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RELATIVE INVARIANTS AND 6-FUNCTIONS OF
PREHOMOGENEOUS VECTOR SPACES

(GχGL(du . . . ,d r ) ,

YASUO TERANISHI

Introduction

Let G be a connected linear algebraic group, p a rational represen-
tation of G on a finite-dimensional vector space V, all defined over C

A polynomial f(x) on V is called a relative invariant, if there exists
a rational character 1 : G —> C x satisfying

f(p(g) x) = l(g)f(x), for any g e G and * 6 V.

The triplet (G, /o, V) is called a prehomogeneous vector space (abbrev.
P.V.), if there exists a proper algebraic subset S of V such that V — S
is a single G-orbit. The algebraic set S is called the singular set of
(G, p, V) and any point in V — S is called a generic point of (G, <o, V).

Let GL{du '-,dr) be a parabolic subgroup of the general linear
group GL(n, C) defined by (1.1) in Section 1, p : G -> GL(n, C) be an
n-dimensional representation of G. In this paper, we shall be concerned
with the triplet (G X GL(du , dr), βu M(n, C)), where fix is defined by

Pi(g, Φ = ρ(g)xa~ι ((g, ά)eGχ GL(du , dr\ x e M(n, C)).

Assume that (G x GL(du , dr\ βl9 M(n9 C)) is a P.V. We shall
introduce the 6-function of (G X GL(du , dr), ft, M(rc, C)\ after M. Sato,
in Section 3. Theorem 3.1 gives an explicit form of the 6-function. In
Section 4, we shall be concerned with triplets {(GχBn, ft, M(n9 C))} where
G is a semi-simple connected linear algebraic group, Bn is the upper
triangular group and p is an irreducible representation on an ^-dimensional
vector space V. We shall determine all prehomogeneous vector space
{(G X Bn, ft, M(n, C)}, and construct their relative invariants.
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140 YASUO TERANISHI

NOTATIONS. C, C X and Z+ are the complex number field, the group of

non-zero complex numbers and the set of non-negative integers, respectively.

GL(n, C), Bn and B~ are the complex general linear group, the complex

upper triangular group and the complex lower triangular group.

§ 1. A generalization of castling transform

Let G be a connected linear algebraic group, V an m-dimensional

vector space, and p a rational representation of G on V, all defined over

the complex number field C By choosing a basis of V, we may identify

V with Cm. Let dl9 ,dr be positive integers and set

n = dx + - - - + dr a n d d^ = dx + + dt (l^i<Lr).

We denote by GL(dl9 •• ,d r ) the parabolic subgroup of the general

linear group GL(n, C) consists of all matrices of the form

(1.1)

gn giz

0 g22

ό o

•gir

•gtr

grr

where gti e GL(dt, C) (1 ̂  i < r).
n

We may identify the vector space 0 V with the vector space M(m, n, C)

consists of all m by n matrices and identify the vector space M(m, n, C)

with it's dual vector space by the inner product

(x, y) = Tr <y - x (x, y e M(m, n, C)) .

Let pl9 ρ2, p* and pf denote representations [of G χ[GL(dl9 , dr) on

M(m, n, C) defined as follows:

p,(g9 a)x = p(g)xa~1

p2(g, a)x = p(g)xιa

p?(g,ά)x= '

pt(g,a)x= t

where g e G and a e GL(dl9 , dr).

LEMMA 1.1. The following conditions are equivalent

( i ) The triplet (G X GL(du . ., dr\ βί9 M(m, ny C)) is a P.V.

(ii) The triplet (G X GL(dr9 , dx\ β29 M(m, n, C)) is a P.V.
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PREHOMOGENEOUS VECTOR SPACES 141

Proof. Put A =

1

6 GL(n, C), then it is easy to check that

.1

x0 e M(m, n, C) is a generic point of the triplet (G X GL(dlf , dr), βu

M(m, n, C)) if and only if xo-A is a generic point of (G X GL(du , dr),

ft, M(m, n, O ) . Q.E.D.

LEMMA 1.2. There exists a one-to-one correspondence between relative

invariants of (G X GL(du , dr), ft, M{my n, C)) and (G X GL(dr, , dj,

ft, M(m, rc, C)).

Proof For a polynomial /(Λ:) on M(m, n, C), define the polynomial Φ(f)

by

(1.2) Φ(f)(x)=f(x-A).

Then the mapping />->Φ(/) gives a one-to-one correspondence between

relative invariants. Q.E.D.

LEMMA 1.3. When m> n, the following conditions are equivalent.

( i ) The triplet (G x GL(du , dr), pu M(m, n, C)) is a P.V.

(ii) The triplet (G X GL(m - n, drj , d2), p*, M(m, m - du C)) is a

P.V.

Proof. For a matrix x in M(m, n, C), denote by xι the i-th column

vector of x (1 ̂  i ^ 7i). Let W denote an algebraic variety whose points

are matrices x in M(m, n, C) such that column vectors x\ x2, and x71

are linearly independent. Then the group G X GL(du - - -, dr) acts on W,

and (G X GL(du , dr), VF) has an open orbit if and only if the triplet

(G X GL(du , c£r), ft, M(m, n, C)) is a P.V., since the Zariski closure of

W is M(m, n, C). Let F l a g ^ , , dr) be the flag variety defined by

V T/ N ^ 6 Grassdl+...+il<(C-) and

where Grassd(Cm) is the Grassmann variety consists of all d-dimensional

subspaces of Cm.

For a matrix x in the variety W, let μ(x) denote the flag(VΊ, , Vn)

in Flag(cίi, , dr) such that Vt is the subspace of Cm spanned by the first

di + + dr column vectors of the matrix x (1 ̂  i ^ r). Then the

mapping μ: V7̂ -̂  Flagίdj, , dτ) is surjective, G X GL(du , dr) equivalent
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142 YASUO TERANISHI

morphism. Since GL(du , dr) acts on F l a g ^ , , dr) trivially and it

acts on each fibre homogeneously, the triplet (G X GL(du , dr), pu

M(m, n, C)) is a P.V. if and only if F l a g ^ , , dr) is G-prehomogeneous.

For a flag(Vi, V2, • , Vr) in F l a g ^ , , dr\ let (Vi, V2, •., Vr) be

the flag in Flag(m — n, dr, , d2) defined by

Vi = {ye M(m, n, C)\(y, x) = 0 for any x in Vr_ ί+1).

Then G acts on the flag variety Flag(m — n, c?r, , d2) contragrediently

and Flag(tfi — n,dr, , d2) is G-prehomogeneous if and only if Flsig(du

• - , dr) is G-prehomogeneous.

Since the triplet (G X GL(m — n, dr, , d2), ̂ 2*, M(m, 7n — d1? C)) is a

P.V. if and only if the flag variety Flag(#z — n, dr, , d2) is G-prehomo-

geneous, we obtain our assertion. Q.E.D.

Remark. This construction is a natural generalization of the castling

transform in the theory of prehomogeneous vector space [2].

LEMMA 1.4. When m> n, there is a one-to-one correspondence between

relative invariants of the triplet (G X GL{du , dr), ρl9 M(m, n, C)) and

relative invariants of the triplet (G X GL(m — n, dr, , d2), p2, M(m, m — du

0).

Proof. Let f(x\ , xn) be a relative invariant of the triplet (G X GL

(du , dr), βl9 M(m, n, C)), where xί is the i-th column vector o f a n m X n

matrix x (1 ^ ί ^ ή). For x = (x1, , xn) e M(m, n, C), put

(r1 . . γk \

\ '• \ (1 ^ k £ n and 1 ^ ^ < < ίk ^ m) .
r 1 . . . rfc /

Then by the first main theorem for the group GL(du , dr), there exists

a polynomial F satisfying

f(X , • • • , # )

since /(x) is a relative invariant of the group GL(du , d r).

For x = (x1, , xn) in M(m, n, C), let ωfc = Λ^Λ Λxfc and, for x —

(x\ --,xm-dl) in M(m,m-duC), let ώfc = x1 Λ Λ ώm~k where ke

{dl9dx + d 2 , . . . , < * ! + • • • + d r } .

T h e n i t f o l l o w s t h a t
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PREHOMOGENEOUS VECTOR SPACES 143

a* = Σ Xii.. ihetι Λ - Λ e i k ,
ii< <ik

ώ. = Σ Xή-jm-keSl Λ Λ eJm_k (e, = '(0 ί 0), 1 £ i ̂  m) ,
il< <ym-*

and we have

f y . x\ x\

where

/ l . .A, Jfe+ l m
sgnl . .

\^1 ' ' ' lk> Jί ' ' 'Jm-k

( l ' k , k + l 7 n \ .
denotes the signature of the permutation I . . I if

\^1 * * " ̂ 7o Jl ' ' 'Jm-k I

{ir "ίkJr ' 'Jm-k} = {1,2- m}

and zero, if otherwise.

Thus if we put

we have

u-.-u = sgnl . . . .
V * * ΊkiJl' ' 'Jm-k

/ i **-ii ijc **-ii -ijc — UtίU^X , * , X , X ,
i i< < ΰ

We define a polynomial f(x) on M(m, m — du C) by

f(5t) =

Then f is a relative invariant of the triplet (G X GL(m — n, dr- d2), pf,

M(m, m — dx. C)), and the mapping / H-> / gives a one-to-one correspondence

between relative invariants of them. Q.E.D.

Remark. From the construction, / is irreducible if and only if / is

irreducible.

By Lemma 1.1 ~ 1.4, we have the following proposition.

PROPOSITION 1.1. When rn>n, the following 4 conditions are equivalent

and there are one-to-one correspondences among relative invariants of them.

( 1 ) The triplet (G X GL(du , dr), βu M(m, n, Q) is a P.V.

( 2 ) The triplet (G X GL(dry ••-, d,), ft, M(™> n> O ) is a P.V.
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144 YASUO TERANISHI

( 3) The triplet (G X GL(d2, , dr, m - ri), pΐ, M(m, m - dl9 0 is a

P.V.

( 4 ) The triplet (G X GL(m — n, dr, , d2), pξ, M(m, m — du 0) is a

P.V.

The following two propositions are shown in a similar manner.

PROPOSITION 1.2. Let G be a connected linear algebraic group and p

a linear representation of G on an n-dimensional vector space. Then the

following 4 conditions are equivalent and there are one-to-one correspond-

ences among their relative invariants

( 1 ) The triplet (G X GL(du , dr), βl9 M(n, 0) is a P.V.

( 2 ) The triplet (G X GL(dr, , dx\ β29 M(n, 0) is a P.V.

( 3 ) The triplet (G X GL(du , dr\ βf, M(n, 0) is a P.V.

( 4 ) The triplet (G X GL(dr, , dt), βf, M(n, 0) is a P.V.

PROPOSITION 1.3. When m > ny the following 4 conditions are equi-

valent.

( 1 ) The triplet (G X GL(du , dr\ βu M(m, n, 0) is a P.V.

( 2 ) The triplet (G X GL{dr, , d,), β2, M(m, n, 0) is a P.V.

( 3 ) The triplet (G X GL(du •• ,dr,m-ή), β?, M(m, 0) is a P.V.

( 4) The triplet (G X GL(m - n, dr9 , d,)9 pt M(m9 0) is a P. V.

COROLLARY. When m > n, the following conditions are equivalent.

( 1 ) The triplet (G X GL(du , dr)9 βl9 M(m, n, 0) is a P.V.

( 2 ) The triplet (G X GL(du , dr,m - n\ βl9 M{m, 0 is a P.V.

Let G be a connected linear algebraic group, p a representation on an

^-dimensional vector space V. Then, by Proposition 1.1, triplet (GχGL(l),

P® ϋ , V) is a P.V. if and only if (GxGL(l, n - 1), βl9 M(n, 0) is a P.V.

We shall devote ourselves to investigate triples (G X GL(du , dr), ρu

M(n, 0).

§2. Relative invariants

A sequence λ = (λu λz, , λn) of non-negative integers in decreasing

order;

Λ > ^ > - - > K

is called a partition, and the sum \λ\ = Xt + + λn is called the weight

of λ.
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PREHOMOGENEOUS VECTOR SPACES 145

For a partition λ, we denote by V̂  the vector space consists of all

polynomials f(x) on the vector space M(n, C) such that f(x) satisfies; for

any matrix t in the group Bn,

f(x-t) = ##...& f(x)

where

Let f(x) be a polynomial on M{n, C), and for any element g in GL(n, C),

set;

Then by the mapping f*->g-f, the vector space Vλ can be considered as

a GL(n, C)-module. As is well known, Vλ is a irreducible GL(n, C)-module

corresponding to the Young diagram Y(X):

We set:

(
Let f(x) be a relative invariant of the triplet (G X GL(du

τz, C). Then /(*) has the form

,d r ),

where F is a homogeneous polynomial in Xi]r..ίd(ι0 (1 ̂  ίu , ̂ ( P ) ^ n,

1 ^ y < r) and mr is a non-negative integer.

Denoting by mv the homogeneous degree of F with respect to Xu...ίd{u)y

for each ι>, define a partition Λ = (̂ ^ , λn) as follows:
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146 YASUO TERANISHI

Then the relative invariant f(x) is contained in the vector space Vλ.

Thus to a relative invariant /(x), there corresponds the unique Young

diagram Y(λ):

mr

} dr

m2

I dc,

Let

(2.1) /*(*) -

be a relative invariant of the triplet (G X GL(du , dr), βl9 M(n, C)), and

define the polynomial f*(x) by

(2.2) /*(*) = (det x)«-F(X'tι...Utli, ;X'kl...kΛ(r_ί})

Then f*(x) is a relative invariant of the triplet (G X GL(dl9 , dr), βf9

M(n, C)). Since the mapping />-*/* is one-to-one, we have the following

proposition.

PROPOSITION 2.1. TΛe mapping /•->/* g/ues α one-to-one correspond-

ence between the relative invariants of the triplets (G X GL(dί9 , dr), /?!,

M(n, C)) ατid (G X GL(d1? ., dr\ p*9 M(n, C)).

In general, let a triplet (G, p, V) be a P.V., S the singular set, Sl9 ,

Sfc the irreducible components of S with codimension one and Pl9 , Pk

irreducible polynomials defining Sl9 , Sk9 respectively. It is known that

the polynomials Pl9 , Pk are algebraically independent relative invariants

and any relative invariant P(x) is of the form.

P(x) = .Pk(xy* (c e C, , lk) e

Polynomials Pl9 , Pk are determined up to constant factors, and

the set {Pί9 , Pk} is called a complete system of irreducible relative

invariants of (G, p, V).

Let (G X GL(du , dr\ βu M{n, Q) be a P.V., {Po, , Pfc} a complete

system of irreducible relative invariants of (G X GL(du , dr), ̂ , M{n, C)).

Then, by Proposition 1.2, the triplet (G X GL(du , dr), ^*, M(Λ, C)) is a

P.V. It is easy to verify that the set {Po*, , P£} is a complete system of
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irreducible relative invariants of (G X GL(du , dr), β?_, M(n, C)). Denote

by Xo, , Xk the rational characters of the group G X GL(du , dr) cor-

responding to Po, , Pk, respectively.

Since det x is an irreducible relative invariant of (G X GL(du , dr).

βί9 M(n, C)), from now on, we set:

P0(x) = P*(χ) = det x.

We denote by XP(G X GL(du , dr)) the group of rational characters

corresponding to relative invariants of (G X GL(du , dr), ^ , M(n, C)).

The group XP(G X GL(dί9 , d?.)) is a free abelian group of rank k + 1

generated by Xo> , **-

Denote by Y{λ{Q)), - , Y(^(A;)) the Young diagrams corresponding to

relative invariants Po, , PΛ, respectively. Since each Pt is irreducible,

the partition λ(ί) is of the form

The Young diagram Y(/l(0)) is given by

Denote by %?, •••,%* the rational characters defined as follows:

X* - Xo and χ* = χ^ Zo1'1 (1<^<^)

From the construction of the mapping /«->/*, it follows that:

where geG x GL(du , d r).

For a character Z in X/G X G L ^ , , dr)\ let

= ( S ( 5 0 O , , δ(X)k), a n d δ*(X) = (δ*(X)0, ••-,

be the elements in Z*+ 1 such that

x=χ\ χfw = π x?*<x><

From (2.2), we have
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(2.3) δ(4 = m + ΣW4

and

(2.4) δ(χ), = - 3*(X)i (1 < i < k) .

§ 3. The ^-functions

For a rational character X in XP(G X GL(du , cίr)), set

P(*)z = ft p*(*)a ( z ) i a n d P*(*Ϋ = Π P?(xfωi

ί=0 i = 0

If δ*(X)ί > 0 for all i (i.e., P5ii(jc)z is a polynomial), we can introduce a

partial differential operator P*(grad)* in C[dldxtj] such that

P*(grad)χ exp(x, x*) = P*(Λ) exp(x, Λ*) .

Similarly, if P(x)x is a polynomial, we can introduce P(grad)χ in C[djdxf3]

such that

P(grad)χ exp(jc, x*) = P(x) exp(x, Λ*) .

For s = (s0, . . . ,s f c )eC f c + 1 , set

P == Π PI* and P*s = Π Pf

We consider Ps (resp. P*β) as a function on the universal covering space

of M(n, C) - S (resp. M(n, C) - S*).

LEMMA 3.1. (i) // d*(X)£>0 /or αZZ ί, ί/iβrβ exists a polynomial bχ(s)

in s = (s0, , sfc) which satisfies, for all s eCk + ί,

(2.5) P*(grad)*.Ps(x) = bχ(s)Ps~δω .

(ii) // 3(X)< > 0 for all ί, there exists a polynomial bf(s) in s = (s0, , sk)

which satisfies, for all s e Ck+ί,

P(grad)*.P*s(Λ;) = b*(s)P*s-δ*^.

Proof Denoting by F(x) the left hand side of (2.5), we have:

and
s-δω (geGx GL(du

https://doi.org/10.1017/S0027763000021425 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000021425
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This shows that P~s+δ(χ)F(x) is an absolute invariant, and hence must be

a constant bχ(s) depending only upon s and X. It is clear that bχ(s) is a

polynomial in s. The proof of the part (ii) is similar. Q.E.D.

From the definitions of bx(s) and b*(s), it follows that:

(i) If X and ψ are characters in XP(G X GL(du , dr)) such that

δ*QQi > 0 and δ*(X)t > 0 (0 < i < k\ then

bxΨ(s) = bx(s)b,(s + δ(X)).

(ii) If X and ψ are characters in XP(G X GL(du , dr)) such that

5(X)t > 0 and d(X)t > 0 (0 < i < k), then

b*ψ(s) = 6*(β)6J(s + 3*(Z)).

By the co-cycle properties of bx(s) and 6*(s), 6χ(s) and 6*(s) can be defined

for arbitrary character X in XP(G X GL(du , cίr)).

Let Λ(1), , ̂ (fc) be the partitions corresponding to Pl9 , Pfc, respec-

tively. For s = (s09 sl9 , sk) e Ck+\ put

γ(s) = Γ(s0 + β^ί15 + - - + s , ^ + ή)

X Γ(s0 + sW + - + s^* } + 71-1)

X Γ(50 + SΛ1'-! + + S f c^i + 2)

X Γ ( s o + l ) ,

and

Γ*(s) - Γ(s0 + 8lλP + + sfciί« + 7i)

X Γ(s0 + sU1' - « ! ) + + sfcW
fc) - e\) + 71-1)

X Γ(50 + 8l(λP - 41}) + + 8k(λP ~ W) + 2)

X Γ(s0 + 1).

Now we can state the main theorem of the present paper.

THEOREM 3.1. Let (G x GL(du . , dr\ βu M(n, C)) be a P.V., {Po, ,

Pk} a complete system of relative invariants and λ(ί\ , ̂ (r) the partitions

corresponding to Pl9 ,P r . Then the b-functions bx(s) and b*(s) are given by

(3.1) bx(s) = r(s)
ϊ(s - δ(X))

and
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(3.2) &*(«) =

Proof. Let J3~ denote the group consisting of lower triangular n by

n matrices, and p the representation on the vector space Cn defined by

p(g)v = g-v (geB-, υ = ι { υ u - - , v n ) e C n ) .

Then the triplet (B~ X Bn} βl9 M(n, C)) is a P.V., and relative invariants

and the 6-function are known ([2], p. 150). In this case, Theorem 3.1 is

true and we shall reduce the problem to this case.

For a polynomial f(x) in V, we denote by f*(x) the polynomial defined

in (2.2).

For any partition λ = (λl9 , λn), denoting by πλ the projection

vλl® . . . ® y A w — > v λ y

we shall introduce two GL(n, C)-homomorphisms θx and θ2

θt; Vλ®Vλ, >Vi+i. (i = l ,2),

where λ + X denotes the partition {λx + λ{, λ2 + λ'2, , λn + ^)

For any / in Vλ and ff in Vλ,, Θi(/®/0 are defined as follows;

/'(*)) =/(*)•/'(*)

and

Θlf{x) ® f\x)) - πh+λn ((det x)^

The decomposition of the SL(n, C)-module Vλ ® Vλ. into irreducible

components contains Vλ+λ> with multiplicity one. The Schur's lemma says

that Θi and Θ2 must be agree up to a constant.

On the other hand, a complete system of relative invariants of

(B~ X Bn, βl9 M(n, C)) is given by {Δx(x\ , Λn(x)} where
Xl' ' 'Xl\

(l<i<n).

X1' -XΊ

For relative invariant polynomials / and /' of the P.V. (G X GL(du , c?r),

/?!, M(n, C), let λ and / denote the corresponding partitions, respectively.

Put, for i = 1, 2, , n,

mi = λt — λi+ί (with λn+ι = 0)
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and

mi = % - %+ι (with ?'n+ί = 0).

Then Hi-idT'ix) and Πί-i^ΓX*) are contained in Vλ and VλΊ respectively.

Therefore we have

/*(grad) A*) =
Π

f(X)'f'(X) ΓT J tχ\mi + mi'
ί = l

Thus we can reduce the proof to the case of the P.V. (B~ x Bn, βu M(n, C)),

and we obtain (3.1). (3.2) is shown in a similar manner. Q.E.D.

COROLLARY. Let (G, p, V) be a P.V., {Pu , Pk} a complete system of

relative invariants of (G, p, V), and du , dk degrees of Pl9 — -, Pk, re-

spectively. Then (G x GL(1, n - 1), βl9 M(n, C)), n = dim V, is a P.V., and

the b-functions bχ(s) and bχ*(s) of (G X GL(1, n — 1), pu M(n, C) are given

by

r & a n d 6*(s) = ^χ W r(s~δ(x))

where

r(s) = Γ(s0 + d l 5 l + . + dksk + ή)Γ(s0 + n - 1). Γ(s0 + 1)

and

r*(s) = Γ(s0 + djSi + + dksk + ή)Γ(s0 + cfe + + dfesfc + n - 1)

- Γ(s0 + dί8ί + + dksk + 2)Γ(sQ + 1).

§ 4. Prehomogeneous vector spaces (G X Bn, βl9 M(n, C))

Let G be a connected linear semi-simple algebraic group (G Φ {e}),

p : G->GL(V) an ^-dimensional irreducible representation, all defined over

C. Let (G X Bn, βu M(n, C)) be a P.V. Then, dim (G X Bn) > dim M(n, C),

and hence we have:

d i m G > — n(n - 1).

Since G is semi-simple, we may assume that a triplet (G, p, V) is of the

form:
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G = GiX G2χ x Gk,

p = pi ® Pi ® ® Pu ,

and

y = y ^ ) (x) y(d2) ® .. ® V K ) with dx > d2 > > dk > 2,

where each Gt is a connected simple algebraic group, pt is an irreducible

representations of Gt on the dΓdimensional C-vector space V{d^) (1 < i < &).

Therefore if (G X J5TO, ^^ M(n, C)) is a P.V. we have

(4.1) Σ d i m G , > — d r ^ (dχ c k - 1 ) .

LEMMA 4.1. Assume that a triplet (G X Bn, pu M(n, C)) is a P.V.

Then we have k = 1 or (G, p, V) = (SL(2) X SL(2), D ® D, V(4)).

Proof. The image Pi(G^) of the simple algebraic group Gi is contained

in SL(dt). By (4.1), we have

If A > 3, this inequality implies that

l>dt(22k-3 -2k~2 -k) + k.

It is easy to show that 22fc~3 > 2fc~2 + k for fe > 3. This is impossible and

hence we have k < 2. When k = 2, we have d\ + d\ > ^d1d2(dίd2 — 1).

This inequality implies that ^ = d2 = 2.

The following lemma can be easily proved.

LEMMA 4.2. Let G be a semi-simple linear algebraic group and p : G

—> GL(F) 6β cm irreducible representation on an n-dimensional vector space

V(n) satisfying

dimG> — n(n - 1).

Then (G, p, V(ή)) is one of:

( 1 ) (SL(ή), U, V(n))

( 2 ) (SL(2), IJ,
( 3 ) (SL(4),

(4) (SL(2) X SL(2), Π ® D,
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(5) (Sp(m), D, V(ή))(n =
(6) (SO(n), Π, V(ή)) (n > 3)

( 7 ) (Sp(2), - I , V(β))

(for classical group, we write the Young diagram corresponding

to p).

The image of the representation j—\ of Sp(2) is SO(5) and the kernel

is {± 1}. Therefore we may identify the triplet (Sp(2), —!, V(S)) with the

triplet (SO(5), Π, ^(5)). Similarly, we identify the triplets (2)~(4) with

the triplet (6), n = 3, 6, 4, respectively.

Case 1. (G, p, V) = (SL(n), D, V(ή)).

The triplet (SL(^), D,M(n, C)) is a trivial P.V. (See [2], and the

singular set S is given by

S = ( l e M(τι, C); det X - 0}.

The Young diagram corresponding to the relative invariant det X is

> n.

By Theorem 1, the 6-function is given by

Remark. The 6-function of det X is well known (See [2])

Case 2. (G, ft V) = (SO(ή), D, y(/ι)).

The triplet (SO(ή), Π, M(n, C» is a P.V., and the 6-function of it is

known (See [2]).

We shall determine the 6-function by Theorem 3.1.

For a x = [x\ , xn] e M(n, C), put

where (xfe, x*) = txk-xt

9 and P0(x) = detx.
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Then the singular set S is S0U USn_i with

St = {x e M(n, C); Pt(x) = 0} (0 < i < n - 1).

Thus the Young diagrams corresponding to relative invariants Pu

and Po are, respectively,

Γ

1 1,
—

> , —— > n — 1 and

By Theorem 1, we have:

bχ(s) = ϊ(s)lϊ(s - δX)

where

r(s) = Γ(s0 + 2Sl + + 2sn_, + n)

X Γ(s0 + 2s2 + + 2 $ ^ + n - 1). Γ(s0 + 1).

Case 3. (G, ft V) = (Sp(m), • V(ή)) (n = 2m)

Denote by [x, y| the skew symmetric bilinear form on V(n) X V(ή)

defined as follows.

[x, y] = xtyί - x[yx + + xmy'm - x'mym

with x = '(*!, xί, , xm, Λ4) and y = *(yu yί, , ym, /J .

For x - (x\ , xn) e M(n> C). Put

Pk(x) = Pίf ([x\ ^ J ] ) i ^ ^ (1 < * < m - 1),

and

P0(x) - det(x)

where Pίf denotes the Pfaffian.

It is easy to show that, if a point x0 of M(n, C) satisfies Wf^Piix)

Φ 0, there exists a (g, T) e Sp(m) X £„ such that gxQT~x = ln. Therefore

the triplet (Sp(m), Π, M(τz, C)) is a P.V., and the singular set S is

with St = {Xe M(n, C)\Pt{x) = 0} (0 < i < m).

The Young diagrams corresponding to relative invariants Pu , Pm-ι and

Po are, respectively,
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^ u H

Put

ϊ(s) = Γ(s0 +

X Γ(s0

4)Γ(s0

2m -2 and

ή)Γ(sQ + s, +

+ /I - 2)Γ(s0

Sm_! + 3)

2m.

Then, by Theorem 1, the 6-function bχ(s) is given by

bχ(s) = r(s)ir(s - δ(x)).

Now we obtain the following theorem.

THEOREM 4.1. Let (G x Bn, pu M(n, C)) be a P.V., where G is a semi-

simple connected linear algebraic group, Bn the group consists of all n X n

complex triangular matrix, p : G ~> GL(V) an irreducible representation on

an n-dimensional vector space, all defined over C. Let {Po, , Pk} be a

complete set of irreducible relative invariants of (G X Bn, fiu M(n, C)). Then

(G, p, V) is one of the following P.V.'s,

( 1 ) (SL(n), Ώ, V(ή)).

( i ) k = 0

(ii) ΐ(s) = Γ(s0 + re) Γ(s0 + 1)

(iii) ΐ*(s) = Γ(s0 + n) • • • Γ(s0 + 1).

(2) (Sp(m), D, V(nJ) (n = 2m).

( i ) k = m-l

( i i) ΐ(s) = Γ(s0 + «,+••• + sm ., - n)Γ(s0 + sι + + βm_, + n - 1)

X Γ(s0 + s2 + + sm_2 + n - 2)

X Γ(sa + s2 + + sm_! + n - 3)

X Γ(s0 + sM_1 + 4)Γ(s0 + sro.1 + S)Γ(s0 + 2)Γ(s0 + 1).

(iii) T*(s) = Γ(s0 + β l + + sn_, + re)Γ(s0 + β , + + sM_, + re - 1)

X Γ(s0 + β, + + sro.2 + n - 3)

X Γ(s0 + s, + + sm_2 + re - 4)

X Γ(s0 4)Γ(s0 3)Γ(s0 + 2)Γ(s0
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( 3 ) (SO(n), D:
( i ) k = n
(ii) ΐ(s) =

— 1

Γ(so +

X

X

X

Γ(s0

Γ(s0

2Sl

+
+
+

+
2s2

2s3

2s4

YASUO

... +
+ ...
+ ...
+ ...

TERANISHI

2s,

+
+
+

,-i + n)

&„-! +
25n_x +

2sn_1 +

72-

71 —

n —

1)

2)

3)

X Γ(s0 + &„.! + 2)Γ(s0 + 1).

(iii) r*(s) = Γ(sQ + 25 l + . + &„.! + n)

X Γ(50 + 2s, + . + 2sn_2 + 71-1)

X Γ(50 + 2β, + . + 2sn_3 + 71-2)

X Γ(s0 + 2 8 ! + - . . + 2sn_4 + 71-3)

X Γ(s0 + 2sα + 2)Γ(s0 + 1).

In the next article, we shall be concerned with zeta-functions associ-

ated with prehomogeneous vector spaces (G X GL(du , dr), pl9 M(n, C)).
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