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STABLE VECTOR BUNDLES ON QUADRIC HYPERSURFACES

L. EIN AND I. SOLS

§0.

Barth, Hulek and Maruyama have showed that the moduli of stable
rank 2 vector bundles on P2 are nonsingular rational varieties. There
are also many examples of stable rank 2 vector bundles on P3. On the
other hand, there is essentially only one example of rank 2 bundles on
P\ which is constructed by Horrocks and Mumford. We hope the study
of rank 2 bundles on hypersurfaces in P4 may give more insight to the
study of vector bundles on P\ In this paper, we establish some general
properties of stable rank 2 bundles on quadric hypersurfaces. We show
the restriction theorem (1.4), (1.6), the existence of the spectrum (2.2), and
the vanishing theorem (2.4), are also true for the stable rank 2 reflexive
sheaves on quadric hypersurfaces just as in the case when the base
variety is Pn, Though the methods to prove such results are similar to
those we use for projective spaces, there are some technical difficulties.
We should also mention that we shall always assume the base field is
characteristic 0 and algebraically closed, and we shall use the definition
of stability introduced by Mumford and Takemoto.

We let Qn be a nonsingular quadric hypersurface in Pn + \ There is
the following incidence correspondence:

X -^-> Y c G(l, 4)
(1.A) J

Q3

where Y is the subvariety in G(l, 4), which corresponds to the set of lines
in Q3. X is the corresponding universal P^bundle on F. It is not hard
to check that X a conic bundle over Q3.
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12 L. EIN AND I. SOLS

LEMMA 1.1. Let xe Y and L — q~\x). Then

Ω\/Qz\L^Θpi(ϊ).

Proof. There are the following exact sequences:

0 > hiPL — > Ω\lk \L — > Ω\/k — > 0

and

0 >p*Ω\z/k\L > Ω\lk\L > Ω\IQ%\L > 0 .

Because IJPL ^ WL and A*ΩxQz/k\L ^ (PPi(-S)9 it is easy to show Ω\ιq%\L

^ ΘL(ΐ) by Chern classes computation.

DEFINIITON 1.2 (Mumford-Takemoto). A reflexive sheaf E of rank r

on Qn is stable (respectively, semistable) if for every proper subsheaf F

(1 < rank F < rank E - 1),

<

rank F rank E

(respectively, < ) .

PROPOSITION 1.3. Let E be a semistable reflexive sheaf of rank r on

Q3. Suppose that EL, the restriction of E to a general line L, is isomorphic

to 0$=i Θpx(a3) with ax < a2 < < ar. Then aί + 1 — at < 1 (1 < i < r — 1).

Proof. The proof is fairly standard ([6]) and we shall merely give a

sketch. We shall use the notations in the diagram l.A. Suppose ai+1 —

α* > 1. It is easy to construct a sheaf F c: p*E of rank / such that

F\L s Θ}=i Θ(a3) and p*E/F\L = G\L s Θj= r + 1 Θ{aj).

Let J7 ̂  Q3 be the open set where E is locally free. There is a set

V ^ X such that F\v and G|F are locally free. By the universal property

of Gr(Eu), there is a morphism /: V-> Gr(Ev)

V c X

I- i
£/ <= &

such that G is the pull back of the universal quotient bundle. Since

f*ΰarivV = F® G*\L and a{+1 - at > 1,

df: f*Ωι

σσr/σ\L
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QUADRIC HYPERSURFACES 13

(Lemma 1.1) is the zero map. So df = 0 therefore / factors through p

and E will have a subsheaf F', with the property F'\L ^ ΘJ-iύ^faΛ which

contradicts the fact that E is semistable.

PROPOSITION 1.4. Let E be a semistable vector bundle of rank r on

Q2. Suppose EH, the restriction of E to a general hyperplane section (conic),

is isomorphίc to ®r

i=1 Θpi(aί) with a1<a2< <ar. Then aί + ί — at < 1.

Proof. The proof is similar to the proof of Proposition 1.3. We shall

leave it to the readers.

COROLLARY 1.5. Let E be rank 2 semistable rank 2 vector bundle on

Q2, such that Λ2E ̂  ΘQi (respectively, Λ2E ̂  ΘQ(-1)\ Then EH, the restric-

tion of E to a general hyperplane section (conic), is isomorphίc to Θpι ® Θpx

(respectively, ΘP1(-1)® Θpx(-1)).

[Q2], [L], and [P] (quadric surface, line, and point) be the gen-

erators of H\QZ, Z), H\QZ, Z\ and H6(Q3, Z) respectively. There are the

following relationships: [Q2]
2 = 2[L] and [Q2] [L] = 2[P]. If F is a co-

herent sheaf on Q3, the Chern polynomial of F is of the form 1 + c^F)

[Q2]t + c2(F)[L]t2 + cs(F)[P]t\ Often we shall simply call ct(F) - ct the

Chern classes of F.

It is not hard to show the following Riemann Roch formula:

X(F) = i(2cl - 3CA + 3c3) + f(c\ - c2) + ψCl + rank (F) .

If rank (F) = 2, there are the following congruence relationships:

(a) <?! = 0, then c2 = c3 (mod 2)

(b) d = - 1 , then c3 = 0 (mod 2).

If E is a rank 2 reflexive sheaf on Q3, then as in [7] one can check that

c3(E) = number of points where E fails to be locally free.

THEOREM 1.6. Let E be a rank 2 stable reflexive sheaf on Qn(n > 3).

Then EH, the restriction of E to a general hyperplane, is again stable.

Proof. By tensoring E by ΘQn(t) if necessary, we may assume that

Λ2E is either ΘQn or 0<?n(—1). We shall work out the details for the case

A2E = ΘQn. Since the proof of the other case is similar, we shall omit it.

We consider the following incidence correspondence. First we'll

show h°(EH) = 0.
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14 L. EIN AND I. SOLS

P

Qn

For n > 4, this will show that EH is stable. Let a be the integer such

that h°(EH(a)) Φ 0 and h°(EH(a - 1)) = 0. Suppose a < 0 and we shall

derive a contradiction. Because q*p*E(a) Φ 0 and torsion free, there is

the least integer t such that h%q*p*E{a) (x) Θpn+i(t)) Φ 0. We can construct

the following exact sequence:

0 — ^ 0χ(-α, » 0 >p*E > IM t) > 0 .

{We are using the notation Θz{ — a, -t) for p*ΘQn(-a) <g> q*Θpn+i*(-t).) By

the universal property of PQn{E), there is a map /: X — Z -> PQn(E) such

that f ^ p w ί l ) = ̂ x-z(α, ί) and f*ΩP(E)/Qn ^ (!?x_^(-2α, -2ί) . According to

Propositions 3.1 and 3.2 in [5], these are the following diagrams:

0 > f * Ω P { E ) / Q n > p*£®/*<W-1) > f*®PiE) • 0

0 > ΩX/QΛ\U

where U - X - Z. Also

0 > ΘH >0H@ Ωpn(l)\H > Ωpn(ΐ)\H > 0

EB(a) • IZff(2ά) • 0

where rankψ > 1 and ZH = Z Π H. However, Ή.om(Ωpn(ϊ)\H, I

Horn (Ωpn(ΐ)\H, ΘH{2a)) = H\Tpn(2a - Ϊ)\H). If a < 0, then H\Tpn(2a - 1)\H)

= 0. So we may assume a = 0. Since fl"0(ΓP»( —1)) = H0(ΓP»(—1)|H), any

section of Tpn( — ΐ)\H is either nowhere vanishing or vanishing at one

point. If n > 4 and dim ZH > 1, then ψ = 0 and we have a contradic-

tion. On the other hand, if ZH = φ, EH ^ 2(P .̂ In this case, H\EH(m))

= 0 for all m. Therefore H\E{m)) = 0 for all m. Since JEP(JE:(-(1)) = 0,

the restriction map Horn (2^Qn, ίJ) —• Horn (2^H, £7H) is surjective. Hence

H\E) Φ 0, E is not stable. The remaining case is when λi = 3 and ZH

is a simple point. In this case, c2(E) = 1 and hι(EH(m)) = 0 for m Φ — 1.

Therefore H\E(m)) = 0 for m < — 2. From the exact sequence, 0-+E(t)

+ 1) -> ̂ ( ί + 1) -> 0, we find h}(E(-l)) < 1. Since Λ°(#) = 0 and
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h°(EH) = l, hι(E(-l)) > 1. Then A ' ^ - l ) ) = 1 and h1(E(m)) = O for
m > 0. Thus H°(E(Ϊ)) -> H°(EH(Ϊ)) is surjective. There is an exact

sequence H°(E(Ϊ)) 0 ΘQ% -> E(ϊ) -> F -> 0 with d i m s u p p F < 0 . Let C be

the zero set of a general section of E(ϊ). Then C has at most finite

number of singularities. The extension, 0 -> Θq% ~> E(ί) -> 7^(2) -> 0,

is given by an element in Ext1 (Ic(2), ΘQz) ^ Ext2 (Θc(2\ ΘQz) s ^ ( ω ^ l ) ) .

Furthermore, C is not contained in any hyperplane, deg C = 3, and

/i 1^) = 1. So C has two connected components and one of the com-

ponents is a line L. But h°(ωL(ϊ)) = 0. This contradicts the fact E is

reflexive, hence it can only fail to be locally free at finite number of

points. So far we have shown h\EH) = 0. It remains to show that EH

is stable when n = 3. By Proposition 1.3, we may assume the restriction

of E to a general line in either rulings is isomorphic to ΘP1 0 Θpi. If

there is an injective map g: ΘH(a, b) -> EH with a + b > 0 and h°(ΘH(a, b))

= 0, then we may assume a > 0 and b < 0. Then the restricting g to a

general line in the second ruling, we get a nonzero map Θpx{a) -* 2(9pi

which is a contradiction. So EH is stable.

§2.

Let E be a rank 2 stable reflexive sheaf on Q3 with c^ί?) = 0, c2(E)

= c2. We shall show that there is a vector bundle Jf7 of rank c2 on P1,

which we shall call the spectrum of E, such that h\E{m)) = h°(je(m + 1))

for m < — 1. This is analogous to the results of Barth, Elencwajg, and

Hartshorne ([3] and [7]) about the spectrums of stable reflexive sheaves

of rank 2 on P3. The methods to prove this result are similar to those

given by Hartshorne in [7]. We shall need the following technical lemma.

Let (9Q£19 0) and ΘQ£09 1) be the line bundles associated with the

rulings. In general, we write ΘQ2{a, b) for (PQ2(a, 0) (g) (9Q£0, b).

LEMMA 2.1. Let E be a rank 2 vector bundle on Q2.

M= 0 Ή\E®ΘP*{m)\qy
mez

Suppose N c: M be a graded submodule. Let nt = dim Nt where Nt is

the graded component of N in degree t.

(1) (a) // E is semistable and Λ2E ^ ΘQ2 (respectively, ΘQ3( — 19 —1))

then nt < nt + ί for t < — 2 (respectively, —1).

(b) // nt Φ 0, then 1 + nt < nt + 1 for t < — 3 (respectively, t < —2).
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(2) If E is semίstable and Λ2E ^ 0q% (respectively, (9Q£—1, —1)), and

ft-i Φ 0 (respectively, 0 < n_x < h\E(—l))), then 1 + n^2 < n_x (respectively,

1 + n_! < n0).

(3) Suppose E is semίstable and Λ2E = ΘQtι (respectively, ΘQ2(—1, —1)).

// nto Φ 0 and 1 + nt0 = τzίo+1 /or some ί0 < — 3 (respectively, t0 < —2), ί/iβn

there is a nonzero element s e H°(ΘQ2(1, 0)) or H°(ΦQ2(0,1)) swc/& ί/iαί x iVm

= 0 /or m < t0 + 1 w Λere x e H°(ΦQ£1,1)) and s |x . Furthermore, if ye

H°(@Q2(1, 1)) is not divisible by s, then Nm > Nm+ί is injective for m < t0 + 1.

Proof. (1) (a) Suppose i ϊ is a general hyperplane section of Q2

defined by an element x e H°(ΘQ2(ΐ)), such that EH ̂  0pi 0 (Ppi (Corollary

1.5). There is the exact sequence 0 -> E(t) -> E(t + 1) -> EH(t + 1) -> 0.

Since h°(EH(t + 1)) = 0 for ί < — 2, the map iVj > iVί + 1 is injective and

ί̂ ί < Λί + 1.

(b) We shall prove (b) by induction on the length of N. If nt + ί<.

3 + nt, (t < —3) then by the bilinear map lemma ([7], Lemma 5.1), there

is an element xe H°(ΘQ£ΐ)), such that Nt >Nt + 1 is not injective. Let

C be the conic defined by x.

Because Nt > Nt + 1 is not injective, h°(Ec(t + 1)) Φ 0. There is the

exact sequence:

0 H\Ec(j)) -U 0 H\E(j - 1)) - ^ 0 H\E(j)) .
3 3

Set C7= Im(δ) Π iV(-l) and V =Irn(x\Ni_ί)). Then there are the follow-

ing exact sequences: 0 -> U-* iV(-1) -> V-> 0 and 0 -• V-> iV-> NfV-+ 0.

We notice that F is also a submodule of JV. Furthermore, Ut = δδ-\Nt)

for ί < 0.

Case 1. Assume C is nonsingular. Then Ec = Θpί(ά) 0 Θpi(—a) with

2ί + 2 + a > 0. Also it is easy to check that dim U3 + 2 < dim Uj+ί if

Uj Φ 0 and j < 1. Now dim Ut + dim Vt + ί = dimiVj and dim Ut + 1 +

dim Vt+2 = dim JVt + 1. By (a), dim Vt+ί < dim Vt+2. Thus dimiVί+1 > 2 +

dimiV,. (2.1.1 A)

Case 2. Assume C = Lx + L2 (union of two lines). There is an exact

sequence

(2.1.1.B) 0 > ELl(t) > Ec(t + 1) > EL£t + 1) • 0 .

In this case, it is possible δ~\Nt+1) cz H°(ELl(t + 1)). So we can only
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conclude dim Ut+1 > 1 + dim Ut. Hence dimiVί+1 > 1 + dimiV^ The proof

for the Case, Λ2E = &Q2(—1), is similar and we will omit it.

(2) If rc_2 + 3 > 7i_i, then we can find an element 0 ψ xeH°(ΘQ£ϊ))

such that iV_2 >iV_! is not injective. Let C be the conic defined by x.

Case 1. Assume C is nonsingular.

Then E\c ^ Θpi{a) 0 Θpi{-a) with a > 2, because h°(Ec(—l, -1)) ̂  0.

We consider the following diagram:

0 0

(-1) = E(-1)

I I
E' • E ><9pi(-ά)-

Θpi(a) > Ec > &pi(-ά)

i
o o

Since E is stable, then E' is semistable and h\E) = 0. Furthermore

Λ2E' s ΦQX—Ϊ). There is the following exact sequence

φ H\Θpi(a + 2t)) -̂ -> 0 H\E(-l + fy-^>® H\E'(t)) .
ί ί ί

Set A = (N) Π Im 3 and JB = Im (α|iV). Then B is a submodule of H\E'(t)).

There are the following exact sequences:

0 > A^ • N_2 • B_, • 0

and

0 > A_, > N_, > Bo > 0 .

^ = dim At + dimJ5ί + 1 (for i = —1 and —2). Also dim A_j > 2 +

dim A_2 and dim£ 0 > d i m B ^ (Lemma 2.1 (1) (a)). Thus dimiV.! > 2 +

dimiV_2.

Case 2. Assume C — L^ + L2.

Since h°(Ec(-ΐ)) ψ 0, either E\c ~ ΘC{1) 0 Θc(-1) or we may assume

ELl = ΘLl(ά) Θ ΘLl(-a) with a > 2. In the case Ec ^ ^(1) 0 Θc(-l\ the
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18 L. EIN AND I. SOLS

argument given for the case that C is nonsingular will also work here.

So let us assume ELι = ΘLχ(a) ® ΘLχ(-a) with a > 2. Without losing

generality, we may assume (PQ2(L^) = ΘQ2(l, 0). We consider the following

diagram:

0 0

I I
E(-l, -1) = £(_!, -1)

I I
0 > E' > £(0,-1) >GLί{-a-l) >0

Ll(-a - 1) > 0Ll{a - 1) > ELl(0, - 1 )

0

There is the exact sequence

H\GLι(μ - 1 + <)) - φ H\E\-1 + ί)) ̂ -> H\E'(t)) .

Set A' = N (Ί Im δ and Bf = Im a\N. Then

0 > AU > N_2 • B'-! > 0

0 > A'_! • N_, > Bf

Q • 0 .

Since E'H ^ Θpx(—l) © Θpi{—2) for a general hyperplane section H, dim Bf_τ

< dim B'Q. Also dim Alx > 1 + dim A'Q. Thus dim N.ί>l + dim iV_2.

(3) Using the same notat ions as in the proof of 1 (b), we see C =

Lλ + L2 (2.1.1.A).

Also dim Vt0+2 = 0 (Lemma 2.1 (1) (b) and (2)). So Nj ̂  Uj for j <

t0 + 1. Then the section s e H°(ΘQ2(l, 0)) which define L, will have the

desired property.

THEOREM 2.2. Let E be a stable reflexive sheaf of rank 2 with

= 0. (respectively, —1) on Q3. Then there is a unique set of integers

{&Ji=i,2,...,C2 (respectively, {£Ji=i,2,...,c2-i) called the spectrum of E with the

following properties: Let 2/F = ®t 0px(kt). Then

(1) (a) h\Q» E(£)) =

(b) h\E(£)) = h

+ 1)) for ί < - 1 (respectively, £ < 0).

+ 1)) for & > - 2 .
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(2) (a) // an integer k > 0 is in the spectrum, then 0,1, , k are also

in the spectrum.

(b) If k < 0 is in the spectrum, then —1, — 2, , k are also in

the spectrum.

(3) Σ kt = (-c, + c2)/2 (respectively, -c,/2 - c2 + 1).

(4) 7/ J5J is α vector bundle, then { —A< — 1} = {ΛJ
(respectively, { — £€ — 2} = {&*}).

Proof. (1) Let Q2 be a general hyperplane section of Q3 defined by
x e H°(ΘQ£Ϊ)), such that JBQ2 is a stable vector bundle (Theorem 1.6). Let

M=e>jH
ί(EQ2(j)) and N <^ M be the image of ΦJH^EU)) under t h e

restr ict ion map. For ^ < 0, t h e r e is t h e following exact sequence,

0 > H\E(£ - 1)) • H\E(£)) • NΛ > 0 .

So dimiV, = h\E(S)) - h\E(ί - 1)). We are looking for the set of integers

{ki} satisfying (a) and (b). Condition (a) can be expressed as h\E(£)) =

Σ**-*-i(** + * + 2). So dimiV; = Σ*i*-i-i1 = #{*i > - ^ - 1} Since

V,.! > 0 for i < - 1

(respectively, ^ < 0) by Lemma 2.1, it is possible to find those integers

ki satisfying condition (a). Furthermore those kt > 0 (respectively > — 1)

are determined by (a). For (b), let R be the kernel of

Θ H\E(j)) -^> 0 H\E(j + 1)) .
3 3

For t > — 2, there is the following exact sequence

0 > Rί+ί > H2(E(£)) > H\E(S + 1)) > 0 .

So dimi^ + 1 = h\E(£)) - h\E(£ + 1)). Furthermore R is a quotient module

of ®eH
1(Q2,EQ2(£)). Now condition (b) can be expressed as h\E(ί)) =

Σfeί<_,_3 - (*4 - ί - 2) for 4 > - 2 . dimi?,+1 = h*(E(£)) - h\E(£ + 1)) =

2]fcί<_^_31 = %{kt < —i - 3}. Since d i m ^ + 1 - dimi?^+2 > 0 by the dual

formulation of Lemma 2.1 (a), we can find integers {kt} satisfying (b).

Those integers kt < — 1 are uniquely determined by (b). If cx(E) = — 1,

then we have two determination of #{&*} = — 1, we have to check that

they agree, (i.e., dimiV0 — dimiV.j = dimi?_! — dimi?0). But this is clear,

because dimiV0 + dimi?0 = dimiV.j + dimi?-! = h\EQ£-l)) = h\EQ2). Now

dimiV.j + dimi?_! = %{kt} = hι{EQ^{—1)) = c2 (respectively, c2 — 1). So

there are c2 (respectively, c2 — 1) integers in total.
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(2) This follows from the fact that if Ng Φ 0 and £ < - 2 , then

dimiV*+1 - dimiV* > 0 (Lemma 2.1.1 (b) and (2)). Similarly by the dual

formulation, if diml^ + 1 Φ 0, then dimi^ — dimi^ + 1 > 0 for £ > — 1.

(3) Finally the proof for (3) and (4) are similar to the proof given

in Propositions 7.2 and 7.3 in [7]. We shall omit it here.

THEOREM 2.3. Let E be a stable rank 2 reflexive sheaf with cx(E) = 0

{respectively, cί(E) = — 1) on Q3. Let {&Jί=1>...iC2 (respectively, {&*}*=!,...,C2_i)

be its spectrum.

(a) // k > 1 (respectively, k>ΐ) occurs in the spectrum, then 1, , k

— 1 occur at least twice (respectively, 0,1, , k — 1).

(b) If k < — 2 occurs in the spectrum, then k + 1, , — 2 occur at

least twice in the spectrum.

Proof, (a) Let Q2 be a general hyperplane section of Qz defined by

an element £xe H°(&Qz(ΐ)), such that EQi is a stable vector bundle. Let

N c ®, H\EH(j)) be the image of φ , H\E(j)) under the restriction map.

If for some t (1 < t < k — 1) occurs only once in the spectrum, then

dim ΛLί..! — dim N_t_2 = 1 by the construction in Theorem 2.2. By Lemma

2.1 (3), there is an element s e HQ(ΘQ2(1, 0)) such that xNm = 0 for m <

— t — 1 for any x e H°(ΘQ2(1, 0)) where s\x. Let £2eH°(ΘQ£ΐ)), such that

£2 is independent from £x and £2 \Q2 is divisible by s. Let m0 be the smallest

integer such that Hl(E(m^)) Φ 0. Consider V = span {tu £2) and the

multiplication map a: V<g> H\E(m^) -> H^Efa + 1)). Consider the fol-

lowing diagram:

0

I
0 H\E(m0))

iVmo - ϋ » iVmo+1

Since 4 iVmo = 0, £2 maps H\E(m^) into the image of ^ . So dim Yma —

h\E(m^)< By the bilinear map lemma, ([7], Lemma 5.1) there is an element

£ί e V, such that
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is not injective. Let Q2 be another general hyperplane section of Q3,

such that EQi is stable and f2 \ Q2 defined a nonsingular conic. By the same

argument, there is an element s' e H°(ΘQ,(1, 0)) such that if x e H\ΘQί(l))

is divisible by s, then x-N'm = 0 for m < — t — 1, where N' is the image

of φjHXEU)) in ΦjHXE^j)). Consider the following diagram:

0

0 • Ker f2 • H\E(m0)) —ί> H\E(m0 + 1))

Ui U2

x γ m o ^ x*mo + l

Since 2̂ defines a nonsingular conic, 2̂ is not divisible by s' and £'2: iV 0̂

-̂ •^mo+i is injective (Lemma 2.1 (3)). Now W2oπi is injective but π2S2 is

not injective, which is a contradiction.

COROLLARY 2.4. Let E be a stable rank 2 vector bundle on Q3

= 0 {respectively, cx{E) = -1) . Γ/iê i h\E(£)) = 0 for £ < (-c2/4) - 1

(respectively, — c2/4).

Proof. Using Theorem 2.2 and Theorem 2.3, we see it will be sufficient

to show S = {-£ - 3, -k -2, -k - 2, —fc — 1, -& - 1, , - 2 , - 2 ,

— 1, 0,1,1, , k, k, k + 1} is not spectrum of a stable rank 2 vector bundle

on Q3. Suppose for contradiction that S is the spectrum of E. Then

c2{E) = 4k + 4. Also h\E(-k - 2)) = 1 and h\E(-k - 1)) = 4. So the

map H\OQz(l)) ® H\E(-k - 2)) -> H\E(-k-ϊ)) is not injective. Let x e

H°(βQt(ϊ)) such that

H\E(-k - 2)) -^> H\E(-k - 1))

is not injective. Let Q2 be the corresponding hyperplane. Since

h\EQ%(-k - 1)) =£ 0 , /*°(£ρ2) > 1 + (2fe + 2) + (k + I)2 .

On the other hand, h\E(-l)) = (2k + 2) + (k + I)2 from the spectrum.

By considering the exact sequence H\E) -> H°(EQ2) -> H\E(— 1)), we see

Λ°CE) Φ 0 which is a contradiction.

Remark. The following example will show the bound given in

Corollary 2.4 is the best possible. Let Z be two disjoint conic in Q3.

Using Z we can construct the following extension,
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0 > ΘQz > F(ί) > Iz{2) > 0

where c,{F) = 0 and c2(F) = 2. Let Y = Yx [] Y2 where Yx is the zero set

of a general section of F(m) and Y2 is a curve of the type (2m — 1, 2m — 1)

on a nonsingular quadric. Using Y we can construct the following

extension:

0 > o > E(m) > Iγ(2m) > 0

where £ is a rank 2 bundle with cx(E) = 0 and c2(E) = 4m. Also

h\E(-m)) = h\Iγ) = 1.
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