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PROJECTIVE SURFACES WITH if-VERY AMPLE LINE

BUNDLES OF DEGREE < 4K + 4

EDOARDO BALLICO AND ANDREW J. SOMMESE

Introduction

A line bundle, L, on a smooth, connected projective surface, S, is defined [7]

to be /c-very ample for a non-negative integer, k, if given any O-dimensional sub-

scheme (Z, Θz) c: S with length (Z, Θz) < k + 1, it follows that the restriction

map Γ(L) —* Γ(L®ΘZ) is onto. L is 1-very ample (respectively 0-very ample) if

and only if L is very ample (respectively spanned at all points by global sections).

For a smooth surface, S, embedded in projective space by | L | where L is very

ample, L being k-very ample is equivalent to there being no /c-secant P to S

containing > k + 1 points of S.

In this article we study pairs (5, L), where S is a smooth, projective surface

and L is a /c-very ample line bundle satisfying L-L < 4k + 4.

In [8] M. Beltrametti and the second author studied the question of when L

being A:-very ample implies that Ks® L is /c-very ample. This question general-

izes classical questions for very ample bundles, and has a nice interpretation as a

question about adjunction on 5 , the space of O-dimensional subschemes of

length k on S (see the introduction to [8] for details).

That question breaks up naturally into the cases when d = L * L > 4 / c + 5

and the cases when d < 4k + 4. In [8], Beltametti and the second author gave a

complete answer to the question for d ^ 4k + 5 using their generalization, [8], of

the Reider criterion for spannedness and very ampleness. This division into two

parts exists in the classical case for very ample line bundles (see [18]).

In §2 and §3 we prove a number of general results for λ -very ample line

bundles on curves and surfaces respectively.

With these results we turn in §4 to the study of special pairs (S, L) with

d < 4/c + 4, mainly P -bundles and /c-conic bundles. The study of such special

classes is required by our approach based on [8, Theorem (3.1)]. That theorem

says that either (S, L) is on a list of very special pairs or kKs + L is spanned
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and big.

In §5 we classify all pairs (S, L) where L is a Λ -very ample line bundle on

S with k > 2 and d < maxίll, 4/c + 2}.

In §6 we show that for k > 9, if L is λ -very ample and κ(S) = — °°, then

L'L > 4k + 5. We also show that for k > 5, if L is /c-very ample and tc(S) > 0,

then LZ, > 4k + 5 except for 5 a i£3-surface with d = 4A;, 4/c + 2, 4A; + 4, or

an Enriques surface with <ί = 4A: + 4. In Remark (6.2), we discuss the k-very

ampleness of Ks + L in view of our results.

We especially thank the referee for the proof of (2.3), which we conjectured

in our original paper, for the useful result (3.6), and for a number of simplifica-

tions of our original arguments. We thank S. Dί Rocco for helpful suggestions

including a simplification of our original proof of Lemma (3.9), and a proof of a

version of (2.3) between our original result of and the complete statement proved

by the referee. We would both like to thank the University of Notre Dame for

making this collaboration possible. The first author was partially supported by

MURST and GNSAGA of CNR (Italy). The second author would also like to thank

the NSF (DMS 89-21702 and DMS 93-02021), and especially the Sonderfors-

chungsbereich 170 at the University of Gόttingen.

1. Background material

Throughout this paper we will follow the notation of [8]. All surfaces will be

smooth, connected, and projective.

We need the following result, [17, Proposition (0.9)], which is due to Weil in

the non-ruled case and the second author in the ruled case.

LEMMA 1.1. Let L be a very ample line bundle on a smooth projecive surface, S.

If E is a line bundle on S with Ec = Θc for an open set of curves C €= \ L\, then

E = Θs unless S is α P -bundle over some curve with Lf = 0 p i ( l ) .

Note that if L is /c-very ample for some k > 2, then there are no curves / on

SwithL / = 1.

The next result, [8, Proposition (2.6)], will let us assume without loss of

generality that d '= L'L > 2k + 4.

THEOREM 1.2. Assume that L is k-very ample fork>2 and d < 2 k + 3. Then

2 < k < 3 and (S, L) = (P2, Θp2(k)).
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2. k-very ample line bundles on curves

In [6] the following result is shown.

THEOREM 2.1. Let L be a k-very ample line bundle on a smooth curve, C, of

genus g > 1. Then deg L > k + 2, and if h (L) > 1, then Kc is k-very ample with

g>2k+l.

THEOREM 2.2. Let L be a k-very ample line bundle on a smooth curve, C. If

h\L) > 3 and 2g - 2 - d < k + 2h\l) - 2 then Kc is (k + I)-very ample.

Proof Consider the following procedure.

• Given an effective cycle, Z c C, such that h°(Kc — L — Z) > 3 and deg Z

< 2h (Kc — L) — 4, choose if possible two not necessarily distinct points

{a, b) c C such that h\Kc - L - Z - a ~ b ) > h\Kc - L - Z) - 1.

Let Z be redefined as the old cycle Z plus the points a, b.

Starting with the empty cycle Z, repeat the above procedure until it stops. We end

up with a cycle Z such that either

1. deg Z > 2h°(Kc ~ L) - 4 and h°(Kc - L - Z) > 2 or

2. deg Z < 2h°(Kc - L) - 4 and h°(Kc - L - Z) > 3.

In the first case, the λ -very ampleness of Kc (see (2.1)) and the fact that h (Kc —

L - Z) > 2 imply that degCKc ~L~Z)>k + 2, i.e., degCKc - L) > 2h°(Kc

-L)+k-2. Therefore assuming that 2g - 2 - d < k + 2h\L) - 2, the

second possibility must hold.

Here by construction given any 2, possibly equal points, a, b, we have

h\Kc -L-Z-a-b)= h\Kc - L - Z) - 2. Therefore Kc - L - Z is

1-very ample. Thus by [6, Lemma (0.3.5)], we conclude that Kc — Z' = L +{KC —

L - Z) is (k + l)-very ample. Since h\Kc - Z) = h°(Z) > 1 we have by (2.1)

that Kc is (k + l)-very ample. Q.E.D.

In our original article we conjectured the following result, and proved a par-

tial version of it. We are very grateful to the referee for the following proof of the

full conjecture.

THEOREM 2.3. Let L be a k-very ample line bundle of degree d on an irreducible,

non-singular curve of genus g. Ifhl(L) > 2, then 2g — 2 — d > k + 2h (L) — 2.
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Proof If hι(L) = 2, then 2g — 2 — d> k + 2 since Kc is /c-very ample by

(2.1). Hence we need only consider the case when h (L) > 3.

We will assume that 2g — 2 — d < k + 2h (L) —2 and derive a contradic-

tion. If Kc is /-very ample but not (/ + l)-very ample, then C is (/ + 2)-gonal,

and we have / > k + 1 by (2.2). Since h (L) and h (L) are both greater than 1,

we have d > I + 2, 2g — 2 — d> I + 2. By a result of Coppens and Martens [9,

Theorem B] applied to Kc - L, we get 2g - 2 - d > (/ - 1) + 2h\D - 2.

Since I > k, this contradicts the assumption. Q.E.D.

Theorem (2.5) below gives added information when h it) ^ 1. The following

lemma is a simple corollary of the Brill-Noether existence theorem and an ample-

ness result of Fulton-Lazarsfeld, [10, Lemma (2.7)]. In what follows, pig, x, y),

denotes the Brill-Noether number, g — (x + 1) (g — y + x).

LEMMA 2.4. Let A be an effective divisor of degree t > 0 on a curve C. Assume

that pig, x, y) > t — x. Assume that g + x>y>t>x. Then there is an

effective divisor D c C such that, deg D = y, h°i[D]) > x + 1, and A a D.

Proof By the Brill-Noether existence theorem [2], if x > y — g then there is

an algebraic set, V c C v, of dimension at least t where each fiber under the map

to Pic(C) is a linear series of dimension at least x. By [10, Lemma (2.7)], it

follows that A + Q{y~f)

 m e ets V non-trivially. D can be taken to be any point in

the intersection. Q.E.D.

THEOREM 2.5. Let L be a k-very ample line bundle on a smooth curve, C.

Assume that k > 1. // h\Q > 0 and Kc 3*L, d : = degL > k + g - hι(L) +

k + 1

h\L) '

Proof A s s u m e t h a t t h e i n e q u a l i t y i s false, i.e., t h a t d^k + g— \ —

(
k + l

,v v~7 , . S i n c e h ( L ) Φ 0, a n d Kc & L , w e c a n c h o o s e a n effective d i v i s o r

tiiL)
A e I Kc - L |. S e t w : = 2g - 2 - d. N o t e t h a t pig, h ι i L ) , w + k + l)>w~

h\L), is equivalent to d < k + g - 1 - hι(L) + — .
h\L)

Note that g + h\D > w + k + 1 > w > hι(JL). The first inequality is

equivalent to h (L) > k which is immediate since L is /c-very ample. The second

is obvious. Since g > 1, h iL) < degiKc — L), and the third inequality follows.
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We conclude from Lemma (2.4) that there exists an effective divisor D c C such

that deg D = k + 1 + w, h°([D]) > hι{L) + 1, and K f l .

Set Z = D — A. Note that deg Z = k + 1. We will be done if we show that

h (L — Z) > h (L) + 1. Indeed otherwise it would follow from the exact

sequence, 0—* L — Z—• Z,—• Lz~+ 0, that 7%L) —• 7%LZ) is not onto. Note that

A x α - 2) = h\L - D + A) = h\Kc - D) = h°([D]), which is > h\D + 1

by the second property of D stated above. Q.E.D.

COROLLARY 2.6. Let L be a k-very ample line bundle on a smooth curve, C.

Assume that h\L) Φ 0. Then either Kc = L or g > 2k + 3. If g = 2k + 3, then

h\L) = 1.

Proof. If hι(L) = 1, then Theorem (2.5) gives d > 2k + g. Since Kc 3* L,

d<2g-3. This gives g > 2k + 3.

If h\L) > 2, then 2g - 2 > d + k + 2tΐ(L) - 2 by (2.3). Using the ine-

quality from Theorem (2.5), we obtain

(1) 2g - 2 > d + k + 2h\D - 2 > 2k + g + hι(L) - 2 + ^->L.
h (L)

o

If h\L) = 2 then inequality (1) gives 2g - 2 > 2k + g + j , and if h\Q > 3,

then inequality (1) gives 2g — 2 > 2k + g + 2. In either case we get g > 2k + 4.

Q.E.D.

LEMMA 2.7. Let L be a k-very ample line bundle on an irreducible curve, C with

k > 2. If the arithmetic genus, γ, of C is 2, 3, 4, then L > k + γ + 2.

Proof Assume that L ^ k + γ + 1. Choose /c — 1 smooth points {xv...,

#*_!> of C. Let %:= L- Σillx{. By [8, Lemma (1.1)] it follows that £ is very

ample with £ =άegL~ k + 1 < γ + 2 and ^(L) = A 1 ^ ) .

If 7 = 2, then | i? | cannot embed C as a plane curve. Using Castelmuovo's

bound for the genus, [8, (0.2)] with h\ί£) > 4 we have that deg ί£ > 5. This gives

that L — deg !£ + k — 1 > 5 + k — 1 proving the Lemma in the case 7 — 2.

If γ = 3 then either | £ \ embeds C as a plane curve, necessarily of degree 4,

or h°(ί£) > 4. Note in the former case ί£ = Kc and h (£) is thus 1. This contra-

dicts the fact that ti(L) - hι{X) with degL = degίβ + Λ - 1 > deg £ + 1. If

λo(i?) > 4, then by Castelnouvo's bound for the genus, we have that deg £ > 6.

This gives that degL = deg£ + k — 1 > 6 + k — 1 proving the Lemma in the
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case 7 — 3 .

If 7 = 4 , then | £ | cannot embed C as a plane curve. Castelnuovo's bound

shows that άg£ > 6. Note that if deg 3? = 6, then since h°(£) > 4, it follows

that £ = Kc which gives the same cohomology contradiction as for γ — 3. There-

fore we have that deg £ > 7. This proves the Lemma. Q.E.D.

In [5] the first author showed that given a /c-very ample line bundle on a

smooth surface (respectively a ruled surface), then h (L) > 2k (respectively

h (L) > 2/c + 2). The argument as written there actually proves more. First there

is the useful Lemma [5, Lemma (1.3)].

LEMMA 2.8. Let f£ be a line bundle on be a smooth curve, C. Assume that there

is a proper linear subspace, V Cl Γ(J£) such that given any effective divisor Z on C

with deg Z — k + 1, the evaluation map C X V—• Γ(% 0 Oz) is onto. Then dim V

>2k + 2 and dim Γ(J£) > 2k + 3. In particular if L is a k-very ample line bundle

on a smooth surface S, and Γ(L) —* Γ(LC) is not onto for some smooth C €= | L |, then

h\L) >2k + 3 and h\Lc) > 2k + 3.

The following is proved by step (c) of the proof of the main theorem of [5]

with no change.

THEOREM 2.9. Let L be a k-very ample line bundle on a smooth curve. Assume

that h\L) Φ 0. Then h°(L) > 2k + 1.

The following is proved by step (b) of the proof of main theorem of [5].

LEMMA 2.10. Let L be a k-very ample line bundle on a smooth curve C. If

h\L) = 0, then άegL > 2k + g + 1 or degL > 2g + k.

Proof. Let d = deg L and assume to the contrary that d ^ 2k + g and

d ^ 2g + k — 1. We will be done if we show that there is a length k + 1,

0-cycle, Z c C, with Γ(L) —* Γ(LZ) not onto. This is equivalent to producing a

length k + 1, 0-cycle, Z c C with h (L — Z) ^ 1. This will be done if we pro-

duce an effective (possibly empty) 0-cycle M c C of length 2g — 2 — d + / c H ~ l

and an effective, length k + 1, 0-cycle, Z cz C such that Kc — M = L — Z. Note

that deg Z + deg M = k + 1 + 2g - 2 - d + k + 1 and this is > g by

hypothesis. Note also that deg M > 0 by hypothesis. Thus the difference map

C d e g Z x c d e 8 M —• Jac(C) is onto. By the identification of Jac(C) with the compo-

nent of Pic(C) parametrizing deg(L — Kc) line bundles we have produced the
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desired Z and M giving the contradiction. Q.E.D.

THEOREM 2.11. Let L be a k-very ample line bundle on a smooth, connected pro-

jective surface, S If k > 2 and h (Lc) = 0 for some smooth C ^ | L \, then deg L >

2k + g+l.

Proof. Let d = deg L and assume. to the contrary that d < g + 2k. By

(2.10) we can assume without loss of generality that

(2) 2g + k < d < g + 2k.

Since L 8 > k for all irreducible curves, 8 cz S, we see that for S = P 2 , a

line bundle L is /c-very ample only if it is of the form L = Θ^zia) for some a > d.

For such an L with /c > 2, (2) is impossible.

Similarly for S = P X P , a line bundle L is λ -very ample only if it is of

the form L = 0 P i x P i(f l , b) for some a > k and b > k. For such an L with A > 2

(2) is impossible.

By (1.2) we can assume without loss of generality that d > 2k + 4. Combined

with (2) we conclude that k > g" > 4. Since L * $ > k > 4 for all irreducible

curves <? c: S, we conclude from the main theorem of [18] that Ks + L is very am-

ple. Furthermore using the spannedness criterion for the adjoint of a very ample

bundle, e.g., [18], we see that Ks + (Ks + L) is spanned by global sections unless

5 = P 2 , S = P 1 x P 1 , or S is a P 1 bundle over a curve with (Ks + L)f =

^pi( l ) for a fiber/ of the bundle. The first two surfaces have already been dealt

with. The fact that L'f>k>4 implies that (Ks + L)'f> 2, which rules out the

last case.

Moreover L ¥ — 2KS. Indeed if this happened then we would have that either

S = P o r S = P x P o r S i s not minimal. The first two cases have been dealt

with. If S is not minimal then there is a smooth rational curve 8 with Ks*8 — 8'8

= - 1. Thus L S = 2 which contradicts the fact that L-8 > k> 4.

Thus there exists a nontrivial 8 ^\KS+ (Ks + L) |, which implies that

L' (2KS + L) = L'8 > k. This gives 4g - 4 - d > k. Using d > 2g + k from

(2) we get k < 2g - 4 - k. Thus k < g - 2 in contradiction to (2). Q.E.D.

COROLLARY 2.12. Let L be a k-very ample line bundle on a smooth, connected,

projective surface, S. Assume that k > 2 and that h (Lc) — 0 for some smooth

C e I L \. Then h°(Lc) > 2k + 2 and d > 4k + 4 + KSΊ. In particular if d < 4k

+ 4 then Ks-L < 0 with equality implying d = 4k + 4.
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Proof. Note that h°(Lc) = d~g+l>2k + 2. Simply rewrite the inequal-

ity in Theorem (2.11) using 2g - 2 = Ks-L + d. Q.E.D.

As a consequence we have the result that the first author's proof in [5]

actually yields.

THEOREM 2.13. Let L be a k-very ample line bundle on a smooth surface, S, with

k>2. Then h°(L) > 2k + 2 and h°(Lc) > 2k + 1 for a smooth C e | L \. //

equality holds in either inequality, then Ks = Θs or h (Lc) > 2 and Γ(L) —»

Γ(LC) is onto.

Proof By (2.8), we can assume without loss of generality that the map

Γ(L) -* Γ { L C ) i s o n t o . I f h \ L c ) = 0 t h e n h ° ( L c ) = d ~ g + l > 2 k + 2 b y

T h e o r e m ( 2 . 1 1 ) . I f ti(Lc) = 1 , a n d K c £ L o t h e n h ° ( L c ) = d ~ g + l + l > 2 k

+ 2 by Theorem (2.5). If h\Lc) = 1, and Kc = Lc then Ks = Θs by Theorem

(1.1). If h\Lc) > 2, then use Theorem (2.9). Q.E.D.

3. A;-very ampleness for line bundles on surfaces

LEMMA 3.1. Let L be a k-very ample line bundle on a smooth, connected, projec-

tive surface, S, with k > 2, and d < 4/c + 4. Assume that h (Lc) Φ 0 for some

smooth curve, C €= | L |. Then d ^ 2h (L) — 4 with equality only if Ks = ϋs. In this

case d > 4/c.

Proof This is just Clifford's inequality. Indeed given a smooth, C £ \ L\,

h (Lc) < y + 1 with equality only if Kc = Lc, or Lc is a multiple of the

hyperelliptic line bundle on a hyperelliptic curve. If there was a hyperelliptic C €=

L I with k > 2, then h (Lc) = 0. Since k > 2, (S, L) can't be scroll, and there-

fore by (1.1), we have equality only if Ks = 0S. Note that in this case, Kc = Lc,

d = 2g-2, a n d hι(Lc) = 1. T h u s b y (2 .13) , ^+l=g = h°(Lc) is > 2k + 1,

i.e., d > 4/c. Q.E.D.

COROLLARY 3.2. Let L be a k-very ample line bundle on a smooth, connected, sur-

face, S, with d < 4/c + 4. Assume that Ks - 0, but Ks ¥ Θs. Then d = 4/c + 4,

and S is an Enriques surface, i.e., 2KS = ϋs with the double cover of S simply con-

nected. If Ks = Θs, then d equals 4/c, 4/c + 2, or 4/c + 4, with S a K3-surface.
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Proof If KS¥0S, but Ks ~ 0, it follows that h2(ΰs) = 0. Moreover by

Kodaira's Vanishing Theorem, hι(L) = h (L) = 0. Thus hι(Lc) = 0 for any

smooth C e | L |. By Corollary (2.12) we know that d = 4k + 4. Thus 2/c + 2 =

£ (L) — 1 = h°(Lc). Note that if q Φ 0, then the restriction Γ(L) —>Γ(LC) is not

onto and (2.8) gives the absurdity, h°(Lc) > 2k + 3. Since # = 0, the result is a

standard result of surface theory.

Assume now that Ks = 6S. Then h (Lc) = 1 for smooth C ^ | L |. From this

it follows from (3.1) that rf equals 4/c, 4/c + 2, or 4/c + 4. If S is not a

if3-surface, then q = 2, and therefore since /z (L) = 0 it follows that Γ(L) —>

Γ(LC) is not onto. Therefore by (2.8) we have h°(L) > 2/c + 3. Thus using

h\Θs) = 2 and hι(L) = 0, we have h°(Lc) = h°(L) - 1 + 2 > 2/c + 4. This

gives the absurdity that d = 2g - 2 = 2h°(Lc) - 2 > 4/c + 6. Q.E.D.

The following result is proved in [3, 4].

THEOREM 3.3. Let L be a k-very ample line bundle on a smooth, projective

surface, S. If k > 2 then h (L) > k + 5 with the exception when k = 2 and either

(S, L) = (P , ^ p 2 ( 2 ) ) , or (S, L) is the intersection of 3 quadrics in P .

LEMMA 3.4 If d < 2h°(L) — 4 then either d = 2h°(L) — 4, and S is a K3

surface, i.e., Ks = 6S with q = 0, or tc(S) = — °°.

Proof. Assume that κ(S) > 0. Then d > 2h°(L) - 4. Therefore d = 2h°(L) - 4.

This implies that tKs = Θs for some minimum t ^ 1. Letting C be a smooth

element in | L |, we conclude from, 0 —• Ks —• Ks + L^> Kc —• 0, that g = h (Ks

+ L) + q- h\Θs). But this gives:

- 4 = d = d

> 2h\Ks + Q- 2χWs) = 2h\L) - 2χ{Θs).

Thus χ (β s) > 2 which implies that t = 1 and S is a if 3 surface. Q.E.D.

COROLLARY 3.5. If d < maxίlO, 4k}, then either tc(S) = — °°, or S is a K3

surface satisfying (k, d) equal either (2,10), or (k, 4k).

Proof This is immediate from Corollary (3,2) and Lemma (3.4). Q.E.D.

The following useful consequence of Theorem (2.3) was given by the referee.
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PROPOSITION 3.6. Let L be a k-very ample line bundle on a smooth connected sur-

face S and assume that h (Lc) > 2 for a smooth C G | L |. Then d > 5k if k > 3,

and d > 12 if k = 2. In particular, if d < 4k + 4, then (k, d) = (2,12), (3,15),

(3,16), or (4,20).

Proof By the Riemann-Roch theorem and (2.3), we obtain d > k +

2h°(Lc)-2. By (2.13) and (3.3), we have h°(Lc) > 2k + 1 if k > 3 and

ft°(Z,c) > 6 if k > 2. Therefore rf > 5/c if k > 3 and d > 12 if /c = 2. Q.E.D.

LEMMA 3.7. Assume that L is k-very ample with k ^ 2 on a smooth surface S.

Assume that d < 4k + 4, and that hl(Lc)Φ 0 for a smooth C & \ L\. Then g <

2d - 3h\L) + 7.

Proof By (3.1), it follows that d - 2 > 2(h°(L) - 3). By Castelnuovo's ine-

quality, [11][8, (0.2)], the Lemma follows if we show that d~2< 3(A°(L) - 3).

Indeed if this was false then d > 3h°(L) - 7. If k < 3, then (3.3) gives the

absurdity 4k + 4 > d > 3h°(L) - 7 > 3k + 8. If k > 4 then (2.13) gives the

absurdity, 4k + 4 > d > 3h°(L) - 7 > 6k - 1. Q.E.D.

There is a useful result on Castelnuovo curves as hyperplane sections, see

[ill.

THEOREM 3.8. Let L be a very ample line bundle on a smooth, projective surface,

S. If there is a smooth C ^ L such that g(L) equals the upper bound given by Cas-

telnuovo's bound for the embedding of C by the linear system \ L \, then L is arithmeti-

cally normal, and h (θs) = ΣΓ=i h (Lc). In particular, q = 0, h (L) = 0, and if

h\Lc) = 0 for a smooth C G | L \, then h2(Θs) = 0.

The case when d —2k + 4. It will be convenient to de the classification for

the case d — 2k + 4 before proceeding any further.

LEMMA 3.9 Let L be a k-very ample line bundle on a smooth, connected projective

surface, S. Assume that d = 2k + 4 and k > 2. Then k — 2 and

1. (5, L) is the intersection of 3 quadrics in P

2. (S, L) = (P 1 x P 1 , 0pi x pi(2,2)) or

3. S is a Del Pezzo surface with Ks — 2 and L = — 2KS.
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Proof. By Theorem (3.3) and Lemma (3.4) we see that either (S, L) is the in-

tersection of 3 quadrics in P or κ(S) = — oo.

If hι{Lc) Φ 0 for some smooth C e \L\, then by (3.7), we get that g<

2{2k + 4) - (6k + 6) + 7 = 9 - 2k for k > 3, and using (3.3), g < 2(2k + 4)

— 3(/c + 5 ) + 7 = /c = 2forA: = 2 with the exception of case 1). Also we have

g > 2k + 1 for all k > 2 by (2.1). Thus 2k + 1 < g < 3 for all k > 2. This con-

tradicts k > 2.

If h\Lc) = 0 for some smooth C e | L |, then by (2.12) d>2k + g+l,

which gives 2/c + 4 > 2/c + g + 1, or 3 > g. Using Proposition (5.1) of [6] we

are done. Q.E.D.

4. Results for special classes of surfaces

The case of P -bundles. Assume that S is a P -bundle, p : S—+ Y over a

smooth curve, F. Assume that L is /c-very ample. Let / denote a fiber of the map,

p, and let E denote a section with minimal self-intersection, — e. Numerically L —

aE + bf and L- L = a(2b — ae). Note that — q < e where q is the genus of the

base curve. Necessary conditions for L to be λ -very ample are that

(3) L-f=a>k

(4) LΈ = b- ae> μ(q, k)

where μ(q, k) is the minimum degree of a /c-very ample line bundle on a curve of

arithmetic genus q. Note that from the lemmas in [8, §1] it follows that if

k > 1, μ(q, k) > k with μ(q, k) > k + 2 if q > 1. From Lemma (2.7) it follows

for k > 2 and 2 < q < 4 that μ(#, /c) > tf + /c + 2. We will use these lower

bounds for μ(q, k) without further notice.

Writing δ '-= 2b — ae, we have from the equation (4) that

(5) - ae > 2μ(q, k) - δ.

All the cases in the following result are shown to exist in ([8]).

THEOREM 4.1 Assume that S is α P -bundle, p : S—> Y over a smooth curve, Y.

IfL is k-very ample with k > 2, and d ' = LL < 4/c + 4, then

1. (5, L) = (P 1 X P 1 , 0pi x pi(fl, b)) with k = 2 and (a, b) either (2,2),

(2,3), or (3.2);

2. (S, L) = (Fίt 2E + 4/) where k — 2 amd ¥λ is the unique P -bundle over

P with a section E of self-intersection, — e — — 1

https://doi.org/10.1017/S002776300002496X Published online by Cambridge University Press

https://doi.org/10.1017/S002776300002496X


6 8 EDOARDO BALLICO AND ANDREW J. SOMMESE

3. ft = 2, q = 1, e = - 1, and L ~ 2E + 2/

Proof. First note that L ~ aE + bf where a > k by equation (3). If q = 0,

then a straightforward calculation using a > k and b ~ ae > k gives the two pos-

sibilities £ = 0, 1 with <2, by k as in the statement of the Theorem.

We thus have q > 1 and μ(q, k) > k + 2. If e > 0 then b - ae = LΈ > k

+ 2. Thus rf = tf(2δ - ae) > a(2k + 4) > ft(2ft + 4) > 4ft + 5.

If # = 1 then the only remaining cases are with e < 0. Since e > — q = — 1

it follows from the last paragraph that e = — 1. Then from [8, Proposition (2.2)]

and equation (3) it follows that d = a(2b + a) where a > k, a + b > k + 2, and

a + 2b > k + 2. This gives rf > 4/c + 5 unless d = 12, a = 6 = ft = 2. From

here on we can assume without loss of generality that

(6) q>2 and ~q<e<0.

We claim that

(7) if q = 2 then 0 > ft + 3.

To see this note that from equations (5) and (6) that 2α > — αe > 2(q + k + 2)

= 8 + 2ft . Using d < 4ft + 4 and α > ft we get the inequality (7).

Recall Hartshorne's formula [8, (2.5.6)]. Let D ~ αE + bf be an effective

divisor with α > 1. Then with g(D) defined by g(D) : = —-—« 1" 1. w e

have

(8) 9 ^

We now break into two separate cases deoending on whether there is at least one

smooth C e | L |, with A ^ c ) = 0 or # 0.

h\Lc) = 0 . By (2.11), d > 2ft + g + 1. Using Hartshorne's formula, this

fact, and the fact that α > ft, we get (ft - ΐ)d + 2(q - l)ft2 < k(2d - 4ft - 4).

This gives 2(? - Dft2 < ftW ~ 4ft - 4) + d, or (q - l)ft2 < 2ft + 2. This is

impossible unless ft = 2. In this case q — 2. Going over the argument with the fact

that α > ft + 3 by (7) and ft = 2 gives 50 < 5(d - 12) + d or d > 19 which

contradicts d < 12.

AX(LC) # 0. First we analyze the case ft = 2. We have from (3.7), (3.3), and

(3.8) that g <2d— 15. In particular
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(9) g < 9.

Hartshorne's formula with a > k gives d + 8(q — 1) < 4(2d — 16). This

gives 8q + 56 < Ίd. Using q > 2 from equation (6) and d < 4k + 4, we get that

the only possibilities are (d, q) = (11,2), (12,2), (12,3).

If d = 11 then since d — a(2b — ae) with a > 2, we conclude that a = 11.

From Hartshorne's formula we obtain that g = 17 which contradicts (9).

If d = 12 then from 12 = d = a(2b - ae) we conclude that a = 2, 3, 6. If

q — 2, then from inequality (7) we see that only a = 6 is possible. In this case we

have from Hartshorne's formula that g— 12 which contradicts the bound g < 9

above. If q = 3 then equations (5) and (6) imply that 3a > — ae > 2(q + k + 2)

d 12
— 14 . From this we see that a — 6. Hartshorne's formula implies

that g — 18, which contradicts (9).

From here on we can assume that k > 3. We have from (3.7), (2.13), and

(3.8) that g < 2b — 6k. Note that a < k + 3. To see this assume that a > k + 4.

By Hartshorne's formula we have 2(q - 1) (/c + 4)2 < d + (k + 4) (3d - 12k - 2).

Using d < 4/c + 4 and q > 2 we obtain the contradiction k < 2.

We claim that q — 2 can't occur. If it did, then by the last paragraph and ine-

quality (7) we see that a — k + 3. By Hartshorne's formula we have 2(k + 3)

< d + (k + 3) (3d - 12k - 2). Since a divides d and d < 4/c + 4 we conclude

that d < 3(k + 3), which gives the absurdity (k + 3)(5/c - 1) < d < 3(/c + 3).

We claim that k — q — 3. To see this apply Hartshorne's formula with

q > 3, a > k > 3, and g < 2d - 6/c. We obtain (A: - \)d + 2(q - l)k2 < k(U

- 12k - 2), i.e., k((2q - 2)k - 10) < d. If k > 4 this gives the contradiction

6k < d. lί k = 3 and ^ > 4 w e obtain the contradiction 24 < d.

Since q = A: = 3 the equations (5) and (6) imply that 3# > — ae > 2(q + k

+ 2) = 1 6 . This implies that a > 4 with equality implying d = 16.

Hartshorne's inequality with d = 16, a — 4, q — 3 gives g — 15 which contra-

dicts g < 2d — 6k = 14. Thus α > 5. Hartshorne's formula with a > 5 and

# = 3 gives the contradiction 50 < d. Q.E.D.

The case of k-conic bundles. The following is a useful lower bound.

THEOREM 4.2. Let L be a k-very ample line bundle on a smooth, connected,

projective surface, S. If (S, L) is a k-conic bundle, then it follows that (kKs + L)' L

= 2kδ where δ > 1. If k > 2 and δ = 1, then d'-= LΊ>4k + 4 with equality
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only ifk — 2, d — 12, Ks = 1, and Ks-L— — 4 this case is described, and shown

to exist, in [6, Proposition (5.3.4)].

Proof. Since there is a morphism p : S—* Y with connected fibers from S to

Y and such that kKs + L = p H for some ample H on F, it follows that

We must now consider the case when degH= 1. If άegH= 1, it follows

from the fact that kKs + L is spanned, that F = P . From this it follows that q —

0 and S is rational. We have from 0 = k2K2 + 2kKs L + d = k2K2

s + 4k ~ d

that d = 4k + k2K2. Since d > 2k + 4, we conclude that K2

S > 0. Since S is

rational, this implies that — Ks has a non-trivial section and thus that L' Ks <

- (k + 2). Therefore 2ft = (ftίΓs + L) Z, < - ft (ft + 2) + d or rf > (ft + 4) ft.

Since d < 4ft + 4, we conclude that ft = 2, rf = 12, / ζ L = - 4, and # s

2 = 1.

This example is described and shown to exist in [6, Proposition (5.3.4)]. In [6] the

weaker concept of ft-spannedness is used, but because their basic criterion for

ft-spannedness is shown in [7] to hold for ft-very ampleness, the results apply

with no change to the current situation. Q.E.D.

COROLLARY 4.3. Let L be a k-very ample line bundle on a smooth, connected, pro-

jective surface, S. Assume that (5, L) is a k-conic bundle with k^-2 and d < 4k

+ 4. Then ti{Θs) = 0, and either:

1. k = 2, Ks — 1, and KS'L— — 4 (this case is described, and shown to exist,

in [6, Proposition (5.3.4)]

2. ft = 2, Ks = ~ 1, and KSΊ = - 2 or

3. k = 3,d= 15, K2 = - 1, and KS L = - 1.

Proof Assume that (5, L) is not the case in the conclusion of the Corollary.

Now let us first assume that KS'L ^ 0. By (4.2), we can assume that (ftifs +

L) L = 2kδ with δ > 2. This gives that d = (2δ - Ks L)k > (4 - Ks I)ft.

From ft ifs + 2kKs'L + d = 0, we see that d is divisible by k and if moreover k

is even, then d is divisible by 2k. From this we see that we are reduced to the fol-

lowing cases:

1. Ks-L = - 2, ft = 2, rf = 12, δ = 2

2. ϋΓs L = - 1, ft = 3, δ = 2, d = 15

3. Ks-L = 0, d= ~ k2K2

s.

Consider the equation k Ks + 2kKs'L + d = O.lί KS'L = — 2, we conclude

from the above list, that Ks = — 1. Noting that (S, L) has no lines and looking at

the main result of [18], we see that £'= Ks + L is very ample. Note that

https://doi.org/10.1017/S002776300002496X Published online by Cambridge University Press

https://doi.org/10.1017/S002776300002496X


PROJECTIVE SURFACES WITH K-VERY AMPLE LINE BUNDLES 7 1

h\ί£) = g(L) - q = 6 - q. If q = 1, then noting that g(%) = 3, and using the

double point formula, [12, page 434], we get the absurdity, 7(7 — 5) — 10(3 — 1)

+ 0 = — 2. If q > 2, we get the absurdity that q Φ 0 and S is embedded in P 9.

Thus q = 0, and we get the possible case 2) of the Theorem.

If Ks-L = — 1, then £ = 8 and Kl = — 1. If # = 0, then we have the possi-

ble second case of the Theorem. Therefore we can assume that q > 1. Since L'8

> 3 for all curves 8 on S, we see that S has no lines relative to L. It follows from

the main result of [18] that Ks + L is very ample. Similarly g(Ks + L) = 6 , and

we can conclude again from the main theorem of [18] that SB '-— 2KS + L is very

ample. We have that h°(ί£) = g(Ks + L) — q — 6 — q. If q = 1, we use the dou-

ble point formula to obtain the contradiction 7(7 - 5) - 10(3 — 1) = — 2. If

q > 2, we get the absurdity that S is embedded into P

If Ks-L = 0, then we have d—— k2Kl. Moreover hι(Lc) = 0 for a smooth

C ^ I L I or by (1.1), we have the absurdity, that Ks = Θs. By (2.11), we conclude

that d = 4/c + 4. Thus we have that Λ = 2, rf = 12 = 4 ( - i φ , which implies

that K2

S = - 3. Here χ ( 0 s ) = 0, 1. Since KSΊ = 0 and since ifs 2 0S, we know

from (1.1) that h\Lc) = 0. Thus h°(Lc) = j^~ + h\Lc) = 6. Thus by

(3.3) we conclude that h (L) = 7. Following Andreatta, [1], we use the result of Le

Barz [14, page 45, 59] to rule this possibility out.

Now assume that KSL > 0. By (2.11), we see that

h\Lc) Φ 0

for smooth C ̂  \L\. Since h (Lc) Φ 0 and h {Θs) = 0, we conclude from (3.8),

that the Castelnuovo bound given on the genus for the embedding of C ^ | L \

given by | L \ cannot be taken on. Thus we conclude from (3.7), (2.8), and (2.13)

that:

(10) g<2d-6k and Ks-L < 3d - 12k - 2 for k > 3

(11) g<2d~l5 and KSL < 3d - 32 for k = 2

Using 0 < Ks-L with these two equations, we see that d > 4/c + 1 for k > 3 and

d > 11 for k = 2. Recall that k divides d and that 2k divides d when k is even.

Since d < 4k + 4, we get (A, d) = (2,12) or (3,15).

If (k, d) = (3,15), we conclude from the inequality (10), we conclude that

Ks'L ^ 7. Since KS'L and d have the same parity, we conclude that Ks-L = 1, 3,

5, 7. (3KS + LΫ = 0 gives 3ϋΓ5

2 + 2ifs L + 5 = 0. We get divisibility contradic-

tions unless Ks L = 5. In this case Ks = — 5. Note that /z (L c) > 7 by (3.3).
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Therefore from Riemann-Roch on C we get that h (Lc) > 2. By (2.3) we conclude

that hι(Lc) = 2. In this case χ(Os) ~ 0, 1. Using [14, pg. 45, pg. 59] we see that

these cases don't occur.

If (k, d) — (2,12), we enumerate the cases exactly as in the last paragraph

for (A, d) = (3,15), to get d = 12, K2

S = - 3 - Ks L with Ks L = 2, 4. It is

easy to check using (2.3) and (2.13), that hι(Lc) = 1 if i ί s L = 2 and A 1 ^ ) = 2

if ifs L = 4. In both cases h°(L) = 7. Again χ(ΰs) = 0, 1. Using [14, pg. 45, pg.

59] we see that these cases don't occur. Q.E.D.

A bound for surfaces with tc(S) > 0. Given a smooth projective surface, S of

non-negative Kodaira dimension, with minimal model S\ Let γ(S) '•— e(S) —

e(S') where e(Y), for a space, Y, denotes the topological Euler characteristic of Y.

Note that γ(S) > 0 with equality of and only if S = S' under the map of S to its

minimal model.

THEOREM 4.4. Let L be a k-very ample line bundle on a smooth projective sur-

face, S, with κ(S) > 0.

1. Ifκ(S) = 0, thenKs-L > kγ.

2. Ifχ(0s) >2, thenKs'L>kγ + k + 2.

3. Iffc(S) > 1, thenKs-L > kγ + - ^ J A

Proof. Since we only need the result when k ^ 2, we leave the minor mod-

ifications for the case k = 1 to the reader.

Let π : S—> S' be the map of S onto its minimal model, S\ Note that Ks =

π KSr + Σ ί = 1 λβi where the λt are positive integers, and each E{ is a rational

curve. Since E{- L > k by the /c-very ampleness of L, it suffices to give a lower

bound for Lmπ Ks,. Since Ky is nef, we see that the case of fc(S) = 0 is trivial. If

KSr has a non-trivial section, 5, that isn't everywhere non-zero, then since the

zero set of s isn't a smooth rational curve, Ks,' L ^ k + 2. This takes care of the

case when χ (0S) > 2.

Assume now that Λ:(S) = 1. Let φ : S' -+ B denote the canonical fibration,

and let F denote a generic fiber of the map. There is a possibly empty set of multi-

ple fibers, {fHiFi \ i €= / , m{ > 2}. The canonical bundle formula says in this case

that Ks, is numerically equal to (χ (0 s , ) ~ 2χ{ΘB) + Σ ί e / ^ - — ) F . By

renumbering if necessary we can assume that if / is non-empty, mι < < mu\,

where | 7 | denotes the cardinality of /. If χWSr) — 2χ(UB) > 0 then since L*
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π~ι(F) > k + 2 we are done. If χ(0s,) - 2χ(0B) = 0, then since κ(S) = 1, we

know that ( Σ / e / — ~ ]F is numerically non-trivial. Thus there is a multiple

fiber Ff. Thus letting F[ denote the pullback of F{ we see that Ks = Σ l? Λ,£, +

(m{ — 1)F . Since the arithmetic genus of F/is 1, we conclude that L'if s — ϊ(S)k

+ {m{ — 1) (A: + 2) > 7(5) A: + (k + 2), which would prove the lemma in this

case. Thus we can assume that χ(0s^ ~ %X(@B) — ~ 1, ~ 2.

First let χ(6s>) ~ 2χ(0B) = - 1. Since /c(S) = 1 and KSr is not numerically

trivial, Σ ί G / ( — ~ — ) > 1. Following the argument of the last paragraph, we will

be done if we can show that ( Σ ί e / (—%~ ) — l)m}>-^ where πij is the largest

of the integers m ; . Note that if the cardinality of / was 1, the expression,

( Σ ί e / (——j—) ~ 1), could not be positive. If / has cardinality 2, then again

//«! — 1 m2 — 1 \
using the positivity of ( 1 1), we see that at least one of the

mi is > 3. Thus ( Σ ί e / (—~ ) — l ) m ^ ~τr- ̂  -R. In the case of cardinality of

I at least 3, it is easily seen that ( Σ / e / (—{ ) — l)m y > -£- > 1.

Now turn to the case when χ ( ^ ) - 2χ(0B) = - 2. Since χ(6s,) > 0, we

conclude that χWS')
 = 0 and B = P 1 . To prove the Theorem in this case it

suffices to show that ί Σ ί G / ί——.—) — 2Λmj > -R with mi the largest of

the multiplicities. Using the fact that KSr is not numerically trivial, and thus that

( Σ ί e 7 (—• ) ~~ 2j is positive, we see that the cardinality of / must be at least

3. If it is more than 3, then it is easy to see that ( Σ ί e / (—• ) ~~ 2Jm ; > ~κ.

Assume now that we are in the case when the cardinality of / is 3. By renaming if

necassary we can assume that mι < m2 < m3. By a theorem of Katsura-Ueno ([13,

Theorem (3.3)]; see also [16, Prop. 1.3]), we know that the m^ satisfy the strong

condition that each mi divides the least common multiple of the other two multipli-

cities. This is equivalent to m1 — μxy, m2 = μxz, and m3 = μyz where μ is the

least common divisor of all three m^ the integers x, y, z are pairwise relatively

prime, and x < y < z. Thus the fact that Ks, is numerically non-trivial is

equivalent to 1 - — - — - — > 0. We need to show that ( l - — -
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Jucz ~ Jujz) μyz - 2 A s s u m e t h i s i s f a l s e T h e n w e h a v eJujz) μ y z - 2
1 \ 1 x

— -—) μyz < -g. Multiplying through by x we get 0 < μxyz — z — y — x < -^
x x

or x + y + z < μxyz <x+y + z + -p- Thus we have that -w > 1, i.e., x > 3.

Note that no two of the x, y, z can be equal because this would imply that μ was

not the greatest common divisor of mv m2y m3. Thus y ^ 4, and z > 5. Thus we

x + y + £ .r 1
get the contradiction, 12 < μrz/ < h ^ - < 3 + ^ .

In the case when Λ:(S) = 2, note that since Ks, > 1 and χ(ΘSr) ^ 1, there is

a non-trivial divisor Z) ^ | 2KSr |. If Z) is reducible, then 2L* 7Γ i ί^ >: 2/ί which

gives the result for k > 2. If Z) is irreducible, then since 2g(D) — 2 — 6KS, > 6,

we have that D has arithmetic genus ^ 4. Thus using [8, Lemma (1.1)] as in Lem-

ma (2.7), we get L D > k + 2, which finishes the proof. Q.E.D.

For some more information on λ -very ampleness on elliptic surfaces see

Mella and Palleschi [15].

5. The classification result for degree < max {11, 4/c + 2}

The following result is a corollary of [8, Theorem (3.1)].

THEOREM 5.1. Let L be a k-very ample line bundle on a smooth projective sur-

face, S. Assume that k > 2 and d '-— L' L < Ak + A. Then tKs + L is very ample

fort=0,...,k — l, and kKs + L is spanned and big unless either:

1. S = P 2 w i t h L = 0 p 2 ( a ) f o r 3 < k < a < A o r k = 2 < a < 3 ;

2 . (S, L) = ( P 1 x P 1 , ^ p i x p i ( α , b)) with k = 2 and {a, b) either (2,2),

(2,3), or (3.2);

3. (S, L) = (F x , 2E + 4/) where k = 2 and F x t5 ίhβ unique P1-bundle over

P wtf/i α section E if self-intersection, — e — — 1

4. S is α P -bundle over an elliptic curve with invariant e — — \, and k — 2,

q = 1, and L - 2E + 2 /

5. S is a Del Pezzo surface with L = — 2KS and k — 2, 2 < Ks ^ 3 ;

6 . (S, L) is a 2-conic bundle:

(a) d = 12, h (ΰs) = 0, Ks = 1, KS'L = — 4 (this case is described, and

shown to exist, in [6, Proposition (5.3.4)])

(b) d = 12, h\0s) = 0, Ks = ~ 1, KSΊ = ~2;or

7. (S, L) is a 3-conic bundle with h (Θs) — 0, d — 15, Ks = — 1, and KS'L
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= - 1.

Proof. This follows immediately from [8, Theorem (3.1)], Theorems (4.1) and

(4.3) above. Q.E.D.

COROLLARY 5.2. Let L be a k-very ample line bundle on a smooth, connected

projective surface, S. Assume that k > 2. If kKs + L is nef and big, then (kKs +

Proof The proof of [8, Theorem (3.1)] shows that kKs + L is spanned. Thus

we can choose a smooth D ^ | kKs + L |. Let a •= L D. We must show that

a > k + 4. Let σ : = Ks (kKs + L).

Assume first that g(D) = 0, then 2g{D) — 2 = - 2. This implies

- 2 = ((A + l)Ks + L) (A/ζ + L) = (k + l)σ + a.

By bigness of /cif5 + L, we have that a + kσ > 0. Solving for σ in terms of k and

ct — 2k
α, we get that a + kσ = , , , > 0. This gives that α > 3 / c + l > / c + 5.

A similar calculation for g(D) = 1 gives a>2k + 2>k + 4.

Note that α > k. By [8, §1], a < k + 3 implies that D is isomorphic to a

curve of order < 4. By Castelnuovo's bound g(D) < 3. From (2.7) we conclude

that α > k + 4 if g(D) = 2 , 3 . Thus α > k + 4 without exceptions. Q.E.D.

COROLLARY 5.3. Let L be a k-very ample line bundle on a smooth projective

surface, S. Assume that that k > 2 and d ' = L L < 4k + 4. Assume that Ks L

< — 1. T/î n (S, L) is one of the classes 1) to 6) of (5.1).

Proo/. By (5.1), it can be assumed without loss of generality that kKs + L is

nef and big. Since (k — 1)KS + L is very ample by (5.1), we also know from [18]

that kKs + L is spanned.

Ks-L < 0 implies that /c(S) = — °°. We will first do the cases when KS'L

= - 1 , - 2 .

Assume that Ks-L = — 1, — 2. Using the Hodge index theorem and (1.2), we

conclude that Ks' Ks < 0. If Ks' Ks — 0, then either S is a P -bundle over an

elliptic curve or a rational surface. Since the former has been covered by Theorem

(4.1), we can assume that S is a rational surface. In this case KSKS = 0 implies

that — Ks is effective, and in particular since curves in — Ks have arithmetic

genus 1, — Ks-L > k + 2. Thus if Ks-L = — 1, — 2, it can be assumed that Ks
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< — 1. Since kKs + L is spanned and big, we have that (kKs + L) ((ft + \)KS

+ L) = 2g(kKs + L) - 2 > - 2. From this we conclude that if Ks L = - 1,

- 2, then 4ft + 4 > d > k(k + 1) - ((2k + ΐ)Ks L) - 2. From this we see

that ifs Z, = ~ 1, ft = 2, Kg = - 1, and by parity rf = 9, 11. Note that

h°(Lc) = d- g+l = — g — > 6 by (3.3). Thus rf = 11. Note that since kKs + L

is nef and big, there is a unique 2-minimal model (S\ L) of (S, L). To

describe the 2-minimal model, note that g(Ks + L) = 4, and thus that /z (2iί5 + L)

— 4. From the very ampleness of Ks + L, and the fact that (2KS + L) = 3 , we

conclude that the 2-minimal model of (S, L) is (S', LO with S' a cubic surface in

P 3 , and thus χ(Θs) = 1. Note that A0(I) = 7. By [14, page 45, 59] we show this

case doesn't exist.

Now assume that KSΊ < - 3. It follows from (5.2) that d — 3k > d + kKs

L> k + 4. Thus we conclude that d > 4/c + 4, and since d < 4A: + 4 that KSL

= — 3 and rf = 4/c + 4. By the Hodge index theorem we conclude that ULS Ks

< 0. From this we conclude (kKs + L) (kKs + L ) < 0 - 6 / c + 4/c + 4 < 4 -

2A: < 0 which contradicts the bigness of kKs + L. This finishes the proof of the

Theorem. Q.E.D.

T H E O R E M 5.4. Let L be a k-very ample line bundle on a smooth projective sur-

face, S. Assume that that k>2 and that d'-= LL< m a x { 1 1 , 4/c + 2 } . Then ( S ,

L) is one of the following:

1. (5, L) = (P 2 , ϋj>2(a)) with 2 < k < 3 for k < a < 3 and with a = k = 4

2. 5 is a K3-surface with d = 4ft, 4A: + 2

3. ft = 2 and (S, L) = (P 1 x P 1 , 0 P i x p i (2 ,2)) or

4. S is a Del Pezzo surface and L = — 2ifs mill k = 2 = Ks.

Proof First assume that Λ (L c) = 0 for some smooth C €= | L |, then by

(2.12), it follows that 4ft + 4 + ifs L < d. In the case d < 11 it follows that

Ks-L < 0 and in the case rf < 4ft + 2 it follows that Ks-L < — 2. In both cases

we have KS'L ^ ~ 1. Thus Corollary (5.3) applies to cover these cases.

Therefore from now on we can assume that h (Lc) Φ 0 for smooth C e | L |.

We can assume that KS'L> 0. Otherwise we would have that ifs = 0 S by (1.1).

In this case by (3.1) and (3.2), we have d = 4ft, 4ft + 2 with 5 a #3-surface.

If ^ ( L c ) = 1, then by (2.5), we conclude that d > 4ft + 2 + KS L Thus the

only possibility is ft = 2, d = 11, Ks * L = 1. By (4.4) we conclude that ιc(S) —

— °°. By the Hodge index theorem. ϋΓs < 0. If it was equal to 0, then either S is a

P -bundle over an elliptic curve, which is covered by (4.1), or S is rational. If S
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is rational and KSΈS = 0, then | — Ks | is non-empty, which gives the contradic-

tion that Ks - L < 0. Moreover since (kKs + LΫ > 0, we conclude that Kl > —

3. Therefore we conclude that χ(Θ^) = 0, 1. By [14, page 45, 59] we see that

these cases don't exist.

If h\Lc) > 2, then by (3.6) we are done. Q.E.D.

6. The classification result for large k

THEOREM 6.1 Let L be a k-very ample line bundle on a smooth, connected, projec-

tive surface, S, with d '•= L'L < 4k + 4.

1. Ifιc(S) = - oo thenk < 8;

2. Ifιc(S) > 0 then if k > 5, either:

(a) Ks = 0S with d = 4k, 4k + 2, 4k + 4, with S a K3-surface; or

(b) d = 4k + 4 and S is an Enriques surface, i.e., 2KS = ΰs, q = 0, and

Proof. Note:

1. By (5.4) we can assume without loss of generality that d > 4k + 3.

2. We can assume in light of (5.1) and (4.3) that kKs + L is spanned by

global sections and big, and therefore that — 2 < 2g(kKs + L) — 2 =

(kKs + L)' Uk + ΐ)Ks + L).

3. Since the cases with Ks numerically trivial are listed we can assume that

if Ks-L = 0 then K2

S < 0 and ti(Lc) = 0.

If h (Lc) = 0 for a smooth C ^ | L |, then using (5.3) and (2.12) we conclude

that KSL = 0 and d = 4k + 4. By item 3) we can assume that K^ < 0. By 2) we

conclude that — k(k + 1) + d > — 2. This gives k < 4. Therefore we can

assume that hι(Lc) Φ 0.

If ^ ( L c ) = 1, then d > 4/c + 2 + KSL By 1), we must have KSΊ = 1 and

2 respectively. By the Hodge index theorem we conclude that Ks < 0.

If Ks = 0 then either S is a P -bundle over an elliptic curve, a rational sur-

face, or fc(S) > 0. In the first case we are done by (4.1). If S is rational and Ks

Ks — 0, then | — Ks \ is non-empty, and therefore KS'L < 0 giving the contradic-

tion that hl(Lc) = 0. If /c(S) > 0, then by (4.4) it follows that S is minimal if

k > 3. Since KSL > 0 and ULS = 0, we conclude that κ(S) = 1. This implies S is

an elliptic surface mapped onto a curve by some power of Ks. By (4.4), we

k + 2
conclude KSL > —?>—, which with KS'L < 2 gives k < 2.

If KS KS< 0, then /c(5) = - oo. indeed if tc(S) > 0, then Ks-Ks<0 im-
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plies that S is not minimal, but by (4.4) we conclude then that Ks-L> k, which

implies that k < 2. By 2) we conclude that 8k + 8 > k(k + 1), i.e., 8 > k.

If hι(Lc) > 2, (3.6) implies that k < 4. Q.E.D.

Remark 6.2. Let L be a λ -very ample line bundle on a smooth projective

surface, S. If d '-— L-L > 4/c + 5, then the question of the λ -very ampleness of

Ks + L is completely treated in [8]. Looking over the list in Theorem (5.4) we see

that for 1), 3), and 4) Ks + L is not λ -very ample. For 2), Ks + L = L is A:-very

ample.

From Theorem (6.1), we see that for k > 9 the only cases where questions

about the Λ -very ampleness of Ks + L remain are where d — 4k + 4, and S is an

Enriques surface. Here our knowledge is poor. By the result of [8], Ks + L is

(k — l)-very ample. Looking over the classical approach to λ -very ampleness for

Ks + L, for k = 1, we find that this case is difficult there also and in fact for

d = 8, requires the full knowledge of the adjunction mapping acquired in the case

hι(Θs) = 0 by the second author in [17].

We note that [14, page 45, 59] rules out all surfaces that are not K3 with

d < 12 and Ks numerically trivial.

Remark 6.3. It would be nice to complete the classification of pairs, (S, L),

with L a λ -very ample line bundle on a smooth connected projective surface S,

and with LL < 4/c + 4.

Further calculation shows that in addition to the cases with k = 2, d = 12

already mentioned in (5.1), there is only one other possibility with (λ;, d) —

(2, 12) and Ks not numerically trivial. It has the invariants, KS*L = 0, h (Lc) —

0 for a smooth C e | Z, |, iζ 2 = - 2, χ ( 0 s ) = 1.

For the case when λ; = 8, d < 4k + 4, and Ks is not numerically trivial,

further calculation shows that the only possible set of invariants is d — 36, Ks =

- 1, KS L = 2, h\Lc) = 1 for a smooth C e | L |, and χ ( 0 s ) = 1. This surface

is rational if it exists since g(kKs + L) = 0.
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