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Let K be a commutative ring with identity element and let Ai, i = 1, 2 be

two if-protective associative algebras with identity element such that the map

k-*k \ of K into Ai is a monomorphism of K onto a ϋf-direct gummand of Λ

1 = 1,2. Let A = Ai®A2 and A be a two sided (Λi, Λ2)-bimodule. Let
β a

(Σ):0—>Λ—>Γ—>A—^0 be an extension over A with kernel A (abelian).

This gives rise to a pair (2Ί), (Σ2) of extensions (2V) Q-*A-*a'~1(Aϊ)-*Ai-j>Q

over Ai with kernel A,i=l,2. The object of this paper is to give a characteriza-

tion of pairs of extensions over Λi and Λ2 respectively, with kernel A which

arise in this way from an extension over Ax® Λ2 with kernel A. This leads to

the notion of coherent pairs of extensions (Def. 3.8). The corresponding

problem for groups has been treated by F. Haimo and S. Maclane [23. We

define bicohomology groups Hn(Alf A% A) of the pair (Au At) and show

(Prop. 3.14) that the set *€KAu Λ% \ A) of all coherent pairs of equivalence

classes of extensions forms a ΐC-module which is a homomorphic image of

H2(Aι, A? A). The kernel of this homomorphism is also determined (Prop.

3.16). The analogous problem for Lie algebras has also been treated by us

and will appear elsewhere. We have followed the notation and terminology,

as in [13 and [23. All tensor products are over K.

1. Bicohomology of a pair of associative algebras

Let K be a commutative ring with identity element 1 and A\ and Λ2 be two

ϋί-projective associative algebras with identity element. Further, let the map

k~*k l of K into Ai be monomorphism of if onto a if-direct summand of Λ;,

i'= 1, 2. Let A be a two sided (Au Λ2)-bimodule i.e. A is a two sided Λ,-module,

ί = l , 2 the operators from A\ commuting with those from Λ2. Let S(A*) =

*Σw*:oSn(Ai) be the standard complex [13 of the associative algebra Ai where
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2 N. RAMABHADRAN

Sn(Ai) = A°®Sn(Ai), SQ(Λi)=K

and Sn(Ai) is the tensor product (over K) of the if-module Λ/ taken z-times,

n>0t A] being the enveloping algebra Λj®A? of Λ, , / = 1, 2. It is known Q]

(Since Λ, is iί-protective) that S(Λ, ) is a Λf-protective resolution of A%. Let

JzfΛ(Λ , i4) = HomJε(S»(Λ ), A), n>0 and Jgf*1"^, 42 4 ) = Hom*(3«(Λi)®

3™(/ί2), A), rc>0, m:^0. Then the if-module

is a cochain complex [13 the coboundary operator δi being given by

(l) α/)uί'\ . . . , tft,) = Jί'Vίtfλ - . . , Ό
H- -2-ιθ<ί<«+iV 1)/vAi , . . . , Af X/+i, . . . , X»+i I

f o r / e J2fn(yί, f A) and >ίΓ\ . . . , λ^U e Λ . The i£-modules Jfn(Λi, A) and

^ w ' m (Λi, A2 A) can be considered as two sided (Λi, Λ^-bimodules through

il and, as usual, we can identify Jfn m(Λu A% A) with J2fn(Au J^m{As, A))

and ^fm(A2tJzfn(Λu A)). Let

Jz*n(Aίt A, i 4 ) = - Σ ^ f « - ^ n " r (A 2̂ A), n>0.

We define a map 5 from Jz^^yJ,, Λ2 I A) into Jzf^+1(Λ. Λ2 A) (which is

a iΓ-homomorphism) as follows. L e t / e ^ n ( y ί j , Λ2 I A), f=*fn.%+ - +/0,«

/r,«-r e J^f7' n~r( Λu A2 A). Let δf= /' = / i + 1 . 0 + - *- + /0

/,M+1 where

(2) /r, n+i-r = 5i/r-l,n-r+l-f ( ~" lYδzfr.n-r

Since δi and 52 commute and 3* = 0, ί = l , 2 it follows that 52 = 0. Thus the

graded if-module Jzf(yfi, Λ% \ A) =*Σn**^n(Au A2 A) is a cochain complex

with a as coboundary operator. Elements of ^n(Λu A2\ A) are called n

bicochains of the pair {Au A2) with values in A, those of Zn(Au A2 A) =

Kernel δ, δ : ^ n - > ^ " f I are called w-bicocycles and those of ^w(yi2, yί2 A)

= image of 5, 5 : Jέn~x-*,&*, n>\ are called w-bicoboundaries. Further we

define B°(At, Λ2 A) to be 0. Since J2 = 0 we have the bicohomology module

Hn(Λu A2 A) =ZniΛi, A2 A)/Bn(Λly A2 A), n>0. Let A = Λi®At. Then

S{A) is ^-projective resolution of A. Since Λ is iΓ-projective, ι = l, 2, it

follows [1] that, the Λϊ®/if( = Λe) -module
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where

considered as tensor product of the complexes Si At) and S(Λ2), is a Λ*-projective

resolution of A. Thus Hn(A, A), the nth cohomology module of the i£-algebra

Ay can also be considered as the nth derived groups of the complex Sn^oHonu*

(Sn(Au A2), A). Comparing the coboundary operators in this complex and in

u Ai A) we have

PROPOSITION 1.1. Hn(Ai, Λ2 ', A) is isomorphic to Hn(Λ, A) as K-modules,

Let J ί U ) , i = U and N(A) denote the normalized standard complexes [1] of

the iΓ-algebras At and A respectively. N{Ad = Σ*BOΛΓ»(Λ, ), NnUi) = Λ?®iV"»(Λ;)

where No(Λi) = K and Nn(Λi) is the tensor product (over K) of the K-

module Λj = cokernel (K->Ai), taken ^-times, n>0 (Because of our assumption

on Ai and K, this cokernel is a /Γ-direct summand of Λ,). It follows that N(Ai)

(resp. N(A)) is a Λf-(resp. Ae ) projective resolution of Ai (resp. A). Let

NnUi, A) =Homκ(fiΪΛΛi), A), Thus Nn(Aiy A) can be identified with the

submodule of J^fn\Aif A) consisting of those elements / which take the value

0 if any one of the variables λi is 1. Such cochains are called normalized

cochains. Then ΛΓ(Λ;, A) =Σ*ί=oiVrW(Λ/, A) is a cochain complex with the

coboundary operator, denoted again by δi, given by the formula (1). Similarly

N(Λ, A) = Σ«s.oiVw(Λ, A) is a cochain complex (normalized). Thus Hn(Λi, A),

i=l,2 (resp. Hn{A, A)) can also be considered as the nth derived groups

of N(Λi, A) (resp. N(Λ, A)). Let ξ be the map from N(A) into N(Λi)®N(Λ*)

[1] defined by

(3)

for w>0, and

Λo » - » A* » Uo t= / I j , ϊ — 1, ώ.

Then it is known [1] that ξ is a 'map' over the identity of A. ξ gives rise to

a iΓ-homomorphism ξ* from HomΛl«<giΛ2

e(Σo^ΓΛΛΓr(Λi)<g)Nn-r(A2)y A) into

Λ(/l), 4̂) for ^>0. In particular for « = 2we have the following formula
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(4)

= α,1αί1), 'λD-λP-λP + λpήti", iί'O tf' + iί'Mί'W i!", ;ίf ϊ).

Where ωieHomΛl«<g>Λ2

e(Λf2(Λi)(g>Λ?, A) = Hom*(JV2(Λi), A)

and

ω2GΈLomAx*®ΛAΛΪ®NAΛ2)y A) =*Έίomκ(fϊz(Λt)9 A).

If ω = f*(ωi +r-f ω2) then ω is a 2-cochain (normalized) of /i with values in A

and ω is a 2-cocycle if and only if (i > <w is a 2-cocycle and (ii) δiωj = ( — ^

;, / = l, 2 (The formula (4) will be used later in Prop. 3.10).

2. Stability Lie algebra

Let Γ be an associative K-algebra (with identity) and M a two-sided ideal

of Γ and ΓjM the quotient algebra.

DEFINITION 2.1. The stability Lie algebra of the chain Γ^M^O denoted by

S(Γ^>M^>0) is the set of all derivations of Γ which are trivial on M and which

induce the trivial derivation on Γ/M. 5 ( Γ D M ^ 0 ) is an abelian subalgebra of

the Lie algebra Φ(Γ) of all derivations of Γ. Let Λ be a ϋC-projective associative
β

algebra (with identity) and A a two sided Λ-module. Let (Σ) : 0—>A—>Γ

—>Λ—>0 be an extension over Λ with kernel A (abelian).

LEMMA 2.2. There exists a K-isomorphism of SiΓ^>β{A)^0) onto Zι{Λ, A)

(the K-module of l-cocycles of A with values in A).

Proof, Let θ : S{Γ^>β(A)^0)-+Z\Λ, A) be the mapping defined by the

relation β{θis){λ)) =s(r)> r ^ Λ s e S , and λ = α ( r ) e Λ . Then M s a ϋί-iso-

morphism.

3. Coherent pairs of extensions of associative algebras

Let Λ\ and Λ2 be two if-projective associative algebras with identity such

that the map k-+k l is a monomorphism of K onto a TΓ-direct summand of Λ/,

ι = l, 2 and A be a two sided (Λi, Λ2)-bimodule.

Let (2i), (2i)

/9i en

( 5 ) (2Ί) : 0— *A—>Γi—>Λι—>0
βl <X2

(2k) : 0—>A—>Γ2—M,—>0
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be a pair of extensions over Λι and Λ2 respectively with kernel A (abelian).

Let L{λi) (resp. R(λd)> λi e Λi denote the operator on A corresponding to λi

with respect to the left ^/-module (resp. right ^/-module) structure of A. i.e.

L(λi) a-λi a : R(λi) a- a λi, a^Ay λi^Λi.

DEFINITION 3.1. A complementary extending derivation for an element λi e Λi,

ί = l , 2 is an extension dU,) of the operator L{λi) -R(λi) as a derivation of

Γj, i*j such that CίU, ) induces the trivial derivation on Λj.

DEFINITION 3.2. A pair (Σi), {Σ2) of extensions over Λi and Λ2 respectively

with kernel A is called a complementary pair of extensions if, for i= 1, 2 there

exists a if-homomorphism C, : Λί->®(/>), *>y, as if-modules, such that C, U, )

is a complementary extending derivation for λi and C/(l) =0.

Since Λ, is if-projective, the exact sequence (Σi), /= 1, 2 splits as a sequence

of iΓ-modules. Further, as KΛ is a indirect summand of Λ, , we can assume

that yl, = UL lθyl/ and the splitting U\ : Λi-*Γi can be chosen such that uXl)

= 1. Let α?/ be the 2-cocycle of Λi with values in A associated to the extension

(Σi) by means of the splitting », . i.e.

αj, is then a normalized 2-cocycle and the elements n of Γ, can be expressed

uniquely in the form n = j9, (fl, ) 4- Ui(λi), λi = ai(n) for some β, e A

PROPOSITION 3.3. (2Ί), (ϋ) ί*5 ^ complementary pair if and only if there

exists a pair of functions rif r2 such that n &ΐlomκ(lVi(Λi) ® NiiΛz), A) satisfying

the following conditions:

(6) βjirAλu λ%)) = (Ci(λi))(uj(λj))

(7) djn = diωj, i*j, f = l, 2.

/1 Let (2Ί), (ϋ) be a complementary pair. Then there exists a K-

homomorphism C, : Λi-**̂  Γy), /^y (as iί-modules) such that C, Uί) is a com-

plementary extending derivation for A/, f = l,2 and C, ( l ) = 0 . As C (λ ) induces

the trivial derivation on Λy, i^y (Cf (λ, ) )(γj) & βAA) for ryeΓy. In particular

for Ayeyiy, (C/(Ai))(^(;y))e^(A). (uj is a splitting of (2>)). Let us denote

by βjirΛλi, λ2)) the element (C/(λ ))(Uj(λj\), Thus we have function n, i= 1, 2,

r/:AxA-»4 such that βAn(λlt λ2)) = (Ci(λi))(uj(λj)), i*j. Since C, :Λ, ->©(//)

is a ϋί-homomorphism and C,(l) = 0 it follows that
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iVi(Λ)> A). As ζ{(λi) is a derivation of Γj it can be seen that the 2-cocycles

ωi (normalized) corresponding to the extension (Σi) satisfy the relation (7).

Conversely, we define C, : Λ/-*®(Γy), i*j as follows:

e Γ, , ry = &(«/) + K U Λ λj = αy(ry)

= &•( IZ,U, ) - R(λi))(aj) + n(λu

The relation (7) shows that C/Q,) is a complementary extending derivation and,

as r, eHomjc(M(/ίι>®iVi(A), A), C, is a homomorphism of if-modules.

LEMMA 3.4. Z,^ (2Ί), (2i) &£ a complementary pair and Ui, u\ be two split-

tings of {Σi) as K-modules such that «/(l) = «/(l) = 1 and r, , rj ίβ £λ# associated

functions. Then there exists a&Homκ(Ni(Ai), A) such that r'i = ri

LEMMA 3.5. Let (2Ί), (2i) be a complementary pair. Any two complementary

extending derivations CjQ,), Cj (^ ) /or h^Λi differ by an element s(λi) G 5 ( Γ ; O

jSyίil) 3 0) /^?i αwrf conversely.

The proofs of these two lemmas are straight forward verifications.

DEFINITION 3.6. A partial cocycle z is an element zeHomκ-(7Vi(Λ^® NiίΛz),

A) such that z belongs to HomANι(Λj), Zι(Λi, A)) for i = l or 2, i*j (In this

case, we denote z by ^ ) .

PROPOSITION 3.7. Let (2Ί), (i^) te a complementary pair. Then for (i)

different splittings u\ of (Σt) such that «J (1) = 1 (ii) complementary extending

derivations of Γj for elements of Λi, i*?j for different homomorphisms Cj Ai->

®(Γy) «s K-modules, the sum n + r2 (o/ //?̂  associated functions n as in Prop. 3.3)

gets changed into n + r2 + Zi + z2 where Zi, ί = 1, 2 «r^ partial cocycles, z , e H o m x

WiίyJy), ZHΛ , i4)).

The proof is a straightforward verification.

DEFINITION 3.8. A complementary pair (2Ί), (Σi) of extensions over A\ and

^ 2 respectively with kernel A is called a coherent pair if, for some splittings «,

of (Σi) such that «»(1) = 1 and some Tf-homomorphism C, : Ai->^{Γj) i^j (as

iΓ-modules) such that C, (l) = 0 and C, (A, ) is a complementary extending deriva-

tion of Γy for λi, the sum n + n of the associated functions n (as in Prop. 3,3)
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is equal to the sum zι + z2 for some partial cocycles

ZiGϊlomAftiiΛj), Z\Au A)), i#;, ι = l, 2.

From Prop. 3.7, we see that this property of being coherent depends only

on the extensions (2Ί), (2*2>. We give a criterion for coherence in the following.

PROPOSITION 3.9. A complementary pair (2Ί), (Σ2) is a coherent pair, if and

only if for some choice of splittings uι of (Σi) with uA 1) = 1 and K-homomorphism

C, : Λ/->©(Γ>), i*j (as K-modules) for i = 1, 2 SKC* /A<tf C, U) = 0 and C, (λf ) is

complementary extending derivation for λif the sum p\ 4- p2 of the associated func-

tions pi (as given by Prop, 3.3) is 0.

Proof Let (2\), (2i) be a coherent pair. Then for some splitting uι of

(Σi) such that «, (1) = 1 and homomorphism C, * Λ, ->©(//), i^y, i = l , 2 the

sum n-f r2 of the associated functions n is equal to the sum zi + z2, Zi being

partial cocycle belonging to Homκ(βίΊ(Λj)t Zι(Λi, A)), i = 1, 2 i.e. n 4- r2 =

With the same splittings m but with the homomorphism C/ /i/

C{ = Ci + ^ 7 l ( - « y ) (0/ is the ϋΓ-isomorphism of S(Γy 3j9[/(i4) DO) onto Z^yly, A)

of Lemma 2.2), we see that the sum pi-f p> of the associated functions p, is

equal to n -f r2 — zx — 22 = 0. Conversely if pi + p2 = 0 with zx = z2 = 0 we see that

the pair (2Ί), (^2) is coherent.

An example of a coherent pair

Let A = Aι®Ao_ (with the same assumptions on Ai and K> as earlier). Then

A is a two sided A -module. Let (Σ) : 0—>A—>Γ—>A—>0 bs an extension

over A with kernel A (abelian). Further let Π = a~ι(Λi), i= 1, 2 (A is identified

as a sub-algebra of Λ). Then we have a pair (2Ί), (<£>) of extensions,

(2i ) : 0—>A—'-+Γi—>Ai—>0, oci = a \ Π and ft = β. Let «/ : A§ ->// be a splitting

of (2i) as iΓ-modules such that «, (1) = 1. We shall define a complementary

extending derivation C/U,) for λ, ί = l , 2 as follows:

(8) (CiUi))(rj) = luiiλi), rsl = Ui(λi) rj-rruAλi)

i±?j> ί = 1, 2 : r> s /"> and Λ/e yί, .

Then Ct(λ, ) is a derivation of />, / # / , C,(l) = 0 and induces trivial derivation

on yί> and C, : Λ-*S)(Γy) is a /Γ-homomorphism. Thus (2Ί), (2*2) is a comple-

mentary pair. βj(ri(λu λ2)) = (C, (λ, ))(«/U>)) = C«/(λ ), ^(Ay)], *>,/. Hence

n + ^ 2 = 0 i.e. (2Ί), (Σ2) is a coherent pair,
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PROPOSITION 3.10. Let (2Ί), (Σ2)

βi cc\

, . . (Σι) : 0—>i l—>Λ—>^χ—>0
W , fa (X2

(2i) : 0—M—»Λ—M,—>0
be a coherent pair of extensions (with the same assumptions on Λi and if, as earlier).

Then (i) there exists an extension (Σ)

β a

(10) (Σ) : 0—>A—>Γ—>AX®A2—K)

over A\® Λi with kernel A

(ii) there exists operator K-isomorphisms ψi : α"1^,-) -»77, i = 1, 2 (M ZYA m£ec*

ίo operators from Λj, i* j and

(iii) «,-?>,• = α|α'1(Λi), ί » l , 2.
p.

Pwo/. Let (Σi) : 0—>A—>Γi—^>Λi—»0 be a coherent pair. Let us choose

(i) splitting uι : yl, -»Γ/ such that «;(l) = 1 with ω, as associated 2-cocycles

(normalized) and (2) ϋC-homomorphism C, : Λ ->©(/>>, ί^; so that the sum

rl + r2 = 0 (of the associated functionsn (Prop. 3.9)). Let r=*ri= - r 2 . Then

the 2-bicochain α?i + r + 2̂ is a 2-bicocycle and let ω = f*(ωi + r + a*) iξ* given

by (4)). Then ω is a 2-cocycle (normalized) of Λι®Λi with values in A. Let

Γ= AΘiAi^Ai) (direct sum as if-modules). We shall, as usual, denote by

the pairs (a, Σiλu®λ2i) the elements of Γ, α e A , λn^Au λn^Az. Let

0 : i4-*Γ, α: : Γ-^φΛg be defined by 0(β) = (a, 0) and α(ίΛ, *Σ>λu®λti)) =

Σ^iί ® ̂ 21. We define a multiplication in Γ, as usual, by means of the 2-cocycle ω.

(11) ίβi

^11, ^22)^12 + λiχ λ 12^2(^21* ^22), λn'λiz®^21*^22)

(from (4)). Then Γ is an associative ϋΓ-algebra and (Σ) : 0—>A—>Γ-^Ai ®

A*—>0 is an extension over Aι®Λ2 with kernel A. As in the example given

above, this gives rise to a coherent pair (21!), {Σ'2) of extensions over Λ and

Λ2 respectively with kernel A where

(12) (2J) : 0 —

where αj = α I α""^A ) and β\ = j9. Let us define the mapping ψ{ : a'1 (Ad -*Γi as

follows.
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Case i=l : ψ((ay J i ® D ) = & ( Λ ) + κ1Ui)

Case * = 2 : φ2((a, I®As)) = βz(a) + u2(λ2).

Then φ, , * = 1, 2 is an isomorphism of iΓ-algebras. We shall verify here only

that the multiplication is preserved and this is operator isomorphism.

Case i = 1, j - 2:

ψι((a, λn®l) (θ2, λj2

ωi(λu, λn)) +

2, λl2®D)

Let λ2 e A*

), 0)

i.e. ^i : cr^^yίO-^Γi is operator isomorphism with operators from Λ2. Similarly

for / = 2 we show ψz is operator isomorphism of a~ι(Λz) onto Γ2. Further

(<xi ψι)((a, /i®D) = λi = α:((α, ^i®D) i.e. αi ^i = αlαΓH/ίi). Similarly 0:2*̂ 2

= αlα~1(^2). We summarize together the Prop. 3.10 and the example given

earlier in

jS «
THEOREM 3.11. Let (Σ): 0—>A—>Γ—>Λ—>0 be an extension over A = Λx ® Λ2

lυith kernel A, Ai being K-projective associative algebra with identity such that

the map k-*k l is a monomorphism of K onto a K-direct summand of Ai, i = 1, 2

and A a two sided (Au A2)-bimodule. Then (Σ}) : 0->^4->α:~1(Λ ) -*Λ/-»0 ί = l, 2

15 a coherent pair of extensions over Ai with kernel A, the complementary extending

derivations on a"1(Λj) for λi&Ai, i*ej being given by inner derivation of coset

representatives Ui(λi) of elements of Ai in a^iAd, Ui : Ai-+ oΓ^(Ai) being a splitting

of {Σ'i) as K-modules with Ui(l) = 1 . Conversely if (Σi) : 0—>A—>Γi—^>Λt—->0

(t = l, 2) is a coherent pair of extensions over Ai with kernel A then (1) there
β a

exists an extension (Σ) : 0—>A—>Γ—>Aι®A2—>0 over Aι®A2 with kernel A

(2) there exists a pair of operator isomorphisms ψi from a~1(Ai) onto Γ,, ι = l, 2 (as

K-algebras) and (3) ocr<Pi = a\oTl(Ai), / = 1 , 2.

Let *€(Au Λ2 A) denote the set of all coherent pairs of equivalence classes
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of extensions over Λι and A2 with kernel A (with the same assumptions on Λ, ,

A and K, as earlier). A coherent pair (2Ί), {Σ2) of extensions determines at

least one quadruple {ωu ru rif ω2) where α>,eZ2(Λ/, A) (normalized 2-cocycle)

and r, eHomκ(JVΊMi)®JVι(A), A) such that (1) δiωj^δjπ, i*j, i = l , 2 and

(2) rι + r2 = 2i-ί-Z2 where 2/ is a partial cocycle, 2; eHonu-fiVΛΛ/)* Z1(Ait A)),

i*cj we shall call such a quadruple a standard quadruple. Conversely, any

standard quadruple {ωu ru ri9 ω2) determines a coherent pair of extensions.

DEFINITION 3.12. Two standard quadruples {ωίf ru n, ω2} {ω[, r[, r'u ωί)

are called equivalent if (1) there exists a 1-cochain d (normalized) such that

ω\ -ωi-diCi for ί = l , 2 and (2) there exists partial cocycle z% such that

r'i ~ n = δicj + zj. A standard quadruple of the form {did, δic2 + z2, dtcι -f z^, δ2c2 >

is called a trivial quadruple.

Let c5ΛΛi, Λ2 * A) denote the set of all equivalence classes of standard

quadruples. Then ά/iΛx, Λ2 A) is a if-module under componentwise addition

and scalar multiplication of representatives. It is also clear that there exists

a bijection of y ( Λ , Λ2 \ A) onto ^ ( Λ , A A). Hereafter we shall identify

"€ with c5Λ <̂  is not empty because the pair (2Ί), (Σ2) where (21-) is the

inessential extension over Λ, with kernel A, is a coherent pair. Let us now

define the following maps

Ωi : H\AU A2 A)-+H2(Aiy A), ί = 1, 2

i? : #2(Λi, A i4)^H*(A, A)®H2(A2, A)

IT : H\AX, A2 A)-+<y(Λl9 A2 A)

Δ : έ/Uu A* A)-»H\AU A)ΘH2(A2t A).

Let ωi + r+α)2 be a representative 2-bicocycle of an element of

H\AUA2;A)

= the cohomology class of ω, in H2(Aίf A)

= Ωi(ωι + r+ ω2) + Ω2( ωi + r + ω2^.

Π(ωi + r-f ω2) = equivalence class of the s tandard quadruple {ωi, r>- r, ω2}

A({ωu r\> n, ω2}) = (class of ωu class of ω2).

These are well defined iΓ-homomorphisms. Let ,̂- be the kernel of Ωi and 8

the kernel of Ω. Then 8 = id Π ft.
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PROPOSITION 3.13. $ consists of the classes of elements of the form (0, rt 0)

where reHom*(JVi(A)®JVi(A), A) such that <5,r=0, / = 1, 2.

The proof is straightforward verification.

PROPOSITION 3.14. 77 is an epimorphism.

Proof- Let {ωu ri9 r2, ω2) be a representative of an element in j Λ As this

standard quadruple corresponds to a coherent pair of extensions, we can assume

that n = r = — n. Then ωx + rΛ- ω2 is a 2-bicocycle and the image under 77 of

the bicohomology class of α>i + r-4-α)2 is the element in έ/ which we started

with.

PROPOSITION 3.15. Δ is a monomorphism.

Proof Enough to verify that kernel Δ is 0. Let {ωu ?u ft, ω2) be a re-

presentative of an element in Ker Δ. Then

Δ({ωlt n , r2,

i.e. there exists a 1-cochain Cj eHomχ(jVi(A ), A) such that ωi = δia, z = l, 2.

Hence the equivalence class of {ωif n , r2, o>2} corresponds to the coherent pair

of inessential extensions and this is the zero of άf i.e. Ker Δ = 0.

PROPOSITION 3.16. The kernel of 77 /s ® (the kernel of Ω).

Proof Let α>i + r + ω2 be a representative of an element in Ker 77. Then

77(α>i + r4- ω2) = class of {ωj, r, - r, o>2} = 0 in ciΛ {ωi, r, — r, ω2} is equivalent

to a quadruple {tfiCi, 5iC2 + z 2, ^ + 2:1, 52c2} for a (normalized) 1-chain a, i = 1, 2

and partial cocycle z/, ί = 1 , 2 . Thus ωi = δiCi and r = n = — r2 = 5iC2 + 22 =

— &A ~" zi. Hence (<*>i + r+ ω2) is bicohomologous to (0, r\ 0) where r ' = δ2cι + 22

5ir' = δ2r' = 0 i.e. Ker 77c ̂ . Let ωι + r.+ ω2 be a representative of an element

in ®. Then α>i + r + ω * is bicohomologous to a bicocycle of the form (0, r\ 0)

where fcr' = 0, ί = 1, 2. Then 77(on + r + ω2) = 77(class of (0, r\ 0)) = class of

{0, r\ - r ' , 0} = 0 e y i.e. ^ c K e r 77. Hence Ker 77=^.

We summarize these together in the following:

THEOREM 3.17. Let A\ and A% be two associative K-algebras (with all assump-

tions as earlier) and let A be a two sided (Λi, Λ2)-bimodule. Then we have the

following commutative diagram in which rows and columns are exact:
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Π ^
0—>ff—>H2(Alt At A)—>άfiΛι, Λ2 A)—>0

a

0—±®—>H2(Λu A2 A)—>H*Ui, A)®H2(A2, A).
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