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COUNTING THE NUMBER OF BASIC INVARIANTS
FOR Gc GL(2, k) ACTING ON k[X, Y]

JUNZO WATANABE

List of notation

The notations used in this paper without explicit mention are listed
below. Here R is a positively graded Noetherian ring, a a homogeneous
ideal of R, and f, g, ---, h are homogeneous elements of R.

dim R = Krull dimension of R

emb. dim R = embedding dimension of R

hta = height of a

#(a) = minimal number of generators of a

hda = hd R/a — 1 = homological dimension of a
(f,8, -+, h) = ideal generated by f,g, ---, h

[f g --- h] = row vector

o(G) = order of a finite group G

¢(a) and hda are also written p,(a) and hdz(a) when R needs to be men-
tioned. Polynomial rings are always regarded as graded rings with natural
gradation.

Introduction

In this paper we consider a certain group representation p that is
defined for each finite subgroup G of GL(2, k). p is explained as follows:
Let G act linearly on the polynomial ring R = k[x,y], and let a = (RY)R
be the ideal of R generated by all the non-constant invariant forms. Then
the representation module V of p is the space spanned by a set of basic
relations (syzygies) of a over R. Since hd Rja = 2, we have that p(a) =
dimV + 1. When chk = 0 or otherwise chk does not divide o(G), a set
of generators of the ideal a chosen from among invariant forms generate
the ring of invariants R® as an algebra over k. Consequently we also
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have emb. dim R¢ = dimV + 1; for example if dimV = 2, R® is a ‘hyper-
surface’. The study of p has its origin in an attempt to answer the question
raised by S. Goto which asks when R® is a hypersurface, R being a
polynomial ring of any dimension acted on linearly by a finite group G.
It had been an empirically established fact that for every finite group G
in SL(2, C), RC is a hypersurface, and any answer to Goto’s problem should
explain it. It is in fact proved here by showing dimV = 2 for GC SL(2, C);
although it does not generalize to answer Goto’s problem, it leads to the
question what p is for G < GL(2, k) in general.

The main results of this paper are Theorem 3.6 and its proof, where
p is determined for subgroups in SL(2, C), and what is stated in § 7, where
p 1s determined for abelian groups in GL(2, C). It should be emphasized
that the primary interest of Theorem 3.6 lies not in the statement itself
but in the method to prove it. In fact the invariant theory for finite
groups of GL(2, C) has been studied in its full detail, and for each GC GL
2, C), a set of basic invariants has been (and can be) computed. (See,
for example, [7] or [8].) Thus upon looking at it we at once have the
statement of Theorem 3.6 and then we can determine p, but this is not
our intention.

When G is abelian, R¢ is isomorphic to a two dimensional normal
semigroup ring K[M], and the generators of M can best be dealt with by
means of continued fractions. Let M be a normal semigroup in Z2? (ex-
pressed additively), and assume {(e;b)|i = 1,2, ---, m} is the basis of M
with the order that ¢, >a,> --- > a,. Here we can assume ;s (and
b,’s) do not have a common divisor. Then any successive three terms a;,
0.1, @;., are related by the formula «a,/e,,, = B, — a;,,/a;,;, where B, is
the smallest positive integer such that B,a,,, > a,. In this paper we do
not assume this knowledge but we prove what is equivalent to it in a
form suitable to our purpose (Proposition 6.2 and Proposition 6.4). This
is partly for the sake of self-containedness and partly for that, in order
to write p(G) for an abelian group, we need the numbers r, = a, — a;,,
instead of a,, and it seems that the numbers r, are occasionally more
properly dealt with than @, themselves. For example, from the fact that
the sequence r, is monotone decreasing follows an unexpected result
(Theorem 8.9).

The definition of p is given in § 2. Actually p is defined for any group
acting on a polynomial ring R over a field, but only when dim R = 2 and
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G is finite, we know ‘a priori’ the properties (i), (ii) of Theorem 2.4 are
the case. These properties are a direct consequence of the so called
structure theorem of homologically one dimensional ideals, and are quite
helpful to determine the degree of p (= dimV). This might interest one
to know other cases in which hda = 1 even when dim R + 2. We have
an example of such cases when k* = GL(1, k) acts linearly on R = k[X, Y, Z]
with dim R¢ = 2. A proof for this based on the fact r, is monotone
decreasing, as mentioned above, is given in § 8.

The structure theorem of homologically one dimensional ideals is
stated in § 1. Theorem 2.1 in § 2 is a very basic fact in invariant theory
(originally due to Hilbert) that makes it possible to replace generators of
algebras by generators of ideals. Besides these two well known theorems
little is presupposed in this paper.

884, 5, as well as §1, are of preliminary nature.

The author wishes to express his deepest thanks to Prof. H. Yamada,
Prof. H. Morikawa, and especially to Prof. H. Matsumura for their patience
and constant encouragement over the long period of his sickness. Special
thanks are also due to K. Watanabe, S. Goto and Y. Namikawa for their
valuable suggestions.

§1. The structure theorem of homologically one dimensional ideals

In this section R denotes a polynomial ring over an arbitrary field
unless otherwise specified. R, denotes the homogeneous maximal ideal.
Assume a homogeneous ideal a C R is minimally generated by f,, fo
-+, fre1, and hda = 1 (or we may also say hd Rfa = 2). Let

0 R" 7 R™*! = R
be a minimal free resolution of R/a. We shall write an element of a free
module as a row vector and represent a homomorphism between free
modules as a matrix in such a way that, in the notation M : R* — R"*!
for example, if ve R”, then its image by M is vM, the usual matrix product.
Under this convention, F' is a column matrix with entries a minimal set
of generators of a, so that we may assume “F = [f,f, -+ fu fasi]. CF is
the transpose of F. Throughout, we will write a column matrix in this
way in order to save space.) Since a is homogeneous, the entries of M
may, as well as f,’s, be taken homogeneous. We recall that an ideal I
(in any ring R) is called perfect if hd R/T = ht1. Now let us state the
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structure theorem of homologically one dimensional ideals in the homo-
geneous case.

THEOREM 1.1. With the notation above, let M, be the matrix obtained
from M by deleting the i-th column, and let D, = det M,. Then there is a
homogeneous element h € R such that f, = (— 1)'hD,. h is a greatest common
divisor of f,’s, and h is a unit if and only if a is perfect (i.e., hta = 2).

For proof, see Peskine-Szpiro [5], Chaptre I, Theorem 3.3, where this
is proved over a local ring. Homogeneous translation is immediate.

Let M be an n by n + 1 matrix over R, and let D, = det M, be as in
Theorem 1.1 above. We shall refer to D, as the i-th maximal minor of
M, and denote by I(M) the ideal generated by all the D,, We have

ProposiTioN 1.2. Suppose

N n N n+1 N
0—> R T R Fale R
is a complex, and F # 0 and F has no units as entries. Then the complex
is exact if and only if ht (M) > 2.

Proof. This is a special case of Buchshaum-Eisenbud [1], Theorem.

Remark 1.3. Either of Theorem 1.1 and Proposition 1.2 can be re-
garded as a corollary of the other, but we treated them independently, as
they are of different nature. In the sequel, Proposition 1.2 will be referred
to as Buchsbaum-Eisenbud criterion.

DEerFiNiTION 1.4. Suppose that

R T R* > R
is exact, M ® R/R, = 0, and the entries of M and F are homogeneous.
A row vector ve R* is called a relation of F if it is in Ker F. Thus, for
example, every row of M is a relation of F. M is called a relation matrix
of F (or of ImF). Note if M’ is another relation matrix of F, then there
is an invertible matrix U = [u,;] such that u,, € R are homogeneous and
M’ = UM. A relation of F is said to be basic if it can be a row of a
relation matrix of F. Thus, ve R* is a basic relation if and only if ve
Ker F and ve (R,)Ker F. Assume [q, @, - -- a,] is a relation of F (and all
a; are homogeneous). Then we have: dega,f, = dega,f, = --- = dega,f,,
whenever a, == 0. Say this number is equal to p. Then p is called the
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degree of the relation.

In Theorem 1.1, assume M = [a;;] and the i-th row of M is a relation
of degree p,, Then by definition we have: dega,, = p, — d;, with d, =
degf;, Put d = degh. Then the theorem, in particular, says:

CoroLLaRY 15. pi+p+ - +pp=di+d+ -+ +d,—d. (df.
Peskine and Szpiro [5] § 3.)

Remark 1.6. The numbers p, may also be explained as follows: If
R(— p) denotes a free module on one generator having degree p, then p,
are such that M is a degree 0 map in the sequence

0—> & R(— p) —p & R(— d) —> RO).

The following two lemmas are application of Proposition 1.2 and
Corollary 1.5 to be used in §3.

Lemma 1.7. Let R = k[x, y], and a a homogeneous ideal of R minimally
generated by fi, f,, and f, such that ht(f,, f,) = 2. With d, = degf,, assume
d +d,=d, + 2. Then we have (f, 1) : f = (x, ¥).

Proof. Note, in R, any ideal of height 2 is perfect. Let M = [a,;]
and F be as in Theorem 1.1 with n + 1 = 3. Then it is easy to see that
(f, ) : [ = (as, az). Since ht (fi,f) = 2, a;; #+ 0 and a, == 0. This means
dega; >0 for i = 1, 2, because they cannot be units. Thus, if p, and p,
are the degrees of the first and the second rows (relations) of M, then p,
>d,+ 1for i =1, 2. This says that 2(d, + 1) < p, + p, = d, + d, + d..
(Note we can use Corollary 1.5 with d = 0, since a is perfect.) Because
of the condition posed on the degree of the generators, the only possibility
is that p, = d, + 1, which implies deg a,, = dega,, = 1. These two elements
generate an ideal of height 2, hence (a;;, ;) = (x,y) as desired.

Remarks 1.8. (i) For any two elements f; and f, in R = k[x, y] with
chk = 0, if £, is the Jacobian of f, and f,, then the condition of the lemma
concerning degrees is satisfied.

(i) Assume M is a relation matrix of *F = [f, f, --- f,]. Then, as was
said in the proof of the lemma, it generally holds that the ideal generated
by all the elements that appear in the last column of M is the ideal (f,,

f2a ) y—l): f;«'
LemMa 1.9. Let R = E[x,y]l, where k is a field of characteristic 0.
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Assume f, he R are homogeneous elements such that ht(f, h) = 2 and deg
> 2, degh > 2. Let é be the Jacobian determinant of f and h. Then we
have that u(f, h, ) = 3; in particular § ¢ (f, h).

Proof. We write f, = df/ox and f, = of/oy for any fe R. Then by

definition 6 = det< fo f ”). Let us consider the matrix M = <_h’ £y )
hx hy hv "'f v X

If D, denotes the i-th maximal minor of M, we obtain the complex

0—> RZ——M)R3—F+R, where *F = [D, —D, D,].

(Note MF = 0 holds generally.) Notice that

D, = «f, + yf, = (deg f)f
D, = — xh, — yh, = —(deg h)h
Ds = hzfy —fzhy = —34.

Thus I(M) contains f and h, and since ht(f,h) =2 by assumption,
Buchsbaum-Eisenbud criterion proves that the complex is exact, and in
particular it is a minimal free resolution of R/Im F (for otherwise a unit
would appear in the matrix M). Thus the ideal I(M) = (f, h, §) is minimally
generated by three elements.

Remark 1.10. The lemma above holds more generally: let R = k[x,
Xy c v, X, B> 2, and assume | = (f,f, - -, f.) 1S a homogeneous system
of parameters of R such that degf, > 2 for all i. Then u(f,fo, -+, fo, 0)
= n + 1, where § is the Jacobian determinant of f.

This can be proved by showing § is a generator of the socle of the
Gorenstein ring R/, as was pointed out by S. Goto. The method here
seems more appropriate for our purpose to prove Theorem 3.6.

§2. The representation p

We want to fix some notations and terminology as we review basic
definitions and facts of invariant theory.

Let k& be an algebraically closed field. When a linear algebraic group
G over k acts on a k-algebra by k-automorphisms, we denote by a? (ac R,
g€ Q) the image of a by the automorphism g. If ¢ = af for all ge G,
then ¢ is an invariant. If ¢ and of differ only by unit multiple for all
g¢e G, a is a semi-invariant. By R? will be denoted the ring of invariants,
ie., the subring of R consisting of all the invariants. If M = [a,;] is a
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matrix over R, M¢ will denote the matrix [a]. When R¢ is finitely
generated over k, a set {f,,f, - -+, f,} of invariants is called a system of
basic invariants if they generate the ring R¢ over k and they are irredundant.

Now assume G is a linearly reductive linear algebraic group (i.e.,
every rational G-module, not necessarily finite dimensional, is completely
reducible), and R is a finitely generated k-algebra. Then it is well known
that R is finitely generated over k (when G acts k-rationally on R, of
course).

The following fact on which the proof of finite generation of RS is
based is very important in this paper.

THEOREM 2.1. Let G be linearly reductive, and R finitely generated over
k. Assume R is positively graded and the action preserves grading. Let I
= (R®)R be the ideal of R generated by all the invariants without constant

terms. Then an ideal basis of I chosen from among invariant forms is an
algebra basis of R®, i.e., if I=(f,,fe -+, f.), [:€ R®, then R® = R[f,fs, - - -,

1l

Proof can be found wherever finite generation of R¢ is proved, e.g.
Mumford [ ] or Fogarty [ 1.

When a ring is positively graded, the minimal number of generators
of a homogeneous ideal and the embedding dimension of the ring have
definite meaning. The theorem implies:

COROLLARY 2.2. u(I) = emb. dim RS.

Remark 2.3. Later we concern ourselves only with (i) torus groups
and (ii) finite groups when ch k& = 0, both of which are well known to be
linearly reductive.

Now suppose R is a polynomial ring (and G linearly reductive). Let
R® = Elf,, fos - -+, f.] with g = emb. dim R. Then f, are a minimal basis of
the ideal I = (RY)R. Put “F = [f.f.--- f.], and let M be a relation matrix
of F, so that

R —r R > R is exact with minimal v. (See §1.)

Since f, are invariant, we see that R* STe R 7 R is also exact, hence
there is an invertible matrix U = [u,;,] over R such that M?® = UM. If
U, € k denotes the residue class of u,; module R, (= the homogeneous
maximal ideal of R), we see [&,;] is uniquely determined by g, hence we
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may write [i,,] = p(g). Clearly p is a homomorphism, and thus we have
obtained a representation. Since (R,)Ker F and Ker F are both G-modules,
G acts on Ker F/(R,)Ker F = V, which is nothing but the representation
module of p. Since G is linearly reductive, we may assume Ker F = V@
(R,)Ker F as G-modules. If the rows of M have been chosen to be a
basis of such V, it holds that M¢ = p(g)M.

We will call p: G— GL,(V) the representation of G to the syzygy
space of F.

If hd I =1, p has the following property.

TueoreM 2.4. In the situation above assume hd I = 1. If I is perfect,
then,

(i) p(@CTSL(V).

(ii) If V= V,®V, is a proper decomposition of V as G-modules and
0:: G— GL(V)) are the corresponding representations, then p(G) ¢ SL(V)),
i=1, 2

Proof. (1) We may assume a relation matrix M of F is such that
M?# = p(g)M for any ge G. It follows that if D is any maximal minor of
M, then D¢ = det p(g)D. But according to Theorem 1.1, D is an invariant,
which implies det(g) = 1.

(i1) M being as above, we may further assume that the first n, rows
of M span V.. Let M, be the submatrix consisting of these rows. If
det p,(g) = 1 for all ge G, then all the maximal minors of M, are invari-
ants. Now compare the following two numbers:

N, = Min{deg D|D is a maximal minor of M}
N, = Min{deg 4| 4 is a maximal minor of M}.

We immediately see that N, < N, since M, is a proper submatrix of M.
On the other hand since the maximal minors of M, being precisely f.’s
(modulo unit multiple), generate the ring of invariants, we have N, > N,.
This contradiction proves (ii).

Remark 2.5. In Theorem 2.4 replace *I perfect” by “I not perfect”.
Then a greatest common divisor of f,’s, say h, is a semi-invariant with
character detp~'. In fact if D is any maximal minor of M, D is a semi-
invariant with character detp. Since AD, being one of f,’s, is an invariant,
the assertion follows. It is easy to see that in this case, too, (ii) holds
without any modification.
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Remark 2.6. When a finite group G acts linearly on R = k[x, y], we
are in the situation of Theorem 2.4, provided ch 2 = 0 or (chk, o(G)) = 1.
Let H be the subgroup of G C GL(2, k) generated by all the reflexions.
Then G/H acts on R”, which is a polynomial ring (in two variables).
Thus we may talk about p for G/H. It is easy to see that o(G) and p(G/H)
are equivalent and, in particular, Ker p D H. Accordingly we may assume,
to obtain p(G), G does not contain any reflexions. (cf. §7)

The next proposition applies to any finite G C GL(2, C) not containing
reflexions.

ProposiTioN 2.7. Assume chk = 0. Let p: G— GL(V) be a repre-
sentation of (any) group G, having the property (1) and (ii) in Theorem 2.4.
Assume p is completely reducible. If G[[G, G] is cyclic of order p (say),
then p decomposes into at most p irreducible factors.

Proof. Let p=p,Dp.® --- Dp, be a decomposition of p, and let
g€ G be a generator of G/[G, G]. Notice that det p,(G) is a cyclic group
generated by det p,(g), since det p,([G, G]) = {1}. Hence we can write det
0{8) = w*, where o is a primitive p-th root of 1. If n > p, we get a
contradiction to Lemma 2.8 below.

LEMMA 2.8. Assume there are given n integers a,. If p is a positive
integer such that p < n, then there is a proper subset I < {1,2, -- -, n} such
that > ;c;a; = 0 mod p.

Proof is left to the reader.

§3. The number of basic invariants for G < SL(2, C)

In this section we assume k is an algebraically closed field of char-
acteristic 0. G always denotes a finite subgroup of SL(2, k). R is k[x, y]
on which G acts by linear transformation of x and y. We will always be
assuming G is non-trivial, in which case G cannot leave a linear form
invariant.

Notation 3.1. For f,, f.e R, J(f,, f.) denotes the Jacobian of f; and f,
ie., J(f,, f;) = det [0f;/ox;], where x, = x and x, = y.

Lemma 3.2. If f, he R%, then J(f, h)e R°. More generally, if f and
h are semi-invariants such that fh e R®, then J(f, h) € RC.

Proof is easy by direct computation.
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ProrosiTioN 3.3. Let R® = k[f,,fe, - - -, fn:1] with degf, < degf, < degf,,
i>3. Assume degf, > 2. Then ht(f,f,) = 2.

Proof. Everything will be considered in R. Assume ht(f,f,) = 1.
Then f, and f, have a greatest common divisor. Let it be f and write f,
= fh, i =1,2. Then one easily sees h, is not a constant, and hence
ht (h, ;) = 2. Since f, is an invariant, G permutes the divisors of f,,
and the same is true for f,, From the fact that A, and A, have no common
divisor, it follows that f and A, are semi-invariants. By the preceding
lemma, J(f, h,) is an invariant whose degree is equal to degf 4 deg h, — 2
=degf, — 2. This contradicts the assumption of degf; to be minimal

and > 2.

ProposrttioN 3.4. Let R° = E[f,,f,, -, [asi), [: being a system of basic
invariants. Assume 2 < degf, < degf, < degf, for i > 3. Set § = J(f,, f.).
Then f,, f,, 6 can be a part of a system of basic invariants.

Proof. First of all § is an invariant by Lemma 3.2. Let m = (f, f5
<+, fas1)R® be the homogeneous maximal ideal of R°. Then by comparing
the degrees of the generators of m* and the degree of §, we see that if
0 e m?, then the only possibility is é = f? (mod unit multiple), which can-
not be the case by Lemma 1.9. Thus d ¢ m>. Now it suffices only to show
that f,, f; and 0 are linearly independent over %, which is true again by

Lemma 1.9.

ProrositioN 3.5. Let RY = Ek[f,,fs - -, fasu] With basic invariants f;.
Assume 2 < degf, < degf, < degf.fori > 3, and f,,, = J(f,,f.). Then (f,
f2> © 3fn) :fn+1 = (xay)'

PrOOf. (fb f27 T ’fn)5 fn+1 ) (fl’ fz) : fn+1 = (x1 y) by Lemma 1-7. (Cf»
Remark 1.8)

THEOREM 3.6. Write R = R[f,,[s, - -+, fns1] With minimal n. Then n
= 2. Moreover we can choose f; so that f; = J(f, f2).

Proof. Case I. Assume degf;, > 2, for all i. Then, by Proposition
3.4, we may further assume degf, < degf, < degf; for i > 3, and f,., =
Jf,f). Put “F=1|[fif, - f..] and let M be a relation matrix of F

over R, so that we have the exact sequence

O————>R"?R"”——F—+R.
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Let p:G— GL,(V) be the representation of G to the syzygy space of F.
We may assume M has been chosen so that M¢ = p(g)M for gec G. (See
§2.) By Proposition 3.5 and Remark 1.8 (ii), there are at least two basic
relations of degree equal to degf,,, + 1, which, say, is equal to p. Let
M, be the matrix consisting of all the rows of M which are relations of
degree p (see Definition 1.4), and M, the matrix consisting of the other
rows of M. Further let V, and V, be the vector spaces spanned by the
rows of M, and of M, respectively. It is clear that V decomposes: V =
V, @V, as G-modules, and correspondingly p = p, ® p,.

Let us restrict our attension to M,, V, and p,. Because all the rows
of M, are relations of degree p, all the elements in the last column of M,
are either linear forms or 0. Thus, in view of Proposition 3.5, we can
assume that the last column of M, is [x y 00 --- 0]. Now consider the
effect of ge G to the last column of M, g transforms [xy0---0] to
[x¢ ¢ 0 - - - 0], hence p,(g) takes the form

pi(g) = (&lég—)f;fgj ,

where p,,(g) is a 2 X 2 matrix satisfying

Pn(g)<;) = (;:) )

so that detp,(g) = 1. Now by the complete reducibility of p and by
Theorem 2.4 we are forced to conclude that there have been only two
basic relations and therefore n = 2.

Case II. Assume degf, = 2. Then f, is either a product of two inde-
pendent linear forms or a square of a linear form. Hence we may assume
that, by change of variables, f; is either xy or x*. Keeping in mind the
fact G C SL(2, k), one easily sees that in the first case (f; = xy), G is
generated by

(¢ 0) withe =1,
(0]

and in the second case, G is generated by — E, In either case RY =
k[xy, x°, ¥°] for some s, hence n = 2. Rewrite R® = k[xy, x* + »°, x* — ¥°].
Then the last generator is the Jacobian of the first two. Q.E.D.
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§ 4. Monomial ideals in k[x, y] and their syzygy

The first lemma and the example following it are easy and proof is
omitted.

LemmaA 4.1. Let R be a graded UFD, and let a be a homogeneous
ideal (minimally) generated by two elements: (f, g). Then we have:

(i) hdRja=2. To be precise, if f=fd and g = — gd with d a
greatest common divisor of f and g, then

00— R—> R*—> R
& fl °lf &l

is @ minimal free resolution of Rfa.

(i1) Assume [b a] is a relation of *[f g] (i.e., [b al[f gl = 0). Then a
basic relation of °[f g] is obtained from [b a] by dividing out a greatest
common divisor of b and a, i.e., if d = GCD(b, a), 1/d[b a] is it.

(ii1) Assume [b a] is a relation of *[f g, and b and a are homogeneous.
Then deg b > dega & degf < deg g.

ExampLE 4.2, Let R = k[x,y] and let f = x%?, g.= x%y" with a > o
and b< b. Seta — o =rand b — b = s. Then a minimal free resolution
of Rla is

0 R R? R.
[—y 2T [f&l
Next we consider a relation matrix of a general monomial ideal in
R = Ek[x,y]. Let a be the ideal generated by the monomials

fi:xaiybi) i:1)2;"': n+1.~ 71/21-

If the generators have been chosen minimal, we may assume, with suitable
numbering of the generators, that ¢, > a, > --+- > a,,, and b, < b, < -+
< b,,;- With the positive integers r, = a, — a;,; and 8; = b,,;, — b;, i =
1,2, -+, n, we define the matrix M to be

.........................

........................

Now we have
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ProprosITION 4.3. The matrix M above is a relation matrix of *F =
Ifife -+ fasl- That is,

g n n+1 N
0—R >R 7 R
is ¢ minimal free resolution of R]a.

Proof. That MF = 0 is obvious. Among the maximal minors of M
are a power of x and a power of y. Hence ht I(M) = 2. This shows the
complex is exact by Buchsbaum-Eisenbud criterion.

In the next remark, we want to show the maximal minors of M ex-
plicitly, but we treat M a little more generally for a later purpose.

Remark 4.8. Let

Then the i-th minor of M is, disregarding the signs,
i—1 n
D, = 1] B, [1 AJ .
J=1 Jj=1
In particular, D, = [[?., 4;, and D,,, = [[%., B;.

Remark 4.6. Let a and M be as in Proposition 4.3. Then the maximal
minors of M coincide with the generators of a if and only if a is perfect,
which is equivalent to a,,, = b, = 0.

The following lemma is used in § 6.

Lemma 4.7. Let M and F be the matrices given in Proposition 4.3.
Let M’ be matrix of the following type:

......

where the elements in the x-ed positions are known only in the quotient
field of R (and might not be in R). Even then M'F = 0 implies M’ = M.
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Proof. This is clear because the condition M’F = 0 determines the
elements in the x-ed positions uniquely.

§5. Certain monomial ideals in £[x, y] and k[X, Y, Z]

We denote by Z2 and Z? the additive semigroups of non-negative
intergers of rank 2 and rank 3.

In this and the next sections, we are primarily concerned with the
subsemigroups M, , C Z% and S,, C Z? defined as follows:

DerFintTION 5.1. For any pair of positive integers p, r, we define

M,,,={lable Zila 4 rbe(p)} and
S, ={lablleZi|la + rb — pt = 0}.

Here (p) = pZ, the set of multiples of p.

Remark 5.2. (i) Note that the projection [a b ¢] — [a b] gives an
isomorphism from S,, onto M, , as semigroups.

(ii) When r = r'(p), M, , and M, , are the same subset of Z%, but
S, and S, , may be different as sets, although they are isomorphic as
semigroups, since they are isomorphic to M, , = M, ,.

Now assume, temporarily, 2 is an algebraically closed field of char-
acteristic 0, and let w € k be a primitive p-th root of 1. Let us consider
the automorphism g of the polynomial ring R = k[x,y] that takes x to
wx and y to o"y. Then x%?° is left unchanged by g if and only if [a b] e
M, .. Hence if G is the cyclic group of automorphisms of R generated
by g, then the ring of invariants R¢ is the semigroup ring k[M,.]. If a
= (RY)R, then by Theorem 2.1 and Remark 2.3 the minimal ideal basis
for a consisting of monomials is a minimal set of generators of R® as a
k-algebra, which is precisely the minimal basis of the semigroup M, ,.
(Note that a basis for M, , is unique.) The situation for S, , is the same
as for M, , if G is replaced by a certain action of a 1-dimensional torus.
In fact consider the action of 7= GL(1, k) on the polynomial ring A =
E[X, Y, Z] defined by

X—tX, Y—?tY, Z—>t*Z, for teT.

Then the ring of invariants A” is the semigroup ring E[S,,], and the
minimal generating set of the semigroup is a minimal set of generators
of the ideal (A7)A.
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Let us fix our notations for the rings and the ideals corresponding
to M,, and S, , as follows:

Notation 5.3.

R = klx, y] = k[Z}] A =k[X,) Y, Z] = k[Z]
Rp,r = k[Mp,r] Ap,r = k[Sp,T]
ap’,- = (Mp,T)R Ip,r = (S ,T)A

To be precise, R, , (resp. A, ,) is the subring of k[x, y] (resp. k[X, Y, Z])
generated by those monomials whose exponents are in M, , (resp. S, ,),
and a,, (resp. I,,) is the ideal of R (resp. A) generated by the monomials
#1in R,, (vesp. 4,,).

Remark 5.4. In the notations above, k2 is an arbitrary field. Since
the semigroups are defined certainly independent of the field, the other
things are as well defined, although, for example, R,, may not appear
as the ring of invariants for some k. Even then it is true that, as long
as the generators are concerned, the ideal, the algebra and the semigroup
in the correspondence are regarded as the same. This is easy to see
once it is known for k& such that 2 =% and chk = 0.

Remark 5.5. We have the following commutative diagram of rings:

A—‘l’—>R

1

AP,” RP;T

where i are the inclusions and + is the projection X —»x, Y>>y, Z— 1.
¢ induces the isomorphism A,, —=> R,, which corresponds to the iso-
morphism of the semigroups S, , —> M, ,. Note also that Kery = (Z — 1)A
and A/I,,® ,A/(Z — 1) =»> R|a, .

Remark 5.6. (i) In the sequel whenever we say that
[aibi], i=1927"'yn+1

is the minimal basis of the semigroup M, ., it will be tacitly assumed
that they are arranged in the order that @, > @, > --- > a,,,, so that the
fact is ¢, >a,> --- > a,,, and b, < b, < --- < b,,;. (cf. the paragraph
preceding Proposition 4.3.) The same will be applied to S,,, so if we say
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[aibigi]a i=1,2:7n+1

is the minimal basis of S, ,, then ¢, > a, > .-+, > @,,,, and b, < b, < - --
< b,,,. As to the sequence ¢, see Lemma 5.8 below.

(ii) Note, with the convention made above, that the first term of
the minimal basis of M, , is [p 0] and that of S, ., is [p 0 1].

Remark 5.7. When p = r, the minimal basis of M, , is [p 0] and [0 1]
with n = 1. This corresponds to the ring of invariants of P = k[x,y]
under the action of the automorphism

(w 1)’

where o is a primitive p-th root of 1. In fact R® = k[x?,y]. Although

?

one might expect the notation ‘M, in this case, we do not let r = 0.

LEmMA 5.8. Suppose [a; b, £),i=1,2, ---, n -+ 11is the minimal basis
of S,.. Then we have that 4, < £, < £, < -+ < 4,1

Proof. By the definition of S, ,
a;=pl, —rb, and a,,, = pl,,, — b, .

Hence a;, — a,., = p(4, — 4,,,) + r(b,,, — b,). Note we have that a, — a,,,
>0 and b,,;, — b, > 0. Then, if (4, — ¢,,,) were positive, we would have
a; — a;,, > p, a contradiction to @, = p > a,.

ProrosiTioN 5.9. Put a =a,, and I =1,,. Then,

(i) hdi R/a =2, and a is perfect.

(i) hd,A/I = 2, I is imperfect and Z is the greatest common divisor
of (the generators of) I

(iil) If L is a minimal free resolution of A/l over A,LQ A[(Z — 1) is
a minimal free resolution of R/a over R, with the identification A/(Z — 1)
—~> R.

Proof. (i) Since a contains a power of x and a power of y, hta =
2 = hd R/a.

(ii) Setr,=a,—a,,,, $;,=b,,, —b,and kb, =4,,, — ¥4,,i=1,2, .-,
n. (Note k&, > 0 by the preceding lemma.) Define the matrices M, and F,
as follows:
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—ynzn X 0

..........................

fE — [XMYZHZH XY Zt ..., . Xan+1Ybn+1Zln+1] .
Then we claim that

. n n+1
L:0— A A A Fl'A

is a minimal free resolution of A/I. In fact it is obvious that M,F, = 0.
To prove the -complex is exact, it suffices to show htI(M,) > 2 by
Buchsbaum-Eisenbud criterion. This indeed is true for I(M,) contains a
power of X and a monomial in Y and Z. (Consider the first and the last
minors of M,.) For the second assertion, note that the first of the minimal
generators of I is X?Z., On the other hand, the first maximal minor of
M, is X*, where « = > s;, and « is equal to p. This shows I(M,)Z = I.

(iii)) We can assume L is the complex given in the proof of (ii).
In L substitute Z by 1, and one obtains the minimal free resolution of
R/a given in §4. (One may also use the argument of Lemma 8.3.)

§6. The finite sequence &(p, r)

DEriNITION 6.1. Let p, r be positive integers, and let [a; b, £,], i = 1,
2, ---, n+ 1 be the minimal generators of S,,. With the assumption of
Remark 5.6, let a; — a;,, = r;,i = 1,2, - - -, n. Then we denote the sequence
r; symbolically by @(p,r) =r®r,® --- ®r,. If it happens that r,®r;
@ - -®r, =0, r) for some p’ and r/, we shall write O(p,r)=r,®
&(p’,r'). Note &(p, r) depends only on the residue class of r modulo p.

The following proposition, of which the proof is carried out ele-
mentarily, enables us to compute @(p, r) actually.

ProposiTiON 6.2. Assume p >r > 0. Letp’ =p — r and let r’ be the
integer such that r=r’' (p’) and p’ > r > 0. Suppose [a; b, 4], i =1, 2,
-+, n+ 1 are the minimal generators of S, , indexed as in Remark 5.6.

Then:
(i) [a;b],i=1,2,---,n+ 1 are the minimal generators of M,
(i) la;b;— 4], i=2,8,---,n+ 1 are the minimal generators of
Mpl)r/l
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Proof. (i) See Remark 5.2 (i).

(ii) SetS=S,,, M=M,,and M’ = M, ... Let S be the semigroup
in Z? generated by [a; b, 4,],i= 2,8, ---, n+ 1. Consider the linear map
f:Z°— Z* that sends [a b ¢] to [a b — £]. We are going to show that f
induces an isomorphism of S’ onto M’, which proves the assertion, for
certainly generators are mapped to generators by an isomorphism of
semigroups.

Step 1. First let us note that b, — 4, > 0 for i = 1. In fact if ¢, —
b, >0, then it follows that a, = pé, —rb,=pl{,—b)+ (p —r)b, >p
because of b, > 0. This contradicts the fact p = a, > a, for i = 1.

Step II. We show that [a; b, — 4,] € M’ provided that i == 1, i.e., f(S)
C M'. By definition a; + rb, = pé; = (r + p)¢,. This, together with the
fact that r = r'(p), implies a, + r'(b; — £4,) = 0 (p), 1.e., [a; b, — £]e M.

Step III. We prove that, for any [e b']e M/, thereis[a b 4]e S=S,,,
such that b — £ = b’. (Note, presently, we do not claim [a b ¢] is in S'.)
For this consider the system of linear equations

*) a+rb=pl (1)
b— 4=V, (2)

where b and ¢ are regarded as unknowns. We want to find a solution
[b £] in Z? (then [a b 4] is the required element in S).
Since p = r + p’, (1) is equivalent to

a+rb— 4 =pt. (1y

Since r=r'(p’), we have the number Be Z that satisfies r =r’' 4+ Bp’. It
can easily be proved that r > r’, i.e., B> 0. (See the proof of Proposition
6.5 below.) With the integer B and with (2), (1) is equivalently transformed
to

a+rb =pié— Bp't. (1)’
That [a '] e M’ implies the existence of ¢’ such that
atrbv =p¢.
Therefore (1)” is equivalent to

¢ =4— BV, ie, £=1¢+ Bb. (3)
For b, we have b=b+4L=B+1DV+ 7. (4)
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(3) and (4) is the required solution of (*); in the matrix notation
(0)=Cz1 D)
¢ B 1U\¢g)’
where, we repeat, B is the integer satisfying r = r’ 4- Bp’.

Step IV. We prove fl|s:S — M’ is surjective. Let [a’ b’] be a
member of the minimal basis of M’. Then p’ > o/. In Step III we showed
there was [a b /] e S such that @ = o’ and b — £ = b’. Since S is generated
by S’ and [a, b, 4] = [p 01], and since p > p’, [a b £] above has to be
contained in &. Because f|y is a homomorphism of semigroups, this
proves it is surjective.

That f|s is injective is in fact trivial; an argument, for example, is to
consider the ring homomorphism 2[S’] — k[M’] which f induces. The rings
are both 2-dimensional domains, and it can have no kernel. Q.E.D.

Remark 6.3. In the course of proof we actually proved that the

1 0 0
0 B+4+1 1}: Z2*> Z2¢

linear map

0 B 1
induces an isomorphism between S’ and S, .
ProprosrTioN 6.4. Let p > r > 0 be positive integers. Then we have

D(p,r) =r®O(p,r), where
p=p—r and r =rp).

Proof. Immediate by Proposition 6.2 and the definition of @(p, r).

Since @(p, r) depends only on the residue class of r mod p, we may
always be assuming p > r > 0. By Remark 5.7, @(p, p) = p. Thus the
sequence @(p,r) ends when it has reduced to O(r,,r,) = r,. Here are
some properties of @(p, r) that follow immediately from Proposition 6.4.

ProrosiTioN 6.5. Let O(p,r)=r®@r,® ---®r,. Then: Q) r>r
> ...>r, () If cis a positive integer, ®(cp,cr) = cr, @ cr,® - - - D cr,.
(iiil) r, = (p, r), the greatest common divisor of p and r.

Proof. (i) Let p’ and r’ be as in Proposition (6.4). By induction it
suffices to show r>7r. Assume ip>r. Then p’=p —r>r, hence
r=7r. Assume ip<r. Then p=p—r<r so r<p <r. (ii) Easy
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by induction. (iii) It is easy to see (p,r) = (p/, r’), hence the assertion
is immediate by induction.

The next theorem shows not only the generators but the syzygies of
I,, are related to those of a, .

THEOREM 6.6. As in Proposition 6.2, assumep >r > 0,andp’ =p —r

and r' = r(p’). Let M, be the matrix defined in the proof of Proposition
5.9:

_ stan Xrn
so that

n n+1
0— A -—M—1>A ——F—1>A

is @ minimal free resolution of All,,. Define the matrix M’ by

. ysz—kz X2 [0 N
0 — yss’ s () e

Then M’ is a relation matrix of a,, over R = k[x, y].

Proof. Let M; be the matrix obtained from M, by omitting the first
row and the first column:

i kkokk
*
Mo=1: M
%
*
Let e, = XuY*Z% i=1,2, ---,n+ 1 be the minimal generators of I,
and define the matrix F; by F; = [e, e, --- e,,;]. Then we have the exact

sequence

/. : n-1 n
Li:0—> A WA —F—1,+A.

(To prove this is exact, use Buchsbaum-Eisenbud criterion.) In the com-
plex L{ substitute X by x, Y by v, and Z by y', and one obtains a
complex of free modules over R = Ek[x,y, y']:

https://doi.org/10.1017/5S002776300001984X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300001984X

BASIC INVARIANTS 193

L':0—> R*! WRn?R’

where M’ is the matrix in the statement of our present proposition. The
complex L’ is exact, for it is nothing else than L; ® ,LA/(YZ — 1), and YZ — 1,
being inhomogeneous, cannot be a zerodivisor on the cokernel of F7.
Proposition 6.2 says precisely that the entries of F” are the minimal gene-
rators of a, ,, and we are in the situation where Lemma 4.7 applies, so
that the fact is that the complex L’ is defined over R = k[x,y] and the
maps restrict to the submodules R* C R* to give a minimal free resolution
of R/a, . over R:0—> R’ 7 R® - R. Q.E.D.

Assume k is an infinite field, and let te T'= GL(1, k) act on A =
kX, Y,Z] by X—tX, Y—>t'Y, Z—>t*Z, where p and r are positive
integers. Then, as we saw in the last section, the ring of invariants A7
is A,, = k[S,,.], and the ideal (A7)A = I, , is homologically 1-dimensional
(Proposition 5.8). Let us denote by P,, the representation of R to the
syzygy space of I,,, which was defined in § 2. Then we have:

ProrosiTioN 6.7. According to Proposition 6.4 write @(p,r) =r®

d(p', ). (r; is such that r, = r(p), 0 < r, < p.) Then as a representation of
T = GL(Q1, k), we have:

P,.(t) =t"D P, .(), teT.

Proof. As we have shown in the proof of Proposition 5.9, a relation
matrix of I,, has the form

x X
* X
x X "‘J
where O(p,r) =r,®r,® --- ®r,. It follows at once that P,, is given by
-
AR

t—> .

[ ‘ tT"

(Consider how te T multiplies X"’s and disregard about it for the mono-
mials in the x-ed positions, as they should be the same.)
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§7. The syzygy of (RS)R for finite abelian groups in GL(2, k)

Throughout this section, £ = %, ch & = 0.

Let G C GL(2, k) be a finite abelian group put in the diagonal form.
Assume G does not contain any reflexions. (Generally, an invertible
matrix of finite order is called a pseudo-reflexion if all but one of the
eigenvalues are equal to 1. In this paper we say reflexion for pseudo-
reflexion.) Then it is easy to see that G is cyclic. (In fact, consider the

projections (w‘ )e G — w, e k*. Any element in the kernel of either of
2

them would be a reflexion, hence G is mapped injectively to k*. And a
finite subgroup of k* is cyclic.) Let g = (“" w2> be a generator of G.
Then, because G contains no reflexions, if o(G) = p, both », and w, are
primitive p-th roots of 1. Thus there is r such that o, = »]. Note that
the residue class of r mod p is uniquely determined by G, and also that
r is relatively prime to p. Rewrite v = w,, g = (w wr). Now let G act
on R = k[x,y] by 2 = wx, ¥ = @"y. Then the ring of invariants R° is,
using the notation of § 5, k[M,,]. Let a = (R$)R and let M be the rela-
tion matrix of a given in §4:

_ ysl X

Then by definition of @(p, r) and by Proposition (4.9) (iii), we have that
(p,r)=r®r,® ---®r, Let s be positive integer such that rs = 1(p).
Then G may as well be generated by g* = (ws
the roles of x and y it immediately follows that &(p,s) =5, P s,., D-- - D s,.
(Note the reversed order of indices. Also note it is implied that @(p, r)
and @(p, s) have the same length.) Since a is perfect, the generators of

a coincide with the maximal minors of M;

o) and by interchanging

n v=1
D=1« »% »=12 -, n+1.
i=v i=1

These are also an algebra basis of R°.

Let p: G— GL,(V) be the representation of G to the syzygy space of
a. We can think V is the space spanned by the rows of M and p is such
that p(g)M = M#. Then we at once have:
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™

"

o(g) =

™
In view of Proposition 6.4 it might be in some number theoretic sense
interesting to note:

Sn—
[

o(g%) =

Note Kerp is trivial since r, = 1.

Next we consider generally a finite abelian group G C GL(2, k). We
may assume G has been diagonalized. Let H be the group generated by
all the reflexions in G. Then it is easy to see that R¥ = E[x, y?], for
some « and B. The induced action of G on R¥, regarding x* and y* as
new variables, contains no longer reflexions, and we can apply the preceding
consideration to G/H and R” = k[x*, y*]. Certainly R¢ is the ring of in-
variants of R¥ under the action of G/H. Thus, with certain @(p, r) = ®r;
and @(p, s) = @ s,_; such that rs =1 (p),

851 ary
— Yy X
yﬂ82 xmrg

is a relation matrix of (R?)R¥ over R¥. Since the inclusion R*¥ - R is
faithfully flat, the matrix M above serves as a relation matrix of (R%)R
over R. Let p be the representation of G to the syzygy space of (R%)R.
Then one sees easily that Kerp = H, and p(G) can be thought of as the
representation of G/H to the syzygy space of (R¢)R* over R¥. (cf. Remark
2.6).)

§8. Homological dimension of certain monomial ideals in k[X, Y, Z]

Let R = k[X, Y] and A = k[X, Y, Z]. Define the morphism ¢: R — A
by X— XZ and Y- YZ. Denote by ( );-;: A = R[Z] — R the morphism
of R-algebras that sends Z to 1. Clearly ( ),., is a ring retract of ¢.
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If M = [a,] is a matrix over A, we will write M,_, for the matrix [(a;;);..],
which is a matrix defined over R. Conversely, if M = [q,;] is a matrix
with a,;€ R, we write ¢(M) for [(a;)]. Note that for a homogeneous
polynomial fe R, we have that ¢(f) = fZ%", If a C R is an ideal, the
ideal ¢(a)A will be denoted simply by ¢(a).

Lemma 8.1. (i) For a homogeneous ideal a C R, pp(a) = p(p(a)). (ii)
If fe A is homogeneous, then (f);., = 0 implies f = 0.

Proof. (i) Since ¢ has a ring retract, it holds that ¢(a) N R = a for
any ideal a C R, from which the assertion follows easily. (ii) Clear.

As in the preceding sections we are concerned with monomial ideals
in R, but this time we start with a matrix of the following form:

where r, and s, are positive integers. The purpose of this section is to
consider for what monomial ideal a C R it holds that hd,A/¢(a) = 2. For
this we need consider the matrix M* derived from M as follows:

M* = U~'¢g(M),
where U is the n X n diagonal matrix
Zml
Zmz
.
with m, = Min{r,, s;}. Note that the i-th row of M is

[--+ Y+ X" ...], and hence that of ¢(M) is
[--+ Yz XmiZm .. 1.

Therefore the i-th row of M is, letting ¢, = |r, — s,],

[--- Y+ XnZ% ...] ifs, <r, and
[... Yuze Xno...] if s, >r.
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Throughout this section the above notations ¢, B, A, M, M* etc. are
kept fixed.

ProposiTiON 8.2. Let a C R be a homogeneous ideal and suppose, with
an F, 0 —> R" = R™*! — R is a minimal free resolution of Rla. Then
if hd,A/¢(a) = 2, 0 —> A" > A ¢(—F)) A is a minimal free resolution of
Al¢(a) over A.

For proof we need the following

LEmmA 8.3. Let a C R be a homogeneous ideal, and let L be a minimal
free resolution of Al¢(c) over A. If hd Al¢(a) = 2, then L ,A/(Z — 1) is,
identifying A/(Z — 1) with R, a minimal free resolution of R/a over R.

Proof. Note @(a) is homogeneous and Z — 1 is not a zero divisor on
Al#(a), from which it follows that L ® ,A/(Z — 1) is exact. To say it is
minimal is that the ranks of the free modules in the complex are the
betti numbers of R/a. But this is clear for the first betti number is p,(a)
24(¢(a)) and the second betti number is one less than that.

Proof of Proposition 8.2. Let M’ be the kernel of ¢(F) so that the
complex 0 —> A" < Amt? TF)) A is a minimal free resolution of A/g(a).
Certainly the entries of M’ can be assumed homogeneous. By the lemma
above we may assume M/,_, = M. Then, in view of Lemma 8.1 (ii), we
see that M’ and M have 0’s in the same positions. This is to say that,
if “F=1[fif. " fu.], then the i-th row of M’ is essentially a basic relation
of ¢(f)) and ¢(f;_,). On the other hand, the i-th row of ¢(M) is a (may-
not-be-basic) relation of ¢(f;) and ¢(f;,,). (In fact (M)$(F) = ¢(MF) = 0.)
Thus it turns out that M’ is the matrix obtained from ¢(M) by dividing
out greatest common divisors from all the rows, which is precisely M*.
(cf. Lemma 4.1 (ii).)

LeMMA 8.4. The following conditions are equivalent.
(i) htI(M) > 2.
(ii) If s; > r; for some j, then s, >r, for all i > j.

Proof. Recall that M* is the matrix
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where B, = Y*Z% and A, =X", if s, >r,,
and B, = Y* and A, = X"Z4 if s, <r,.

We recall also D, = [[521 B, [[%., A, v=1,2, ---, n + 1 are the maximal
minors of M*, and I(M*) is the ideal they generate.

Let us prove (ii) implies (i) first. Assume s, < r; for all i. Then D,,,
is a power of Y and D, is a monomial in X and Y. This proves ht I(M*)
< 2. In the case s;>r, for all i, the symmetry in X and Y shows
ht I(M*) > 2 as well. Assume we have s, <r, for i=1,2, ---,j, and
s;>r,fori=j+1,j+2, -+, n for some j+ 1, n. In this case D, is
a monimial in X and Y, and does not contain Z as a divisor. (In any case)
D, is a monomial in X and Z, and D in Y and Z. Thus we have ht I(M*)
> 2. We have proved (ii) = (i) completely.

The negation of the condition (ii) is: There are indices j < % such
that s; > r, and s, < r,. When this is the case, it is true that both B,
and A, have Z as a divisor. Because j < k, D, has either B, or A, as a
factor for v whatever. This shows I(M*) C (Z) and ht I(M*)=1. We
have proved (i) = (ii).

THEOREM 8.5. Let a be an ideal in R = K[X, Y] generated by the
monomials f; = X*Y%, i=1,2, ---, n + 1, where we assume without loss
of generality a,>a,> -+ >a,,, and b, <b, < --- <b,,,. Then the
following conditions are equivalent.

(i) hd,A/é(a) = 2.

(ii) If degf, < degf;,, for some j, then degf, < degf,,, for all i > j.

Proof. Set r,=a, —a,,, and s,=0b,,, — b. Let ‘F=1[f, —fif; -
(—- 1)nfn+1]' Then

n n+1
0—> R ——M»R .—F’—)R

is a minimal free resolution of Rfa. (M is the matrix fixed in the begin-
ning.) Consider the complex

% n n+1
*) 0— A TA RFT))A'

If hd,A/a = 2, then, by Proposition 8.2, the complex (*) is exact. Hence
by Buchsbaum-Eisenbud criterion we have ht I(M*) > 2. Conversely, too,
ht I(M*) > 2 implies (*) is exact by Buchsbaum-Eisenbud criterion. As
we have seen in Lemma 4.1 (iii) s, > r, & deg f; < degf;.,. Now the proof
is complete by Proposition 8.4.
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Remark 8.6. Borrowing a term from elementary calculus, the condition
(i) of the theorem may be described by saying that there are no ‘maxima’
in the graph of the map i — degf,. The two ends of the graph are not
counted as maxima whatever values they take. In this terminology it
can be conceived that the theorem is generalized to: For any monomial
ideal a of R, if 0 > A*— A* - A* - A is a minimal free resolution of
A/é(a), ¢ is the number of maxima in the graph of i — deff,. The theorem
is to be the special case when z = 0.

CoroLLARY 8.7. In the same notations of Theorem 8.5 and its proof,
a sufficient condition for hd,Al¢(a) = 2 is that s, < 8, < - <5, and 1, >
Ty > tot 2Ty

Proof. This is clear from Lemma 8.4, for, as was said in the proof of
Theorem 8.5, hd,A/¢(a) = 2 if and only if ht I(M*) > 2.

ProrositioN 8.8. Assume k is algebraically closed and chk = 0. Let
¢6:R=Fk[X Y]—> A ==Fk[X, Y, Z] be the map, as before, defined by ¢(X) =
XZ and §(Y) = YZ. Let G be a finite abelian group acting linearly on R,
and let a = (R%)R. Then we have that hd, A/¢(a) = 2.

Proof. We may assume G has been diagonalized. Then the assertion
follows immediately from Corollary 8.7, Proposition 6.5 (i) and the results
in §6.

THEOREM 8.9. Assume k=Fk, chk=0. Let T= GL(1,k) be a one
dimensional torus acting on A = R[X, Y, Z] by linear transformation of the
variables. Suppose dim AT = 2. Then we have hd,A/(AT)A = 2.

Proof. We can assume the action is such that X— t°X, Y— %Y,
Z—t7?Z, for te T, with a, b, p all positive. (In fact if 0 appears among
the exponents, the assertion is easy. If there are two negatives and one
positive, consider ¢* instead of ) Consider the diagram of rings

B =FK[U,V, W]

i ¢

A=HX,Y,Z] S = KUW, VW]
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where i is the map defined by i(X) = U?, i(Y) = V?, i(Z) = W?, and ¢ is
the natural inclusion. Observe: (1) S is the ring of invariants of B under
the action of T* = GL(1, k) that sends U — tU, V—tV, W—t-'Wfor te T*.
(2) The action of T on A in our present consideration is precisely that
which is induced by the action of 7% on B. (3) There is a finite abelian
group G* that acts diagonally on B such that the ring of invariants B¢
is the image of A by i. (4) If G is the group of automorphisms of S that
G* induces, then S¢ = AT,

Now let m = A”, the maximal ideal of A”. Instead of hd,A/mA = 2,
we may prove hd,B/mB = 2, since A — B is faithfully flat. Consider mB
as an ideal that comes from AT via S; then mB may be written ¢(a)B,
with a = (S%)S, S¢ being m. Thus it turns out hd;B/mB = 2 is nothing
but was proved in Proposition 8.8.

Remark 8.10. In the proof of the theorem above, only the exponents
of monomials are actually encountered; consequently the assumption that
k =F, chk =0 is inessential. Indeed S¢ (in the proof) is expressed as
k[M] for a certain semigroup M, but M in turn defines a semigroup ring
E[M] over any field. Hence Theorem 8.9 is valid for an arbitrary field 2
(with a suitable interpretation of a torus action in the case k is a finite
field).

Remark 8.11. The first part of Proposition 5.9 (ii) is a special case
of Theorem 8.9, where a = 1. The proof does not work for the general
case because Lemma 5.8 fails to hold.

In the situation of the proof of Theorem 8.9, let o® o) act on R =

k[X, Y]. Then the projection Z— 1 induces the isomorphism AT —~> RS,
Write

AT = R[X4Y"mZ4%i=1,2,.--,n+ 1],
where W2 2hs, S < S
Then the re-examination of the proof of Theorem 8.5 shows that there is
jsuch that 6, > 4¢,> --- > ¢, < 4;, < - < ¥4,<¥4,,,. Lemma 58 says
Jj =1 1in the case a = 1, but in the general case it can happenj #+ 1, n + 1.

Now let p be the representation of T to the syzygy space of I = (A%)A.
Then p is given by

p(t) = i1 (_B ose (_B e (_B thsi—1 @ tors @ {ori+1 @ e @ {era s
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where r, =2, — 2,,, and s, = gy, — p5, 1= 1,2, -+, n, and j is, as above,
an index at which ¢ takes the minimum value. (Note j may not be unique.
If not, we may take any such j.) This can be seen by considering the
syzygy matrix of I, as in the proof of Proposition 6.7. The details are
left to the reader.

Remark 8.12. In [9], H. Tanimoto proved, among other things, the
following.

Let A = k[X, X,, ---,X,, Z] be the polynomial ring in the variables
X, X, -+, X,, Z, and let T = GL(1, k) act on A by X, — t“X,, and Z —
t-?Z, where q, > 0 and p > 0. Suppose the integers ¢, and p satisfy the

condition
(¥) there are two integers ¢ and b such that {G,, @, - - -, 3.} < {0, @, b,
— @, — b}, where — denotes residue class modulo p. Then it holds that

hd A/(AY)A = n.

Note the condition (*) is automatically satisfied if n < 2 (or p < 5),
hence this can be regarded as a generalization of Theorem 8.9.

Without the condition (*), although it holds that hd A/I > n (hence
it is either n or n + 1), Tanimoto [9] also gives a counter-example to the
equality hd A/I = n. (To see hd A/I > n, one can use Theorem 7.1 of
Hochster [3].)
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