of ft and p/ respectively.

Then the attached space

r/c+i. Ifc+i //-• _. . . . . .

obviously satisfies conditions 1) and 2).

To see 3) is satisfied by Xk+i, we consider the following commutative

diagram

+i, Xk) —>πk(Xk)

, Xk-i)
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where bi, o i are boundary homomorphisms. Since b > is equivalent to the

homology boundary operator of the chain groups of Xk+ι, and since 3i makes

each of the attached (& + l)-cells correspond to the attaching map, 3) follows

directly by the construction of Xk+i.

To see 4) is satisfied, we only have to prove πk(Xk+ι) = 0. In virtue of the

exact sequence

0 —> ύπk(Xk-i) —> πk(Xk) - ^ Im v —» 0

derived from condition 5) for Xk, oa, βi and β/ generate πk(Xk), since ft, βf

generate i*πk(Xk-ι) and η(ai) generate Im -η. It follows then that in the

exact sequence

πk+i(Xk+ij Xk) —> πk(Xk) —> πk(Xk+i) — > 0

3i is onto. Therefore we obtain πk(Xk+i) =0 .

Now to get Xk+i satisfying 1)—5) we make some improvement on the cells

eϊ*1, 'ekiΛl. Namely we first imbed Xk+i in a (π, n)-type CW-complex Y in such

a way that Xk+i= γk+1. Then exactness holds in the following sequence

(2) πk+ι(Xk) - ^ πk+i(Xk+i) -^ Hk,i(Xk7i) ~^> Hk+iCΫ) —> 0

where i, ψ are injections. (This is essentially the same result as [1].) In fact,

consider the following commutative diagram

* + 2 , Xk7i)

7ik+i(Xk) —> πk+i(Xk + i) —> πk+i(Xk+i, Xk) —

as! / "

TZkiXk, Xk-l)

where dL is onto and the row sequence is exact, and 92, 33 are equivalent to the

boundary operators of the chain complex of Y. Thus (2) can be identified with

the sequence

(2') πk+i(Xk) -^ πk+i(XkVi) - A Ker 33 —> Ker 33/Im 32 —> 0

which is obviously exact in virtue of the above diagram.

Now we identify Hk+Λπ, n) to Hk+ΛY), then ψ* gives an onto homo-

morphism ψk+i : Hk+ι(~Xk+ι) -+Hk-riiπ, n). Since Hk+iiXk+i) is a free abelian
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group generated by ek

t

vι (i = 1, * . . , n-i) and feΓι U = l, . . . , 4-i), we can

select another base xu . . . , Xrk+ι, x[, . . . , #/',.+, of Hk+AXk-n) such that ^Vfiίtf*)

and "̂/ fi^/) generate F*1"1 and Γ?4"1 respectively. The existence of such a base

is readily verified by a quite elementary argument, and so the proof is omitted.

Let

be the transformation of the bases. Then we attach new (&+l)-cells e^+ι

(i=l, . . . , r/,M) to Xk-\ each by a map representing ΣΛ/y/9y + Σfcyβ} and

'̂ ffl (/=i, . . . , 4 M ) to Xk-i each by a map representing *Σcijβj-\-*Σdaβj.
3 3

Finally we attach "eVι (z = l, . . . , Ik) to Xk each by a map representing aι.

Then the attached space

Xk^ = Xk U <?fM U 'i>f t lU"eiM

ί- 1 t- 1 i'\

satisfies the required condition 1)—5). Infact, 1) and 2) are trivial and 3) is

verified easily as in the case of Xk+\.

Let g : C(Xk+ι) -* C{~Xk*i) be a chain map defined in the following way:

g : C

is the identity map,

g

is defined by

(3) ff? Σ « ? +

Let #' be the identity map of Xh\ = -Y* to X i = X/,., then the following diagram

is commutative.

K k ά X X ) C Λ X ) >

' r -> TΓfe (JV/j)

Therefore by a lemma of J. H. C. Whitehead [5], g' extends to a map g : X/̂ i
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-+Xiui which realizes g : C{Xku) -> CiXk+i)- Therefore g induces an iso-

morphism of H*(Xk+i) -• H*(Xk+i) and g is a homotopy equivalence (See [7]).

This proves 4) for Xk+i.

Finally let us consider the following commutative diagram

—> πk+iiXk + i) —> Hk+i(Xkτi)

— > πk+i(Xk+i) — > Hk+ΛXk+i) — * Hk+i(π, n) — > 0

Set ψk+i^ψk^i ° 5*. Then the condition 5) for Aiu is now assured by (2) and

(3), and this concludes the proof.
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