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Abstract

Let B denote the unit ball in C", and v the normalized Lebesgue measure on B. For a > —1, define
dva(z) = ca(\ - \z\2)adv(z), z 6 B. Here ca is a positive constant such that va(B) = 1. Let H(B)
denote the space of all holomorphic functions in B. For a twice differentiable, nondecreasing, nonnegative
strongly convex function <p on the real line IR, define the Bergman-Orlicz space Av(va) by

Av(vtt) = If e H(B) : f <p(log\f\)dva < oo
I ./fl

In this paper we prove that a function / e H{B) is in A9(va) if and only if

where SUf (z) = 5Z"=i Z; 9 / (z)/dzj is the radial derivative of / .

2000 Mathematics subject classification: primary 32A36; secondary 32A35, 32A37.

1. Introduction

Let n > 1 be a fixed integer. Let H(B) denote the space of all holomorphic functions
in the unit ball B = Bn of the complex /i-dimensional Euclidean space €". Let
v denote the normalized Lebesgue measure on B. For each a e (—1, oo), we set
ca = r(n + a + l)/{r(n+l)r(a + l)}<mddva(z) = ca(l-\z\2)adv(z),z e B. Note
thatva(B) = 1. Let ̂ T 2 (R) denote the class of those nondecreasing convex functions
<p : [—oo, oo) -> [0, oo) which are twice differentiable in (—oo, oo) and satisfy the
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6 Yasuo Matsugu and Jun Miyazawa [2]

growth condition lim^oo <p(t)/t = oo. For each a € (— 1, oo) and cp € yTz(R), we
define the weighted Bergman-Orlicz space Av(ya) by

A,(va) = \f eH(B):\\f\\Af(llm) = f <p(\og\f\)dva < oo} .
I JB J

The Hardy-Orlicz space HV(B) is as usual defined by

H9(B) = ( / 6 tf(fl) : ||/||H,(a, = sup [<p(log\fr\)da < oo} ,
I 0<r<l Js I

where cr is the normalized Lebesgue measure on the unit sphere S = dB and/r(z) =
f(rz) for 0 < r < 1, : e C" with rz e B. In 1985, Beatrous and Burbea [1]
gave the following characterization of the Bergman spaces Ap(va) = H(B)P\Lp(va),
0 < p < oo.

THEOREM 1.1 (Beatrous and Burbea). Let f e H(B)\{0}, a e (- l .oo) and let
0 < p < oo. Thenf e Ap(va) if and only if

where £$f (z) = Y^=\ zi Of (z)/dZj is the radial derivative off.

This characterization of the weighted Bergman spaces is of the same type as that
of the Hardy spaces by Yamashita [8] and Stoll [6]. The purpose of the present
paper is to give the characterization of the weighted Bergman-Orlicz spaces A^(va),
q> € c5T2(R), — 1 < a < oo, which is of the Beatrous-Burbea's type. Our main result
(Section 4, Theorem 4.1) contains, as the limiting case a — — 1, a characterization of
the Hardy-Orlicz spaces HV(B), <p e 2

THEOREM 1.2. Leap e ^7 2 (K) andf e H(B)\{0}. Thenf e Hv{B) ifandonly

if

This characterization is a little bit different from that of by Ouyang and Riihen-
taus [2].

THEOREM 1.3 (Ouyang and Riihentaus). Let (p e S"T2{R) andf e H(B)\[0}.
Thenf e HV(B) if and only if

I <p"{\og\f ( z ) | ) ! ^ - ^ ( l - \z\2)dv(z) < oo,

where |V/(z)|2 = £,"_, \df(z)/dzj |2.
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[3] Weighted Bergman-Orlicz spaces

We note that the results of Stoll [5] and Ouyang-Riihentaus [2] hold for more
general domains in C and C than for D> and B, respectively.

2. Notation

Let Jl denote the group of biholomorphic maps of B onto itself. For each a e B,
let <pa e jfl be the involution described in [3, page 25]. Let X be the measure on B
defined by

dX(z) =
1

•dv(z), z e B .
v- - \z\2r+i

Then X is the invariant volume measure induced by the Bergman metric on B. Thus

I f dX= I (f o xjr) dX
JB JB

for each/ e Ll(X) and all f e J( ([3, Theorem 2.2.6]). For/ € C2(B) and a e B,
define

1

n + l
A(f o<pa)(0),

where A = 4 ^ " = 1 d
2/dzjdzj is the ordinary Laplacian. Then as in [3, Theorem 4.1.3],

A
A/ (a) = - — ( 1 - \a\2)

n + l

Jl2 £

The operator A is invariant under M', that is, A(/ o i/r) = (A/) o r̂ for all i/r e ^
([3, Theorem 4.1.2]). Let V denote the gradient with respect to the Bergman metric
on B ([7, page 27]). Then as in [7, page 30], for/ e H(B)

n + l
- \a\2)

n

E
ZJ

2

—- E^5T< ae B.

An upper semicontinuous function « : ZJ —> [—oo, oo), M ^ — oo, is said to be
'-subharmonic if for each a e B

< /
Js

A continuous function u defined in B is said to be ^(-harmonic if equality holds
in the above inequality. A function u in B is said to be ^-superharmonic if — u is
^-subharmonic.
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8 Yasuo Matsugu and Jun Miyazawa [4]

As in [7, Section 6.2], the invariant Green's function on B is given by G(z, a) =
g(<Pa(z)) for (z, a) e B x B, where

/ • I
( i -

J\z\

Note that g is ^-harmonic in #\{0}, and ^#-superharmonic in B. Let / be an
^-subharmonic function in B. The Riesz measure of / is the non-negative regular
Borel measure ixf in B which satisfies

for all \f/ e C2(B). Here C2(B) is the class of twice continuously differentiable
functions in B with compact support. If/ is in C2(fi), then by Green's identity [7,
Proposition 3.1] d/u,/ = Af dk.

In the case n = 1, Si = D is the unit disc and S\ = J is the unit circle in the
complex plane C. Moreover, g(z) = log(l/|z|) and (A/)(z) = ±(1 - |z|2)2(A/)(z)
for/ € C2(D)andz 6 D.

3. Preliminaries

According to [1, page 41], we introduce positive functions {Ka : — 1 < a < oo}
defined in the interval (0, 1) as follows. For t 6 (0, 1),

Ka(t) =2nca f p2n-l(l-p2)alog?-dp if a > - 1
Jt t

and K_](t) = \og(l/t). The following lemma is easily verified. (See, for example,
[1, Proposition 2.3].)

LEMMA 3.1. The following two inequalities hold.

0 < l - t 2 <2K.i(t) ( 0 < r < l ) , K_^(t)<l-t2 (1 /2 < t < 1).

For each a e (— 1, oo), there exist two positive numbers cai and ca2 such that

cal(l - t2)a+2 < KM < c82(l - t2)a+2 (0 < t < 1).

For / e H(B) we denote the zero set of/ by Z(f) = {z e B : f (z) = 0}. A
simple computation shows the following lemma.

LEMMA 3.2. Suppose <p € yT2(R) andf e //(O)\{0). Put v = cpQog \f |) in D.
Then
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(1) Av = <p"(\og \f \)\f'\2/\f |2 in D\Z(f).
(2) (AvHz) = i(l-|z|2)2(Au)a) = \d-\z\2)2<p"(log \f(z)\)\f'(z)\2/\f(z)\2for

zeD\Z(f).

LEMMA 3.3. Suppose <p e ^ 7 2 ( R ) andf 6 Z/(O)\{0}. Put v = <p(log | / |) m D.
77ien //ie Riesz measure fiv is given by

= ^A(v\n\Z(f))(z)dv(z) = jA(v\D\Z(f))(z)dX(z)

for z e D . Here we use the convention that the right hand sides of these equations
are defined to be 0 in Z(f).

PROOF. The first equation follows from [5, (3.1), pages 1035-1037] and the two
remaining equations follow then from Lemma 3.2. •

LEMMA 3.4. Suppose <p e ^T 2 (R) andf € Hv(B)\{0}. Put v = <p(log \f |) in
P. Then v has a harmonic majorant in ED. And the least harmonic majorant ofv is the
Poisson integral P[v*] ofv* = <p(log|/*|). Here /*(£) = limrfl / (r£) for almost
every £ € T and

P[v*](z) = f ) " ' ! ! v*(t;)do-(S) (Z e D).
A |1 - z £ | 2

PROOF. First, one sees easily that/ e M,(B) c ^V(D) (for the definition of the
Smirnov class N,(D>) see, for example, [4, page 85] or [3, 19.1.11, page 407]). Then
by [3, 5.6.4. Theorem, page 85] / * is defined (almost everywhere on T) and the
least harmonic majorant of log \f | is u = P[\og \f*\da + dy], where / is a singular
measure on T. By [4, Theorem 2, page 84] the boundary measure of v = <p(\og \f \)
is ^(log \f*\)da, hence the least harmonic majorant of v is P[<p(log | /* | )] . •

LEMMA 3.5. Suppose <p e yT2{R) andf 6 ^(O)\{0). Then

11/ II»,(D) = <c(log \f (0)|) + \ I <p"{\og \f ( 2 ) 1 ) ^ 7 ^ log -!- dv(z).
*• JO \J (Z)\ \Z\

PROOF. Since lim^oo (p(t)/t = oo, it holds that

II/II»,(D) = f<p(log\f*\)da = P[<p(log\f*\)](0).
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With Lemma 3.3 and Lemma 3.4, the Riesz decomposition theorem ([7, Corol-
lary 6.11]) implies that

<p(\og\f(z)\) = P[<p(\og\f*\)](z)- f G(z,w)A([<p(log\f\)})(w)dk(uu)
Jo

= P[<p(\og\f*\)](z)-^ f G(z, w)<p" (log \f (w)\) l( (W)I dv(w)
*• JB U \W)\

for all z e D . Putting z = 0 in the above equations, we obtain the lemma. •

For <p e yT2(R) and/ € Hv(B)\{0}, we define

fl(z) = <p"(\og | / (z)|) m J ^ kl"2 (z 6 B\[Z(/)U{0}]).

Let A(S) denote the ball algebra: A(B) = C(B) f) H(B).

LEMMA 3.6. Suppose <p e yT2(R) andf e A{B)\{0). Then

('I-1> log - i -
|Z|

PROOF. Almost every ? e 5, fK e A(D)\{0} c //v(D)\{0}. Here A(D)
C(D) n // (D) and /{(r) = / (f£) for f e O. By Lemma 3.5,

ll/tIIH,(D) -^dog |/(0)|) = \ l »"(log |/?(0l) "f/!lf|2 lQg 777

On the other hand, the assumption / € A(B) implies

ll/lk<«) = f<p(\og\f\)da = (dotf)^- f <p(\og\f(ewS)\)de
Js Js ^n Jo

= f da(K)^~ f <p(log\fs(eie)\)d9= /"||/fli«,(l
Js l7t Jo Js
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[7] Weighted Bergman-Orlicz spaces 11

We used here the formula in [3, 1.4.7. Proposition (1), page 15]. Hence we have

11/ Ikw -

log ^ -= f' da{K)\ / / , '
Js l Jo

= i [da(S)2 f rdr±- I /,V«"f)log-

= f rlog-dr tdo(£)-±- f f}(reiet)d0
Jo r Js In Jo

 v

= ±2n I rlog-dr
2n Jo r

LEMMA 3.7. Suppose? e yT2(R),f e H(B)\{0} andO < r < 1. Then

ll/rlkw = Pdog 1/(0)1) + ^- / / ^Wkr^ 'Mf

where rB - {z 6 C : |z| < r}.

PROOF. Since/, e A(fi)\{0}, Lemma 3.6 implies that

IIMk(B) -Pdog|/(0)|) = i - / ^ J

By the change of variables w = rz, z e B, we have

-2'"^ log y^y

LEMMA 3.8. Suppose -1 < a < oo, <p e S*T2(R) andf e //(5)\{0}.

11/ KM =
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12 Yasuo Matsugu and Jun Miyazawa [8] 

PROOF. Using Lemma 3.7, Fubini's theorem and the definition of the function Ka, 
we have 

| | / - P d o g | / ( 0 ) | ) 

= / <pdog\f\)dva-<p(log \f(0)\)
J B 

= ca2n f r2"-'(l - r2)adr f <p(log\fr(t;)\)dcT(S)-(p(log\f(0)\)
Jo Js 

= 2nca f ^ - ' ( l - ^ r f U M U ^ - ^ O o g i / c o ) ! ) } ^ 
Jo 

= 2nca f r2n-l(l-r2)adr±- f /;(z)kr 2 < n - 1 ) log -^-dv(z)
Jo 2n JrB

 v \z\ 

= ca [ fZ(z)\z\-«n-l) dv(z) ( r l n ~ \ \ - r2)a log - 1 dr 
JB J\Z\ \Z\ 

= ^ jBft(z)\zr2(n-l)Ka(\z\)dv(z). •

LEMMA 3.9. Suppose <p e yT2(K) andf e H(B)\{0}. Then 

l l / l k u o =<P(\og\f (0)|) + ^ j f / f

8 ( z ) | z r 2 C - 1 ) A : - , ( | z | ) r f v ( z ) . 

PROOF. For any r e (0, 1), by Lemma 3.7 

l l / r l k w = ¥>(log 1/ (0)|) + /* / ^ ( z ) | z r 2 ( n - 1 ) log </v(z). 
2n y r B <" |z | 

Using the subharmonicity of the function ^(log \f |) and the monotone convergence 
theorem, we have 

11/ I k w - <P(log 1/ (0)|) = lim | | / r | k w - *>(log 1/ (0)|) 

»a) | z | - 2 < " - 1 ) l og T ^ T ^(z ) 
\z\ = ~ f f S 

2nJB

Jv 

= ^JBfi

viz)\z\-2(n-A)K_l(\z\)dv(z). • 
В 

2 / For the sake of convenience we define A ? ( v _ i ) E= Я Д 5 ) for <p e УТ (R), and 
l l / lko . - , ) = 11/11н,(в) f o r / € Я ( В ) \ { 0 } . Then we can unify Lemma 3.8 and 
Lemma 3.9 in the following form. 

LEMMA 3.10. Suppose - 1 < a < oo, <p e УТ2(Ш) andf e H(B)\{0}. Then 

II/ I k . o = cpdog \f (0)|) + i - J f^z)\z\-^-l)Ka(\z\) rfv(z). 
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[9] Weighted Bergman-Orlicz spaces 13

This is a generalization of [1, Theorem 3.3].
For £ e S and j 3 e ( l , oo) we define the Kordnyi approach region Dp(Z;) by

= {z € C" : |1 - (z , f ) l < 0 (1 - k l 2 ) / 2 } .

Let - 1 < a < oo, <p € yT2(R) and 1 < £ < oo. For/ e //(fi)\{0) and£ e S, we
define

- \z\2y+2-n

i r

and

For any )3 e (1, oo) and z e B, we define

^ ( z ) s {f e 5 : |1 - (z, 01 < 0(1 - lzl2)/2}

and a)^(z) = cr(<2^(z)). We note that cop is a radial function in B:

(zeB,UeW),

where *2f is the unitary group of C". Hence there exists a function Fp defined in the
interval [0, 1) such that Fp(\z\) = cofi(z) (z e B). For any /5 € (1, oo), we define
rp = max{0, (2 - p)/0) and Gfi(r) = Fp(r)r2e-l)(l - r2)'" (0 < r < 1).

LEMMA 3.11. Let fi € (1, oo). 77u?n Gfi(r) = 0 i/O < r < rp and Gp(r) > 0 if
rp < r < 1. Moreover, Gp is a continuous bounded function in the interval [0, 1).

PROOF. See [1, Proposition 4.2]. •

LEMMA 3.12. Let - 1 < a < oo, 1 < p < oo anrf /^ < r < 1. Suppose
<p e yT2(R) andf €

inf Gp(t)\ I ft(z)\zr2in-n(l - \z\2)a+1 dv{z)
r<,<\ " J JBV§ f

<&,(/,a,p)<\ sup Gp(t)\ f / ; w k

https://doi.org/10.1017/S1446788700003074 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700003074


, } ~ \z\2)a+2-n dv(z)
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PROOF. (See [1, Theorem 4.3].) By the definition of S£v, Fubini's theorem and
Lemma 3.11

Se9(f,a,P)= I L,(f:/,a,0)«for(?)
Js

= [datf) I /,»(z)(l - |z|2)-+2- dv(z)
Js JDfiK)

= (do{K) f
Js JB

= [ f}(zHl - \z\2)"+2-Hdv(z)
JB

= f fliz)(\ - \z\2)a+2-na(Q0(z))dv(z)
JB

- \z\2)a+2-nFfi(\z\)dv(z)

- kl2)"+2""G/)(|z|)|zr2("-1)(l - \z\2)ndv{z)

- \z\2Y+2\z\-2(n-l)G0{\z\)dv{z)

= f f^zKl-\z\2)a+2\z\-2(n-l)Gfi(\z\)dv(z)
JBVfB

Since B\rB c B\rpB, the above equations prove the lemma. •

LEMMA 3.13. Let - 1 < a < oo, 0 < r < 1 andz e rB. Then it holds that

Ka{\z\)<Ka{\z\/r) + \og(\/r).

PROOF. See [1, pages 48-49]. •

LEMMA 3.14. Let - 1 < a < oo and 0 < r < 1. Suppose <p € yT2(R) and
f e //(B)\{0).

(1)

(2) / /1f(z)|zr2("-1)A:B(|z|)dv(z) < oo.
JrB

PROOF. (See [1, Lemma 5.1].) Choose a number r' so that r < r' < 1. Since
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/ , e A(B)\{0}, by Lemma 3.7, we have

(3) / fliz)\z\-2(n-X)K^ 0^)dv(z) = [ fl(z)\z\-*n-X) log -irfvU)
JrB * \ r ) JrB 9 \Z\

= 2n{\\fr\\H9iB)-<P(lOg\f(0)\)}<°0

and also/r,B/;(z)|z|-2('-1)log(r7|z|)Jv(z) < oo. Hence

JrB * log(r'/r)

< , / , . , f fl(z)\z\-2in-l) log f-rfv(z) < oo.
log(r'/r) yr,B " |z|

This proves (1). In the case —1 < a, by Lemma 3.8

= f(fr)l(z)\z\-2(n-l)Ka(\z\)dv(z)
JB

ex).

By this, (3), (1) and Lemma 3.13 we obtain (2). •

4. Main result

THEOREM 4.1. Let - 1 < a < oo, <p e yT2(R) and f e H(B)\{0). Then the
following statements are equivalent:

(a) / 6 A9(va) if-I < a < oo. / e H9(B) if a = - 1 .
(b) /B/V

3(z)d - |z|2)u+2<fv(z) < oo.
(c) JCv(f, a, B) < oo for any B e (1, oo).
(d) Sfv(f, a, B) < oo for some B e (1, oo).

PROOF, (a) implies (b). Using Lemma 3.1 and Lemma 3.10, we have

I f;(z){\ - \z\2)a+1dv{z) < — f f}(z)Ka(\z\)dv(z)
JB

 cai JB

<— I f}(z)\z\-2(n-l)Ka(\z\)dv(z)
ca\ JB
On

= —{11/ L , ( O - <9(log 1/ (0)|)} < oo,
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where ca\ = 1/2 if a = — 1.
(b) implies (a). By Lemma 3.10,

(4) 11/ lkK> -<p(\og 1/(0)1) = i - [ ft(z)\z\-2in-l)Ka(\z\)dv(z)
in J B

By Lemma 3.14,

(5) / f*(z)\z\-2(n-])Ka{\z\)dv(z) < oo.

By Lemma 3.1 and (b),

(6) I f;(z)\z\-2(n-X)Ka{\z\)dv{z)<22(n-l)calt fl(z){\-\z\2)a+2dv{z)
JB\\B JB\^B

[f;(z)(l-\z\2y+2dv(z)<oo,
JB

where ca2 = 1 if or = —1. By (4), (5) and (6), we have ||/ lU,^) < oo- This shows
that/ 6Af(v,).

(c) implies (d). This is trivial.
(d) implies (b). Fix a number r e (r^, 1). Using Lemma 3.1 and Lemma 3.12, we

have

(7) I fl(z){\-\z\2)a+1dv(z)
JB

[[
rB JB\rB

[
Ca\ JrB

+ f f;{z){\-\z\2)a+2\z\-Xn~X)dv{z)
J B\rB

< — f f;(z)\z\-2'"-l)Ka(\z\)dv(z) + — l-——
Ca\ JrB infr<«l Gp(t)

Since r$ < r < 1, by Lemma 3.11,

(8) 0 < — — — < oo.
mfr<(<1 G0(t)

By (7), Lemma 3.14, (8) and (d), we obtain (b).
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(b) implies (c). Fix any /3 6 (1 , oo) . By Lemma 3.12,

-SW.a, J8) < ( sup GB(t)\ f /«(Z)(1 - \z\2)a+2\z\-2^dv(z).

By Lemma 3.11, 0 < yB = sup05(<1 G8(t) < oo. Hence we have

- W , a, P) < ypr^"-" f f»(zKl - |z|2)"+2 dv(z)
JBVpB

- \z\2)a+2dv(z) < oo.

This completes the proof. •
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