EQUICONTINUITY ON HARMONIC SPACES

CORNELIU CONSTANTINESCU

Dedicated to Professor Kivosui Nosuiro on his 60th birthday

G. Mokobodzki proved [5] that on any harmonic space with countable basis
satisfying the axioms 1, 2, T+, Kp [2] [1] any equally bounded set of harmonic
functions is equicontinuous. P. Loeb and B. Walsh showed [4] that the same
property holds on a harmonic space without countable basis, if Brelot’s axiom
3 is fulfilled. The aim of this paper is to generalize these results to a har-
monic space X satisfying only the axioms 1, 2, Ki, [2] [1] where 2, is a
weakened form of axiom 2. As a corollary we get: if any point of X possesses
two open neighbourhoods U, V such that the set of harmonic functions on U
separates the points of UN V, then X has locally a countable basis.

Throughout this paper Bourbaki’s notations and terminology will be used.

1. Family of measures

Throughout this paragraph we shall denote by X, Y two compact spaces
and by (wx)xex a family of (nonnegative) measures on Y such that for any
equally bounded upper directed family (f.).e; of Borel functions on Y the
function on X

x —)supjf(dwx
[1=34

is continuous. We denote for any bounded Borel function f on Y by s’ the

function on X
X Sfd(l)x.

It is a continuous function. We denote further for any measure 2 on X by g
the measure on Y

fo\rae (resern.
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For any bounded Borel function f on Y and any measure x on X we have
{rdu={ rau.

LemMa 1. There exists a countable set AC X such that for any nonnegative

bounded Borvel function f on Y f' vanishes on X if it vanishes on A.

Let us denote by M the set of finite subsets of X and for any MM by
Z u the set of Borel functions f on Y, 0< f <1, such that f' vanishes on M.
For any f, g€ %, and any x€ M we have

‘ sup(f, gVdwx < ffa'wx + Sgdwx =0.

Hence sup (f, g) € %y and &y is upper directed. It follows that the least
upper bound #, of the family (/’)sew, is continuous. Since it vanishes on A/

we deduce

inf uy(x) =0

neEgR
for any x X. Hence there exists, by Dini’s theorem, an increasing sequence
(M») in M such that

lim s, (%) =0

n->»x

for any x€ X. We set
A= U M.
n=1
Let f be a Borel function on Y, 0< f <1, such that f' vanishes on 4. f
belongs to % » for any M. Hence for any x€ X and any MM
f1(x) < uylx).
It follows that f' vanishes on X.

CoroLLarY 1. There exists an atomic measuve p on X such that for any

measure v on X v’ is absolutely continuous with respect to u'.
Let # be an atomic measure on X such that
u({x})>0

for any x= A. Let v be an arbitrary measure on X and let f be a nonnegative
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bounded Borel function on Y such that
f fdp! = 0.
Then f' vanishes on A and therefore on X and we get

{ rav = {ran=o.

TuroreMm 1. Let € be the Banach space of real continuous functions on X
with the norm of uniform convergence, let % be the set of Borel functions f on
Y such that | f|1 <1 and let &' be the set {f'\fe L. ' is compact with re-
spect to the weak topology of € and any sequence in %' contains a convergent
subsequence (also with respect to the weak topology of ©).

Let 4 be a measure on X such that for any measure » on X »' is absolutely
continuous with respect to u'. Let for any measure » on X g, be a function
of (') such that »'=g,*z'. The map ¢ of .&=(x') into € defined by

PN = [foude  (f& L)

is continuous with respect to the weak topology of ¥ and the topology
o( L (), L)) of ZL*(u') (ie. the least fine topology on .Z (') for
which all linear forms g - Sghd,u' (he L'(¢")) are continuous). Since L=(u')
is the dual of (') it follows that % is quasi-compact with respect to the
topology o(L"(u'), L (&) of L (u') (we used here an idea of Mokobodzki
[4]1). Hence #'=¢(%) is compact with respect to the weak topology of ¥.
The last assertion follows from Smulian Dieudonné-Schwartz theorem ([3] page
314) (we followed in this point P. Loeb and B. Walsh [4]).

TueoreM 2. Let X, Y, Z be compact spaces and (wx)zex (resp. (py)yey) be a
Sfamily of measures on 'Y (resp. on Z) such that for any equally bounded upper divected
famz’ly (fe)e=1 of Borel functions on Y (resp. on Z) the function on X (resp.on Y)

x->sup Sﬁdw, (resp. y »sup Sﬁdpy)
(E1 [{=1] )

is continuous. Let & be the set of Borel functions g on Z such that (gl <1. The
set of functions on X

{x> S (Sgdpy)dwx(y) lge ¥}

is compact with respect to the topology of uniform convergence on X.

https://doi.org/10.1017/50027763000024089 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000024089

4 CORNELIU CONSTANTINESCU

Let (gx) be a sequence of functions of &. By the preceding theorem there

exists a subsequence (g,,) and a function g€ & such that
lim § gndoy = Sgdoy

for any ye Y. Let us denote for any natural number m by fi.m (resp. fom)
the function on Y

y- igf" ‘ nidpy (resp. y—» skgp‘S ndpy).

The sequence (fy,,;) (resp. fom) is nondecreasing (resp. nonincreasing) and

converges to the function

y— fgdpy-

Hence (fi,m)m (resp. f1.m)m is a nondecreasing (resp. nonincreasing) sequence

of continuous functions on X converging to the continuous function

X ~g(jgdpy)dwa‘(y).
By Dini’s theorem the convergence is uniform on X. Hence the sequence
(x- j(fgn,,dpy)dwx(y) e
converges uniformly on X to the function

x»j(Sgdpy)dwx(y).

2. Harmonic spaces

Let X be a locally compact space and . be a sheaf of real vector spaces
of real continuous functions on X. More exactly this means that for any open
set U of X Z(U) is a set of real continuous functions on U, called harmonic
functions (on U) such that: a) if #,ve .2 (U) and if «, B are real numbers
then au+ Bve & (U); b) if V is an open nonempty subset of the open set U,
then the restriction to V of any harmonic function on U is a harmonic function
on V; ¢) if (U is a family of open nonempty sets of X and if « is a real
function on gzU‘ such that its restriction to any U, is a harmonic function on

U. then « is a harmonic function on U U.. Let V be an open relatively compact
ter
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set of X. A family (wx):er of measures on the boundary aV of V is called a

family of harmonic measures on V if:

@) for any bounded Borel function f on 9V the function on V
x—-»j fdwy

is harmonic;
b) if u is a harmonic function on U, UDV, then for any x€ V

u(x) = Sudw,.

An open relatively compact set V of X for which there exists a family of
harmonic measures on V will be called pseudoregular.

We suppose the following axioms.
AxioM 2,. The set of pseudoregular sets is a basis of X.

Axiom Ki. For any open set U of X the least upper bound of any equally
bounded upper divected family of harmonic functions on U is harmonic on U.

Lemma 2. Let V be an open relatively compact set of X and let (wi)zer be a
Sfamily of harmonic measures on V. If (f)ee: is an equally bounded upper directed

family of Borel functions on oV then the function on V
x->sup | fedws
11=74

is continuous.
The lemma follows immediately from axiom K.

TueoreM 3. The set # of harmonic functions u on X such that |ul<1 is

compact with respect to the imz:form convergence on compact sets of X.

Let U, V be pseudoregular sets, UC V, and K be a compact subset of U.
Let (wx)x=v (resp. (py)yer) be a family of harmonicimeasures on U (resp. V).
For any y€9U, any x= K and any v #Z we have

uly) = Sudpy, u(x) = S(j'udpy)dwx(y).

Let U be an ultrafilter on #. By lemma 2 and theorem 2 there exists a

bounded Borel function f on 2V such that # converges along 11 uniformly on
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K to the function

x> S(jfdpy)d(l)x (.

This function being harmonic on U it follows that the function

x - lim u#(x)
u, 1
belongs to #Z. Further it follows from axiom 2, that 1l converges to it uni-

formly on any compact set of X.
CoroOLLARY 2. Amny equally bounded set of harmonic functions on X is equi-

continuous.
This is a consequence of Ascoli’s theorem.

CoroLLARY 3. If any point of X possesses two open neighbourhoods U, V such
that the set of harmonic functions on U separates the points of UNYV then X has

locally a countable basis.

Let # be the set of harmonic functions # on U such that [z|<1. We
may suppose that # separates the points of UN V. Let K be a compact subset
of UNV. For any x, y= K we set

d(x,y) = suplu(x) —u(y) .
‘ us%

Since # separates the points of K d is a distance on K. Since # is equiconti-
nuous the tepology of K is finer then the topology associated to d. It follows
that these topologies coincide and K possesses a countable basis.
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