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Abstract

Let Q, R be rational numbers and real numbers respectively. We use V(F) and W(F) to
denote finite dimensional inner product spaces over F. Given V(Q), we use V(R) for the smallest
inner space over R containing V(Q). It is known that an R-homomorphism of F(R)to
W(R) is continuous. We prove thatif a Q-homomorphismf: ¥(Q)— W(Q) cannot be extended
to an R-homomorphism f : V(R)— W(R), then f is dispersive, i.e., given any vy € V(Q) and
& > 0, the image set f{D(»g, )], where D(vy, 8) = [v:v € V' (Q), ” vy — ¥ " < €], is not bounded.
It is also shown that some Q-homomorphism f: ¥(Q)— W(Q) can be explosive in the sense that
for any vo € ¥(Q) and ¢ > 0, the set f[Dvo, £)] is dense in W(Q). As a particular case of dis-
persive and explosive @-homomorphisms, we show that the algebraic number field isomorphism f:
Q@)— Q(B), where fa) = pand a # for B (ﬁ being complex conjugates of 8) is explosive.

1. Introduction

Let Q, R, C denote rational numbers, real numbers, and complex numbers
respectively. Analysts have produced abundant results on linear operators
over R (R-homomorphisms) while numerically we can cope with only a handful
of matrices with rational entries which represent @-homomorphisms. It is worth-
while to know the possible consequences of mistaking a Q-homomorphism for
an R-homomorphism.

It is well known that an R-homomorphism of a finite dimensional inner
product space into an inner product space is continuous. In this paper we show
that a @-homomorphism of an inner product space into an inner product space
can be ‘‘dispersive’” and ‘‘explosive’’. Throughout this paper, V(F) and W(F)
denote inner product spaces over F. Clearly any V(Q) can be extended to WV(R)
such that

V(R) = {Xa;v;: a;e R, v;e V(Q)}

with inner product defined by
33
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(Z a; v, > bjgj) =X aibj(gngj):
i i i

where (v;,v;) is the inner product of v;, v;in V(Q).

A mapping f: V(F)— W(F)is said to be dispersive if given any vo€ Vand
¢ > 0, the image set f[D(v, €)], where

D(o,8) = {v: ve V(F),]

v-1n| <},

is not bounded, and a dispersive mapping is said to be explosive if f [D(go,a)] is
dense in W(F).

THEOREM 1. If a Q-homomorphism f: V(Q) » W(Q) cannot be extended
to an R-homomorphism f : V(R) » W(R), then f is dispersive.

THEOREM 2. Let f: V(Q) - W(Q) be Q-homomorphism. If there exist
ri;€R,v;€ V(Q),e;€ W(R), i=1,2m j=12,--,n,
such that {e,,e,, -, e,} is a basis for W(R) and

Xoryv=0e=Xrf(s)#0 i=12-m,
=1

i i=1
then f is explosive.

As a particular case of Theorems 1 and 2, we give

THEOREM 3. Let f:Q() — Q(f) be an algebraic number field isomorphism,
where f(¢) = B and o # B or B, then f is explosive.

2. A lemma
To prove results, we need

LeMMA 1. Let V(Q), W(Q) be given. Suppose there exist

vie V(Q),w;e W(Q),r,eR, i=1,2-n,
such that
Zrpi=0and X rw,=e#0,
i=1 i=1
then given M > ¢ > 0, 3ay,a,, -,a,€Q and a positive integer k, such that
2.1 | Z awl <e,
i=1 "~
(2.2) | £ aw| > M,
i=1
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and
n
(2.3) | Z aw;— ke < e
i=1
Proor. Let k be a positive integer satisfying
n
kel >+ Z | w]
and
k> % (o] +Iml).
Now for i = 1,2, .-+, n, there exist integers p;, ¢; such that
ro== é%,l54 <1,4;>k,
9

where §; = 0 if r; is rational, otherwise J; is real and irrational. Let a; = kp;/q,.
Then

" " kS, 12
| Zao] =] 2 Ful=s+ 2 |o]<e
i= i=1 4; i=1
implies (2.1) is satisfied.
Next we see that
| = el = [k % = = 2]
i=1 i=1 i=1 i
2|klel - £ lull > m
This proves (2.2).
Lastly we have
i ® ko, 1) &
| = o= ke = | TSt < () T wl <
i=1 i=1 4; i=1

This proves (2.3).
3. Proof of theorems

Before we prove the theorems, we should mention that as f is a Q-homo-
morphism, f[D(vo,¢)] is not bounded if and only if f[D(0,¢)] is not bounded and
S[D(vo,€)] is dense in W(Q) if and only if f[D(0,5)] is dense in W(Q).

ProoOF OF THEOREM 1. If f cannot be extended to an R-homomorphism,
then f(X}., riv;) cannot be well defined and so for some
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TisT2 "3 Ty S35 52, S, E R,

Xrv=2X sv but X rif(v;) #
i=1 i=1

S 5 (0)
=1

i

i=

—

i=

Hence

M=

(r; — si)'-li = (‘)V, while i (ri — Si)f(gi) # 0.

i=1

]
-

By Lemma 1, now, with r; replaced by r; —s;, if M > ¢ > 0, 3a,,a,,-",a,€0
such that

[ s awi| < e but | s af()| > M.
i=1 i=1

This essentially proves Theorem 1.

PROOF OF THEOREM 2. Take any we W(Q). Then w = XT_;sie; for some
51582, 5,€ R. Theorem 2 is proved if we can show that given ¢ > 0, Jve V
such that 2“ < g and ”f(g) -~ v~v|| < e

Lemma 1 ensures that for each i = 1,2,---,m, 34a;,,4q
ger k; > ls,-’ such that

- a;, €Q and inte-

2,..

" £
”ji a;;v; | < m
and

" €
"JEI a;;f(v)) — kiei | < e

Since k; > [ s,~], we can find b; € Q such that

|b:] <1 and |bjs—si| [ er]) < 7.

Putting

IL= 2 b,’ 2 a”U],

i=1 ji=1

we see that

m

lel = Z [Bi]] T ay] <= <

= j=

and that

[#@ —wl = Z |b]]| T ayz;- kel + 2 [bk—si]| ]
i=1 j=1 i=1

cme me_
2m  2m

This proves Theorem 2.
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Proor oF THEOREM 3. We may regard Q(x) and Q(p) as inner product
spaces over Q. So we let V(Q) = Q(a) and W(Q) = Q(p). First suppose o, f§ are
both real. Then W(R) = R may be regarded as a 1-dimensional inner product
space over R. Remembering a 3 § and f(x) = B, we have

loa+(—a)ol =0bute =1of(@+(—a)f(1) #0.

Also, {e,} is a basis for W(R). Here f is clearly explosive by Theorem 2.

Suppose now f is not real. Then W(R) = C may be regarded as a 2-dimen-
sional inner product space over R. It is easy to see that every element in Q(x) can
be expressed as ry + r,a, where ry, r, € R. Hence for some ry, r, € R, we have

a?+r +ro=0=a4ra+ re’
If in addition
B2Hri+rBf=0=p8+rp+rp,

then, as B*+r, 4+ r,B =0, we have
111 |
O0=|a B B |=(@—pB—BEB-oaw.
<z2 BZ B2

This contradicts od # BB and B # B. Putting e; =p>+r +r,fand e, =
B* + B + ryp% remembering B is not real and C is 2-dimensional, we see that
{e1, e} is a basis for W(R). It now follows from Theorem 2 that f is explosive.
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