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Introduction

Let H be a normal subgroup of a finite group G, and let ¢ be an (absolutely)
irreducible character of H. In [7], Clifford studied the irreducible characters
X of G whose restrictions to H contain ¢ as a constituent.  First he reduced
this question to the same question in the so-called inertial subgroup S of ¢ in
G, and secondly he described the situation in S in terms of certain projective
characters of S/H. In section 8 of [10], Mackey generalized these results to
the situation where all the characters concerned are projective.

Fong proved analogues of both of Clifford’s results, in which the characters
of G are taken not individually, but in p-blocks for a prime p. In both of these
theorems (Theorems (2 B) and (2 D) of [8]), it is assumed that the order of
H is not divisible by p.

In section 1, we generalize Fong’s first result for arbitrary blocks B and
normal subgroups H, by defining an inertial subgroup S in G for each block
B of H We show in Theorem 1 that if the restriction to H of any character
of B contains a character of B, then the structure of B is identical with that
of a corresponding block B’ of S, and the characters of B are induced by those
of B'. In effect, this reduces the whole problem to the case where all the
constituents of the restrictions of the characters of B lie in a single block of H.

In sections 2 to 4, we study the second question. The group S/H is no
longer appropriate when p divides the order of H, since reduction to S/H
alters the defect group of the block and thereby destroys the block structure;

and we must produce a specially constructed group which will have simpler
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structure than S, while retaining the structure of our block. We have suc-
ceeded in doing this in the case where the defect group D of B is normal in
G and H is its centralizer. (The study of such blocks was begun by Brauer in
[3], section 9.) The group M which we construct has a normal p-Sylow group,
isomorphic to D (see Theorem 6).

In section 5, we apply this reduction to settle, in the case of a normal
defect group, some questions which were raised by Brauer in [2]: Theorem 9
gives a connection between the degrees of the characters of B and the structure
of D, and Theorem 11 gives a bound on the Cartan invariants of B.

Theorem 9 was independently proved by M. Suzuki; I wish to thank him

for communicating his proof to me.

Notation. G will always be a group of finite order g, and p will be a fixed
prime number. We denote by » the exponential valuation of the rational field
determined by p, normalized so that »(p) =1. 2 is a finite algebraic number
field containing the g-th roots of unity; 2% is the residue class field with
respect to a prime divisor p of p in 2. The (distinct nonequivalent) absolutely
irreducible representations of G, ordinary and modular, can be written in £
and 2% respectively; we shall suppose them so written, in definite matricial
forms. We shall often suppress the adjective “irreducible”.

Each p-block B of G is considered here as a set of ordinary irreducible
characters, although we shall also make use of the irreducible modular chara-
cters of B. 1If X;< B, the height of ¥; is the non-negative integer »(X;(1)) —
v(G: D), where the p-group D is a defect group of B (see [3]). We shall
pass freely between a representation and its character: for example, we shall
sometimes consider B as a set of representations, and speak of the heights of

these representations.

1. Blocks and Induced Characters

Let H be any normal subgroup of G. Then each element x of G permutes

the elements y of H by
(1) Y-y =x""yx,
and permutes the irreducible characters ¢ of H by ¢—¢*, where

(2) () = Clayx™).
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Characters ¢ and ¢* so related are called G-associates. For each ¢, {x=G:
¢*=¢} is a subgroup of G, containing H, called the inertial group of ¢ in G.
The permutations ¢-¢* induce a representation of G by permutations
B> B® of the p-blocks of H, by section 1 of [8]. Denote the systems of
transitivity of this permutation representation by g i, and let T; be the union
of those blocks which are elements of .7;; thus 7% is a set of irreducible

characters of H.

For each ¢, let T; consist of those irreducible characters 7; of G such that
some irreducible constituent of the restriction 7;|H of Z; to His in T;. By
Lemma (1 B) of [8], the sets 7T, are disjoint: that is, all the constituents of
7Zi;|H are in the same 7%;; and each T} is a union of p-blocks of G. We denote
the set of those blocks whose union is 7 by .7;; the same lemma shows that
this agrees with Fong’s definition of .77;.

Now restrict attention to a fixed 7 =7 (dropping subscripts #), and to a
fixed B<T. We call the group

(3) S={xeG: B*=B}

the inertial group of B in G; its index (G : S) is the number of blocks in 7.

Take a maximal set {(,} of characters of B such that no two are G-as-
sociates. By Theorem 1 of [7] we can write T as a disjoint union U Fom,
where F, consists of all irreducible characters 7; of G such that 7;| H contains
¢m Let S, be the inertial group of &m in G. In section 2 of [7], Clifford sets
up a 1-1 correspondence between the characters /; of Fi: and all the irreducible
characters &; of S such that &;|H contains ¢m, in which 7;=27. Here £7
denotes the character of G induced by the character & of the subgroup Sm
of G.

For any € G such that ;€ B, B*=B. This implies that S» < S, and
that {C»} is also a maximal set of non-S-associate characters of B. If we
define T" to consist of the irreducible characters /; of S such that 7;| H contains
some character of B, then we have T'= U Fj, analogously to the above, and
there is a 1-1 correspondence between the 7; € Fr and the same &; as before,
in which X; = 5.

We can combine these 1-1 correspondences to obtain a 1-1 correspondence

2% between Fn and Fy, in which (2))° = (¢))? = &7 =%;. We have, in fact,
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established a 1-1 correspondence between T and 7' in which %= ()® Let
.7 be the set of those blocks which make up 7"

The modular characters of the blocks of .7 may be called the modular
characters of T'; they are the modular characters ¢, such that ¢.|H contains
some modular character of B. Since Clifford’s results hold in the modular
case, our argument adapts to this case to give a 1-1 correspondence ¢r<>¢r
between the modular characters of T and those of 77, in which ¢r = (¢})°.

The part (djz) of the decomposition matrix (see [3] and [5]) of S belonging

to the blocks in .7 is expressed by the equations
1= Zk ik Gk,

where the 7; and ¢ are the ordinary and modular characters of 7V, and where

the relation holds for p-regular elements. Inducing to G yields
Zi=(1)%= (zk}d}wé)”’ = 2d}k(¢§e)‘} = ;d}kqﬂe-

This means that (dj;) is also the part (djx) of the decomposition matrix of G
belonging to the blocks in .. The corresponding statement for the Cartan
matrix (cr) follows, since cw = >\jdjrdji.

Since the Cartan matrices determine the blocks by section 8 of [5], the
characters (both ordinary and modular) of each block B:< .7 correspond to
those of a block BL& .7, and conversely. Since 7;(1) = (G : S) 75(1), B- and
B! have the same defect. In fact, the argument of Lemma (2 A) of [8] ap-
plies almost verbatim to show that each defect group of B: is also one for B-.
Finally, the height of X; in B-: is the same as the height of 2’} in B:i.

We summarize in the following theorem, which generalizes Fong’s Theorem
(2 B).

TaeoreM 1. Let B- be a block of G, and let H bz a normal subgroup of G.
Then there exists a group S, HS SC G, and a block B: of S, such that:

(@) the irreducible characters, both ordinary and modular, of B. are in 1-1
corresponderce with those of B., the correspondence being obtained by induction
Jrom S to G;

() B: and B. have the same decomposition matrix, and the same Cartan

matrix;
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(¢) B- and B.: have a defect group in common;
(d) all the irreducible constituents of the restrictions to H of the characters
of B lie in a single block B of H.

We can also show that B: and B stand in the relation defined by Brauer
in section 2 of [4]. This is included in the following general result, which is

independent of the assumptions of this section.

Tueorem 2. Let B' be a block of a subgroup S of a group G, such that B’
contains some character 7' such that ¥ = ({)° is irreducible. Then (B is
defined (in the notation of [4]), and ¥ € (B)°.

Proof. If o' and o are the characters of the class-algebras of S and G
over @ corresponding to X' and 7 respectively, it follows from the definitions
that

w(K) = 23 o'(Kp),

Ic
Kﬁ_Ku

where K, and K, are arbitrary conjugate classes of G and S respectively.

Taking this relation modulo p, we get the result.

2. Defect Group in Center

We begin our study of blocks with normal defect group by considering the
case where the defect group is in the center of the group. (In this section, the
field £ in which all elements and representations lie is to contain the (H : 1)-
roots of unity.)

Assume that B is a p-block of a group H such that the defect group A of
B is contained in the center of H. The normal p-subgroup A lies in the kernel
of every irreducible modular representation Fr of H (by (9 D) of [3]), so that
these can be considered as modular representations of H/A. They are parti-
tioned into p-blocks in the same way for H as for H/A, as can be seen by
making use of (2G) of reference [4]. Now B contains some § such that »(deg
F) =v(H) —v(A) where deg F is the degree of %, by (6 A) of [3]; taken on
H/A, i belongs to a block of defect 0, by (2G) of [4]. By the properties of
such blocks, this is the only modular representation in B; and there is an
ordinary representation 3 in B such that 3* = . Here we write 3 with matrix

coefficients which are locally integral at p, and 3" is obtained by reducing
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these coefficients modulo p. Denote the characters of 3 and §, on H, by ¢ and
¢ respectively.
Since ¢ belongs to a block of defect 0 of H/A, it vanishes for all p-singular

elements of H/A. In terms of H, this means that
(4) ¢(x)=0 if xe H, xp A,

where we write the factorization of x into a p-element x, and a p-regular
element x, as ¥ = XpXr = X, Xp.

For the character ¢; of any representation 3; in B (taking ¢ =¢;), we have
(5) ¢i(x) =djg(x) =di¢(x) if x is p-regular,

since ¢ is the only modular character in B; the positive integers d; are the
decomposition numbers of B. For x such that xpe A, 3;(x) = 3;(xp) B (%)
= w;j(xp) Bj(x,), where w; is a character of the abelian group A, depending on
3. By (5),

Ci(x) = wi(xp) & (%) = djwi(xp) C(xr) = djwj(xp) C(x)

whenever x, < A.

Now apply the orthogonality relations on H, setting (H : 1) =h:

1=h"1§1[@'(x)12=h_1 S ldjwi(xp) S|P+ R EAlc,-mP.

X aopE4d al wpEE

If we denote the two terms on the right by s;; and sj, (4) implies that 0<s;
=din T D0 0(x)P=d}=1—sj, hence dj =1, sj»=0. That is,

K )¢ if x,€ A,
) Cj(x)=§w’(xp (%) if %y

if X € A.

If we denote all the characters of A by wj, 1 <7< (A : 1), (6) shows that
each w; is associated with at most one character of B. Let J consist of those
indices j such that the function ¢; on H defined by (6) is actually a character
of B. Then the principal indecomposable character @ corresponding to ¢ is
given by @ = >e;d;i¢j = >jesC;, whence @|A=¢(1)>je;w; (see section 3 of
[31). But @ vanishes for all p-singular elements, so that @|A is a multiple of
the regular representation of A. Comparing these expressions, we see that
all indices from 1 to (A : 1) are in J. This completes the proof of the follow-

ing theorem,
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TueEOREM 3. Let B be a block of a finite group H, whose defect group A is
contained in the center of H. Then B contains just one modular character
and (A: 1) ordinary characters, all of the same degree. Each of the ordinary
characters is associated with a character of A by the equations {6).

Since ¢i(x) = ¢(x) for p-regular x, we can write 3; with locally integral
coefficients in such a way that 3F = 3* = 3.

We shall need the following form of Theorem 3 for projective representa-

tions. (See [1], [11], [12] for background on projective representations.)

THEOREM 4. Let Ao be a p-subgroup of the center of a finite group X, and
let ¢ be u factor set of X/A, whose values are roots of unity of orders prime
to p. Let %) be an irreducible projective representation of X/A, with factor set
e, written with locally integral coefficients, such that v(deg Y) =v(X : Ay). Then
for each linear character wo; of A, there exists a projective representation %);
of X for ¢, with locally integral coefiicients, such that D* =9 and V;| Ay is a

multiple of wo;.

Observe that we regard ) as a representation of X, and ¢ as a factor set
of X by inflation, without special mention. For the trivial factor set this
theorem becomes a restatement of Theorem 3 in a form which avoids mention-

ing blocks. We can assume that e, y =1 whenever either x or y lies in A,.

Proof. We reduce this to Theorem 3 by the classical method of Schur (see
[1], and also page 274 of [8]). Let E be the character group of the multipli-
cative cyclic group generated by the factor set ¢; E is cyclic of order prime
to p. For any elements x, y of X, let my y= E be the character such that
&> (e, y)'; then m={m., )} is a factor set of X with values in E. Using
extension theory (see [13]), let H be the extension of £ by X with this factor
set and trivial action; the elements of H may be written (e, ¥), where e E,
xeX. The elements (1, a), a< A, form a subgroup A of the center of H
(since ¢ is trivial on A,), isomorphic to A,. A character w; of A is defined
by wj(l, @) = wy,{(a); and the equation 3(e, %) =e(e) Y(x) defines an ordinary
representation 3 of H, which can be regarded as belonging to a block of H/A
of defect 0. Now Theorem 3 provides us with a representation 3; of H such
that 3; = 3" and 3,/ A is a multiple of w;. The required ¥; is then defined by
Bile, x) =e(e) Pi(x),
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3. Normal Defect Group: Analysis

In this section, we shall analyze the representations in a block whose defect
group is normal. The information so obtained will be the basis for the con-
structions of the following section.

Let D be a normal p-subgroup of G. Denote the centralizer of D by H,
and the center of D by A; then A=DNH, and H and A are normal in G.
By (11 B) of [3], there is a 1-1 correspondence between the blocks B of G
with defect group D and the families of G-associates of these characters ¢ in
blocks of defect 0 of H/A such that p+ (S : DH), where S/A is the inertial
group of ¢ in G/A. (This restatement uses the isomorphism of DH/D with
H/A.) In addition, D must be the maximal normal p-subgroup of G in order
for any blocks with normal defect group D to exist, since this subgroup is
contained in the defect group of every block of G.

Henceforth, we assume that we have a block B with normal defect group
D; we study it along with a corresponding ¢ and S, as just defined. We can
regard ¢ as a character of A. Since A is contained in the center of H, (2 G)
of [4] tells us that ¢ belongs to a block B of H with defect group A, and
Theorem 3 shows that the characters of B have the form ¢, one for each
character w; of A. Here ¢ =¢; corresponds to the 1l-character of A.

Choose a maximal set {w=} of non-G-associate characters of A. Then by
(6), {¢m} is a maximal set of non-G-associate characters of B. Let S, be the
inertial group of ¢,, in G, as in section 1. Then S,, is the intersection of S= S,
with the inertial group of w, in G. Since ¢ yields the only modular character
of B, S is the inertial group of B in G, defined in (3).

In the terminology of section 1, B&.Z where B ej ; this follows from
equation (11.11) of [3], and it enables us to study the corresponding block
B'e .7 instead of B. B is actually the only block in .7, by the following
argument. For any B: .7, let 7} be an arbitrary character of B.. Since
71| H contains some Cpm, C(1) =&m(1)|7/(1) by [7], whence »(/j(1))=12(¢(1))
=u(DH : D)=p(S : D), so that the defect of B; does not exceed »(D : 1).
But since D is contained in all defect groups for blocks of S, D is the defect
group for B: and hence for B. also. But we have previously accounted for all

blocks with defect group D, and none of them except B is in .7 ; therefore

(7) 7 ={B}.
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Accordingly, .7' ={B'}, B= UF,;, and B' = U Fy,.

Since S/H has normal Sylow subgroup DH/H, there exists a subgroup K
of S with S=(DH)K, H=DHNK, by a theorem of Schur (see [13], p. 132).
Then S=DK, and DNK=DNDHNK=DNH=A.

Let us regard S as an extension of the abelian group A by S =S/A. For
each s< S, choose a representative s, S. Since S =DK, 1=DNK where
D=D/A, K=K/A, we can suppose that
(8) Sex = S8 Sk
when 6 €D, t €K, and that s;=1. For any a= A and s€ S set
9 a’=a*.

Then for any o, r€ S,

(10) $68v = 7o, So,

where 7 = {7, .} is a factor set of S with values in A: that is,

GhY) Yo, Toc,v =15 70,0 for ¢, 7, vES.

For ¢, t€ Sm=Sn/A, set (pm)o,-=wm(rs, ). Since Spn is contained in the
inertial group of wm, (11) yields (pm)o,=(0m)az, v = (pm)<,0(pm)o, for @, 7, v E Son.
That is, pm={(pm)s,~} is a factor set of S, with trivial action, the values
being roots of unity in 2 whose orders are powers of . For a€ A, 6= Sm,
set ¢m(as.) = om(a). Then ¢m(assbs:) = ¢m(@d” 7o,750:) = wm(@b® 76,:) =
(@) 0m(B) 0m(7s,2) = (om) o, dmlass) ¢m(bs<), so that ¢, is a projective repre-
sentation of S, of degree 1, with factor set p,'. Here o is regarded as a
factor set of S, by inflation; as usual, we do not indicate this inflation
explicitly.

From now on, we shall work in terms of representations rather than the
corresponding characters. By the remark following Theorem 5, we suppose
that 3. = 3%, where 3., is the representation of H corresponding to Cm.

By section 3 of [7] (cf. [10]), there must exist a projective representation
of S, whose restriction to H is 3,;, and whose factor set, which we shall call
en, is inflated from S»/H. In order to compute e, in terms of ¢ = ¢ (see (14)),
we first restrict attention to XK. We can assume that the values taken on by
¢| K are roots of unity in £, of orders prime to p (see [11).

”7'1’”Ktﬁt'h7is7i)oint, and later on, we may have to replace 2 by a finite extension of £,
since [7] uses an algebraically closed field. But in fact these extensions can be avoided,
as the addendum at the end of this paper shows.
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Let 9 be a projective representation of K, whose factor set is the restriction
s K of ¢! to K, such that 9|H =23, and such that 9 has locally integral
coefficients. Let /.S A be the kernel of wy,, and let K =S,,N K. Then all
commutators a”'s'as, ae A, s& K, are in Jm, so that A/J. is contained in the
center of Kpn/Jm. Since pv(deg 9)) =p»(Km : A), we can apply Theorem 4 to
V| Km, regarded as a projective representation of X = K,;/Jm, to find that K,
has a projective representation ¥),, with factor set ¢ *| K, such that Vm| A is a
multiple of wm, and such that Pm=0*|Kn. Then V| H is equivalent to 3,
and we may suppose that V| H = 3.

We extend ) to Sm by the following steps. First, write D = (¢ | Kom)Dom,
where 9. is a projective representation of K, with factor set (¢7'| Kum) (omlKm)
which can also be regarded as a projective representation of Ky = Kn/A. This
can be seen by section 8 of [10], or directly. (For finite groups, the topological
assumptions of [10] are vacuously satisfied, and the restriction to unitary
representations is unnecessary.) Secondly, since Sm=DKm 1=DNK, we
have a natural isomorphism of S,/D with K»; use this to carry over 9m to
Swm/D. Thirdly, inflate to S»; this yields an extension of the original 9, for
which we retain the same symbol. Finally, set V= ¢mlm on Sn. This gives
a projective representation U, of S, related to its restriction on K, by
D ass) = Ymlas) where ac A, 6= D, k €Km. Modularly, Om=9"|Sn.

The factor set of U.. is readily seen to be (¢™'| K.;) um', where pm can be

defined as a factor set on S, by
() o, 2 = Com)ae, 12 0m)mr = @m(Tow, 72 rah)

for 6,7 D, k, A\€Km. Now for any 4, 7€ D, «, A€ K, we have by (8) and
(10) 75c, 13 = SocSta St = SsScSTSASeySir, where we set y1=7"". Since 7., = A

and ssr, € D,

-1 -1 -1 -1
sk, vn = Ve, Ta¥c, » = S5 S S7 Sx Skx ¥, A S67;

- -1 - _ =1
= Sa( Sk St Sk ! ) (SK Sx s.'(Al 7‘&,1}\)351‘11 = szs(sl’)b'< 581’11~

Since D commutes elementwise with H, the last expression shows that gs. «x
does not change if we multiply r and A by elements of H = H/A. Therefore
q ={qs,~}, which is a factor set of S with values in A under the same action
as for 7 (since D acts trivially on A), is inflated from a factor set of S/H (or
S/H), under the action of S/H on A defined by
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(12) acH = aa
(cf. (9)). Since
(13) (,um)a,‘c = wm((]c,r); g, TE S-m,

um is inflated from a factor set of Sn/H with values in 2 and trivial action.

Therefore
(14) Em = (€[Sm),u;n

is inflated from S,/H, and 9, is an extension of 3., with factor set e
Theorem 3 of [7] sets up a 1-1 correspondence between the representa-

tions ¥} corresponding to all the ;€ Fj, (that is, all representations of S whose

restrictions to H contain 3,,) and all projective representations U; of S./H

with factor set e, such that
(15) %= (D x U5

Here we treat A; as a projective representation of S, so that the tensor
product 9,,%; is an ordinary representation of Sn, which is induced to S to
yield ¥;. We can suppose that 9; has locally integral coefficients. By Theorem
1, we also have %; = (9m X U;), for X; € Fp.

Now consider the situation in 2*. ;" is a modular projective representation
of S/H, whose factor set e is obtained by reducing en modulo p. By (14),
em=¢" | Sm since the values of u, are roots of unity of p-power orders. By
(15),

(X)* = (VX W) = ((D*]Sm) x UF)*~D* x (A",

where the meaning of and reason for the last relation are as follows.  (A})*®
is the modular projective representation of S with factor set ¢* induced by
U (see[10], [11], [12] for definition). The symbol ~ indicates that the modular
representations of S which it joins have the same irreducible constituents and
multiplicities. That this is true is basically a consequence of the Frobenius
reciprocity theorem and the orthogonality relations; a proof can be constructed
in the following way. Express everything in terms of modular projective
characters, with the factor sets e and ¢|S,, whose values are roots of unity in
2 of orders prime to p. Extend each such character by defining its values

for p-singular elements to be zero, and express it as a rational linear combina-
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tion of irreducible projective characters in 2 with the same factor set. By
linearity, it now suffices to prove the corresponding statement for irreducible
projective characters in £. But this follows from Theorem 4. 6 of [10]. (Cf.
[11], and equation (4) of [6].)

The irreducible modular representations {r which are in B’ are precisely
those such that FklH contains 3". Since the inertial group of the character of
3* is S and since Clifford’s results still hold in the modular case, we have a
1-1 correspondence between these Ft and all the irreducible modular pro-
jective representations B of S/H with factor set ¢* (or, as we may say, the
¢*-representations of S/H) in which Ft=0*xB;. In B, the corresponding
equation is Fr= (D" x Be)®.

Since %/ can be regarded as a projective representation of S,/H, we can

write formally

(16) ()~ Be

for some non-negative integers djr. Combining our results, we find that
()"~ V" x D Bu~ 1 din(D” X Bi) = Zdis T

Using all values of =, this shows that the numbers djr are precisely the
decomposition numbers for B' = U Fy,, and hence also for B, in agreement with

the notation of section 1.

4. Normal Defect Group: Construction

In the previous section, we defined a factor set ¢ of S/H with values in
A, under the action defined by (12). Let U be the extension of A by S/H
defined by this action and factor set. We may write the elements of U as
ordered pairs u = (a, ¢H), where ac A and ¢=S. Denote the subgroup {(a,
H)) by A’; and let i be the natural isomorphism of S/H onto U/A'. The
elements (a, 0H), 6 € D, form a subgroup D° of U isomorphic to D under the
mapping (a, 6H) - ass, since g|D=s|D. Since {(DH/H) = D"/ A°, we have the
isomorphisms U/D°=S/DH=S/DH, so that D" is a normal p-Sylow subgroup
of U. A p-complement in U is then given by L'={(1, xH): r€K}=K/H:
thus U=D'L’, 1=D"NL". The action of L' on D’ by conjugation can be

computed straightforwardly; it corresponds in the natural way to the action
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of K/H on D in S. Hence it follows that D° contains its own centralizer in U,
namely A’. Thus the structure of U is analogous to that of S, but is more
definite; the analogues of H and K are A’ and K° = A°L’ respectively.

The factor set ¢, regarded as a factor set of S/H, can be carried over by
i to a factor set € of U/A’, which can then be inflated to U. In the same
way, we can use ¢, and pum to define factor sets ey and un of Sy, where
i(Sm/H) = S/ A® (cf. (13)). The equation ¢m(a, ¢H) = wm(a) defines a projective
representation of S;, with factor set (u5,)”'. Then ¢y | A" =wi; corresponds to
om under the natural isomorphism of A and A°.

We now study the ¢™-representations X} of U in analogy with the study of
the representations of B in section 3. Since ¢'|A° is trivial, the X; can be
distributed among disjoint sets Fj, according to which wj, is contained in Xj;
note that there is no question of blocks in this definition. = The inertial group of
wy in U is S), even with respect to ¢ in the sense of Mackey ([10], Theorem
8.1). Then Theorem 8.4 of [10] gives a 1-1 correspondence between the

X} = Fi, and all the representations Uj of S/ A° for e, = (| Sy)um, in which
(17) X5 = (¢ UANY,

the induction being with respect to ¢. We can suppose that %) has been
obtained from the %, of (15) by means of . Thus we have a 1-1 correspondence
X; <> X} between F, and Fj, hence between the ordinary representations of B
and all the ¢"representations of S.

The (&°)*-representations §# of U all have kernels containing A°, as we see by
generalizing (9 D) of [3] to the projective case—cf. the construction of M below.
Thus we can suppose that %, as an (¢°)*-representation of U/A’, corresponds
to B under /. This gives a 1-1 correspondence Fr <> Fk.

Applying i to (16) yields ((U)*)”~>Vedjx3t. Since the values of ¢p, are all
p-power roots of unity, (¢%)* =1% so that (¥})* = ((AD*)’ ~>edjr Tk, where the
d;jr are again the decomposition numbers of B. We have proved the following

theorem.

TueorREM 5. Let B be a block of a group G, with normal defect group D.
Then there exists a group U and a factor set & of U, whose values are roots
of unilty of orders prime to p, such that:

(@) the ordinary representations of B are in 1-1 correspondence with the
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-representations of U, the modular representations of B are in 1-1 corre-
spondence with the (°)*-representations of U, and corresponding representations
have proportional degrees and equal heights;

(d) the decomposition matrix and Cartan matrix for B are the same as
those for the -representations of U;

(¢) U has a normal Sylow subgroup D° isomorphic to D, and D" contains its
own centralizer;

(d) U/D'=S/DH, where S and H were defined in section 3.

This theorem can be interpreted as meaning that just as the part of G
outside S can be removed without changing the structure of B, so the “part
between A and H” can be removed if we allow the introduction of a factor set.

We now reformulate Theorem 5 so as to eliminate the use of projective
representations, just as in the proof of Theorem 4. Let E be the character
group of the cyclic group generated by . For any elements #, v of U, let
nuv<E be the character such that (¢&°)'—(eh,»)’; then n= {n,} is a factor
set of U in E. Let M be the extension of E by U with this factor set and
trivial action; the elements of M may be written (e, u) = (e, (@, ¢H)), where
ec E. E is in the center of U, and is cyclic of order prime to p. By defining
X' (e, u) = e(<’) ¥X(u), we set up a 1-1 correspondence between the ¢™-representa-
tions X; of U and a certain set 7" of ordinary irreducible representations X
of M; and ¥;' is in 7" if and only if the linear character of E contained in
7| E can be identified with " under the canonical isomorphism between an
abelian group and the character group of its character group. (For consistent
notation, 7" should really be defined as a set of characters.) There is a
similar correspondence for modular representations. Together these corre-
spondences preserve decomposition numbers; so 7" is actually a block B’ of
M.

To study the structure of M, let n be the natural homomorphism of M
onto U. Let H'=7z""(A"). Since n|D is trivial, z7*(D") is a direct product
D" x E= D"H", where D" is a normal Sylow subgroup of M. D" NH'" is the
center A" of D", and "L =L" is a p-complement; n (K°) = K" = A" L".
Since B, like every block of M, has the normal Sylow group D" as its defect
group, the theory of section 3 applies to B'”. We need not go into detail, but

simply remark that M plays the role of S as well as of G, that our notation
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for subgroups indicates their roles, and that the group corresponding to U is
U itself (up to isomorphism). This completes the proof of the following
reduction theorem for the structure of blocks with normal defect group.

THEOREM 6. Let B be a block of a group G, with normal defect group D.
Then there exists a group M and a block B" of M such that:

(@) the representations, both ordinary and modular, of B are in a 1-1
correspondence with those of B, and corresponding representations have pro-
portional degrees and equal heights;

(b) the decomposition matrix and Cartan matrix for B are the same as
for B";

(¢) D is isomorphic to the defect group D" of B", D" is a normal Sylow
subgroup of M, and the centralizer of D' has form H' = A" X E, where A" is the
center of D" and E is a cyclic subgroup of the center of M;

(d) M/D"H"=S/DH.

5. Applications of the Construction

The following theorem treats a situation midway between that of section
2 and that of sections 3 and 4.

THEOREM 7. Let G be a group of form DH, where D is the defect group of
a block of G, and H is ihe centralizer of D in G. Then there is a 1-1 corre-

spondence between the representations B of B and all the representations B of
D, in which corresponding representations have proportional degrees. B contains

Just one modular representation.

Proof. D is normal in G, so that we can use the terminology of sections
3 and 4. Here S= DH, K= H, and ¢ is trivial. Therefore U= D= D, and we
can identify U with D. Theorem 5 then gives the result.

Explicitly, a short computation based on equations (15) and (17) shows
that B;(asss«) = Bm(sc) x Bi(as;) in our usual notations. From this it is not

hard to show that for x=< DH we have, as a generalization of (6),

01(xp) (%) if xp€ D,

(18) 01(x) = 50 o
b )

where §; and 6] are the characters of B; and B) respectively. Theorem 7 is

less deep than Theorems 5 and 6, since the proofs of these collapse considerably
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in the case G=DH. An alternate proof of Theorem 7 can be constructed
along the lines of the proof of Theorem 3, considering DH as a homomorphic
image of the abstract direct product of the groups D and H. We now return

to the general case.

TueoreM 8. Let B be a block of G with normal defect group D. Then the
height of each representation X; in B is equal to v(deg Bi), where B} is any

irreducible constituent of X;|D.

Proof. If ¥;=(%)¢ if B, is a constituent of ¥;|DH, and if R, is the
inertial group in S of the character of ®; then by [7] X; is induced from a
representation of R, which is a tensor product of two projective representations,
one of them being an extension of B;, and the other being a projective repre-
sentation of' Ri/DH. A theorem of Schur (see [9]) tells us that the degree of
the last divides (R;: DH), whence »(deg X;) = »(deg %B;). Since ¥; and ¥; have
the same height, the result follows from Theorem 7.

As an immediate corollary, we have the following result.

Tueorem 9. If B has normal defect group D, then B contains representa-

tions of positive height if and only if D is non-abelian.

TueOREM 10. If the block B of G has normal defect group D, the repre-
sentations of G/D in B are all modularly irreducible and of height 0. Taken
modularly, they all remain distinct, and they yield all the irreducible modular

representations of B.

Proof. We can reduce at once to the situation in S. Every irreducible
modular representation % in B’ has D in its kernel, and hence is a modular
constituent of some ¥; in B’ whose kernel contains D. Every such representa-
tion X} has height 0 by Theorem 8; this means that »(deg ¥X;) = »(S : D), so
that ¥; is in a block of S/D of defect 0. Then all such ¥} are modularly
irreducible, and yield distinct modular representations, as required.

The above theorems actually depend only on Theorems 1 and 7. We

conclude with a result whose proof uses Theorem 6 more fully.

TueoreM 11. If B has normal defect group D, then each Cartan invariant
cw of B satisfies ci< (D : 1).
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Proof. By Theorem 6, we need only prove this for the group M. But M
contains the p-complement L, and therefore the result is given by Theorems
8 and 9 of [51.
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Addendum: It is possible to carry out the constructions of sections 3 and
4 in any finite algebraic number field 2 containing the g-th roots of unity
without enlarging this field. The proof of this depends upon the following

theorem, whose proof I shall publish elsewhere.

TueoreM. Let H be a normal subgroup of a group G of finite order g, and
let ¢ be a complex-valued factor set on G/H. Then ¢ is equivalent to a factor
set ¢ on G/H whose values are g-th roots of unity, and such that for each
group G, HCS G, S G, every (¢'|G))-representation of G. can be written in the

field of the g-th roots of unity. If furthermore p is a prime which does not
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divide (G : H), and if g= p°gr with (p, g&) =1, then we can suppose that the

values of ¢' are gr-th roots of unity.

If we apply this theorem to K at the point in section 3 where the Dm| Km
have just been constructed in an extension field of 2, we can replace ¢ by ¢
and then write 9, Km in 2. Note however that this replacement may increase
the multiplicative order of ¢, and with it the order of M in section 4. Standard
methods (see in particular p. 223 of N. Jacobson, Lectures on Abstract Algebra,
vol. 2, New York, 1953) then let us take Pm|Km locally integral in £ and
D Km=9*| Kn. The construction of 9,» on Sy then proceeds in 2.

The representation 9»x U, in (15) is similar to a representation in £ whose
restriction to H is 3 x[I; the latter representation has form *;),,.xm;- with Aj
in £, and we can replace %; by %} without any further change in the factor
sets. A similar argument works for B;. Then the constructions of sections 3
and 4 can be completed with all representations written in £ and its residue
class field 2.

Tufts University
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