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Introduction

In this paper R is a commutative noetherian local ring with unit element

1 and M is its maximal ideal. Let K be the residue field R/M and let {U, t2f

. . . , tn) be a minimal system of generators for M. By a complex R<Tίf

. . . , Tp > we mean an /^-algebra* obtained by the adjunction of the variables

TΊ, . . . , Tp of degree 1 which kill t\y . . . , t?. The main purpose of this paper

is, among other things, to construct an i?-algebra resolution of the field K, so

that we can investigate the relationship between the homology algebra H {R

< Ti, . . . , Tn > ) and the homological invariants of R such as the algebra

Tor* {K, K) and the Betti numbers B? = dim* Torf (K, K) of the local ring

R. The relationship was initially studied by Serre [5J. Then Tate [6] gave

the correct lower bound for the Betti numbers of a nonregular local ring. In

his M. I. T. lecture (See a footnote of [6]) Eilenberg proves that

A-(") + ( > and * £ ( »

where bι = dimx Hi (R< TΊ, . . . , Tn> ). In this paper these results of Eilen-

berg are generalized as follows:

ΰ+(*
and so forth, where e2 = dim* Hi(Λ)lHι{ΛΫ, e3= dim* Hz{Λ)/Hi(Λ) Hz(Λ), and

A = R < Γi, . . . , Tn >. As corollaries of the above computation we obtain

part of the results by Tate [6],

Received May 14, 1962.
* For definition, see a paper of Tate [6]. Throughout the paper the numbers in

square brackets refer to the papers of the bibliography at the end of the paper.
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if R is not regular.

If R is a complete intersection, we have

§ 1. The complex R < Th . . . , T? >

Let us consider a filtered complex A = R<TU . . . , Tn> with an increas-

ing sequence of subcomplexes RaR<Ti> aR<Tu T2> c <zR<Tu . . . ,

TP > c c Λ.

Then the graded differential algebra A over R (in the sequel we shall

call it simply "/?-algebra" in the sense of Tate) has the increasing filtration

{R<Th . . . , TP>} such that /?< TΊf . . . , Tp> is an i?-subalgebra. Defining

i?-modules

u . . . , Tp>/R<Tu . . . , ?>-!:>),

we have the usual exact sequence

& i j k i

for each pair (R<TU . . . , Tp>, # < Ti, . . . , 7Vi> ).

Thus the exact couple C(A) =* <D, E; i,j, k> is associated with /^-algebra

A, where

D= Ί]DP,q and £ = PlQ

P,q P,Q

LEMMA 1.1.

Epyq^Z Up-\tq

Proof. It is sufficient to show chain equivalences λ and μ

R<TU . . . , Tp>/R<Tu

such that Λμ = 1 and μλ — 1. Let x be a homogeneous element of degree >̂ + q

in /?< Ti, . . . , Tp>. Then χ = χ1-{-χ2 Tp> where Xi and x2 are homogeneous

elements of R<Ti, . . . , Tp-!> with degrees i> -f q and ί + (7~l respectively.
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Obviously the residue class x is represented by x2 Tp. Define λ(x) =x2. It is

immediate to verify that λ is well defined and is a chain mapping. Defining μ

by

μ(y) = JVψPt

we see by straightforword computation that λ and μ are chain equivalences.

This completes the proof.

By replacing the £-terms by the corresponding isomorphic ZMerms, the

exact couple C(Λ) can be developed into a "lattice-like" diagram

-U xh
II II

j j k j k
Dn, o ^ * * * ^ A , o * A,o ^ A,o ^ A),o ^ A , a ̂  R

II j — & I X ί 2 I

A,-i —> A,-i —> A,-i —> A,-i

I X * 3
I •»

A,-2 —> A.-2 —> A,-2 —>0

I

c u ) :

, -»+2 ^Dn-i, -n + 2 >Dn-l,-n+2

I . x*» 1 .

Dn, -n+i ^ Dn-l, -n+i ^ Dn-i, -n+i
II ί

HΛΛ) Ψ
£>*,-„—>0
I!

The steps from upper left to lower right are exact sequences. It is easy to

see that kp,Q', Dp,Q —-> DptQ is the multiplication by ( — l)p+Qtp+ι. This diagram

provides us with the whole story about the following known results which have

been proved by several authors [2], [6].

PROPOSITION 1.2. The following statements are equivalent.

i) H1(Λ)=0

ii) H?(R<Th . . . , Tp>) =̂ 0 for any p > l and for any
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iii) {tu t2i . . . , tn) is an R-sequence.

iv) R is regular.

Proofs, i) -̂  ii) Since i7i(Λ)=0, kn-i, -n+2 which is the multiplication by
CO

— tn, is onto. It follows that any element x^Dn-i. -«+2 belongs to Π M9

p = 0

Dn-i,-n+2. By virtue of Krull (for example see [7]) x vanishes, because

Dn-i,-n+2 = Hi {R<Tlt . . . , 7 V i > ) is a noetherian module over R. By the

repeated use of the same argument we can prove that Hχ(R<Th . . . , Tp>)

-•Dρ,-ρ+ι vanishes for all p(n>p>_ϊ). Then ip,-p+2m> Dp,-p+2 •••> Dp+u-p+ι are

all onto, because of the exactenss of the diagram CiA). Since D2,o vanishes*,

all H2 (R<Ti, . . . , Tp>) vanish. By repeating this process the proof of i)

--•» ii) is established, ii) -> iii) It is immediate by definition that Dp,-p = ϋ/Ό

(R<Th . . . , Tp> ) = R/(tχt . . . , f/,). Since kp,-p is isomorphic, ί/,+i is a non

zero divisor for R/(h, . . . , tp). This completes the proof.

iii) -> iv) It is immediate by definition.

iv) -> i) Without loss of generality we may assume that {tly . . . , tn) is an

i?-sequence. Then all kp,-p are isomorphic so that all ip,-p+i are onto. Since

£) l ί 0 = 0 in this case, we have Hi(Λ) ~0.

§2. Construction of a minimal algebra resolution

Let us denote by bP άimκHP(Λ) and let 1-cycles 31, . . , ΆlL represent the

homology classes Z\, . . . , Zlx e Hi{Λ) respectively. Then by adjoining Si,

. . . , Sb, of degree 2 which kill the cycles 35, . . . , 3&i we obtain an ^-algebra

Λ{2) = Λ<Su . . . , Sbι> d{

2

2)Si = 8i

satisfying the following conditions:

a) Λ{2)-DA = Λ{1\ and Λ(

λ

2) = Λλ for λ<2,

b) HΛΛ{2))=0.

Let

F p - # p ( Λ ) / ( # P - i ( Λ ) -HΛΛ) + H?-2(Λ) H2(A) + ••• + jyp-x(yi) ffx(yi))

for p > 2, where A = -£- if p is even and Λ = —~̂ — if p is odd, and let εP = dim^ F p .

Selecting p-cycles 3f, - > 3εP representing the homology classes Zf, . . . ,

Z ε P e F p and adjoining ί/ip+1, . . . , UtP

ι of degree p + 1, we have an i?-algebra

For t\ is a non-zero divisor for
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satisfying

a) Λ{?+1)Z)Λ{?\ Λ[p+1) = Λ[9) for λ<μ+l

and

b)

Letting Xv = 4 P ) and defining d p f l : ZP +i -> XP by aP +i = 3P

p

+

+iυ, we obtain an R-

algebra X = U I P
p

dp+i 3i ε
.A ί ^ -Λp+1 ^ -Λp ^ * ^ -X\ ^ -Xo ^ K ^ ϋ

where JYΌ = R and the mapping e is the augmentation homomorphism.

Defining vector spaces over Ky DP,q = Hp+(J{A{p)) and £/,,« = Hp

we obtain a spectral sequence

A,3 = -

A, 2 > Έ»2,2

• • »

I . I . I

0 —> DA. -I '—> 0 —> A , -i —> 0 —> ftrl —> 0
I! i!

By virtue of the construction of X it is seen that D?+h-ι^ H?(Λ{?+1)) = H?(X)

for p > l , //ι(X) =Hi(/i ( 2 )) = 0, and^p(X) =D9.JVP. If we can prove D P > 0 - Fp,

Z is aspherical so that we have a desired i?-algebra minimal resolution of K.

In this paper we contend

PROPOSITION 2.1.

) 2 = V2>

ii) Dz,o

For the proposition we need the following two lemmas.
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LEMMA 2.2.

in, hi and in are onto.

LEMMA 2.3.

a) hι(&.ι)-HLU)Z,

b) fe(S,2) + iukn(EzΛ) -H2(Λ) ffi(Λ).

of Proposition 2.1.

It is immediate from the exactness of the spectral sequence and the above

two lemmas.

Proof of Lemma 2.2.

Let Ze A,o, then Z is represented by a cycle

i . i _ .

where c e Λ and λ'^R. Since 0 = dz3 = 32c + Σ Ae3/, w e have Σ '̂Zl = 0 where
z = l t = l

n

ΓeϋΓ. Therefore λ^M for all i. Let λ{ = Σ ^ ί, , then
l

= (c + Σ /yΓy3ί) + 9B( Σ ^ΓyS).

The cycle 3' = (c + *Σ>rυTj3\) represents an element Z'^Di,i whose image
U3

under in is Z. Therefore in is onto.

Secondly we wish to show that Ux and iι2 are onto. Let y^Xz represent an

element Ye£>3,o. Then
6t n _ £2

3 = 1 t = l Ar = l

where JeΛs

Thus we have

Σ μijU = 0 for all j9

so that l[]μij'Ti is 1-cycle of A and Σ ( Σ ^ y Γ , )3} represents an element Z"e
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Hι(Λ)2. From this Z" = Σ vkZ\, and hence Λ l Letting vk = Σ Λ / and con-

sidering 3,,( Σ i»"ϊ/I7ί|) = Σ i»*O* - Σ vklTβl, we find 2-cycle of Λ<2),
fc, ί A: fc, ί

j , i h, I

whose homology class Y1 is mapped onto Y under /2i. From the analogous

argument it is easy to see that in is onto. Thus the proof is omitted. This

completes the proof of the Lemma.

Proof of Lemma 2.3.

Select 3-relative cycle 3 of Λ(2)/A representing an element Zefi,i. Then
n

3 = # + Σ λίyT, S, , where *eΛ 2 and ΣΛf>'Γ, is 1-cycle of Λ. Since M Z ) is
«, j t = l

represented by 2-cycle of Σ K Σ ^ T ^ S ) , we have k2ι(Z)<=Hι(Λ)2. Conversely
3 = 1 * = 1

it is obvious that H1{A)2dk2i(E2,i\ beause 3/3} = 9a(-3/S ) for any pair (/,

j). This completes the proof of Lemma 2.3. a).

Let ye£ 3 , i and y be 4-relative cycle of Λ{3)/Λί2) representing Y. Then we

have

where c^Λ[2) and *ΣλijTi is 1-cycle of A. By considering ku and zΊ2, /iVfe
ε2 n _

is represented by 3-cycle of A, Σ ( Σ^/;?T/)3j, whose homology class is in
j l l

Let 3 be a relative 4-cycle representing an element Zefi.2, and let

3 = a+ Σ λikSi Sk+ Σ^"Si2 )+ Σ ^ *
&2

where <2G/i4 and 1 Ŝ 2) is a generator of A[2\ whose boundary is defined by

SkSk (refer to [6]). Considering the boundary of 3, we have

Az a d£ = to* + Σ Aify*(Tί Γy)3i) + Σ < Σ ^/Λ3ί + Σ λki8) + a2(Σ /I^Γ. Tj)}sk,

so that

Σ λik3) + Σ ;*f35 + a ( Σ Λ ί Γy) = 0 for each *.
.7 = 1 t = /c + l

Therefore all i^eMfor any pair (*, k) satisfing bι>k>i>l. Letting λik =

Σ ^ \ , considering f* = Σ Σ ^ Γ y 3 / + Σ ΣA*yιΓy3/, we obtain a 2-cycle τjk
3^1 i = l πl t = A;+l j = l
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of A by

because d2(ξk) = Σ ^ 3 ί + Σ λki3i. The straightforward computation shows
i=l i=k+l

l = 0, so that we have

Since fe2(Z) is represented by Σi?*3i» faiiEϊ^^HziΛ) Hi(A). It is immedi-
Ar = l

ate to show that H2(Λ) ffi(yl)cfe2(£2)2), because 94(τ? Sjfe) = 77 3^ for any 2-

cycle 7? of A. This completes the proof of Lemma 2.3.

§3. Computation of B? (p < 4)

PROPOSITION 3.1.

In the previous section we have proved that the sequence

d4 03 ^2 di ε

Z4 —> Xz —> X2 —> Zi —> JYo —>K —> 0

is exact. By definition Tor*(K, K) is computed by X? ® ff/ίL for all p < 3. There-

fore we get i) and ii). From a general theory (for example, see C5H or CO)

we know that there exists X5 such that Z5 —> XA —> Xz is exact and dό(X5) c

MX4. Therefore ,B4 can be computed as stated in 3.1. iii) without knowing

explicitely a system of generators for Xδ.

Note that X5 may be considered as X* which we constructed in § 2.

§ 4. Corollaries and a conjecture

COROLLARY 4.1.

If R is a complete intersection, we have
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COROLLARY 4.2.

— 4 '

/or p < 4, if R is not regular.

Proofs

By a Theorem of Assmus [1] R is a local complete intersection if and only

if H(Λ) is the exterior algebra on Hι(A). Therefore we have e2 = ε3 = 0 in this

case. The corollary 4.1. coincides with a result of Tate [6]. The special case

when bι = 1. b2-bz- 0, provides us with the proof of Corollary 4.2., which is

the estimation of Tate [6].

Tate said in [6] that it is doubtful whether minimal ivNalgebra resolutions

exist in all cases. It seems to the author that such resolution may be probable

in view of the construction we consider in this paper.
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