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ON A DECOMPOSITION OF SPACES OF CUSP FORMS

AND TRACE FORMULA OF HECKE OPERATORS

HIROSHI SAITO

Introduction

For a positive integer N, put

Γ0(N) = { £ £) 6 SL2(Z)\c = 0 (modN)} .

For a positive integer K and a Dirichlet character ψ modulo N, let S£N9 ψ)
denote the space of holomorphic cusp forms for Γ0(N) of weight K and
character ψ. For a positive integer n prime to N, the Hecke operator Tn

is defined on S£N9 ψ), and in the case where Λ: > 2, an explicit formula
for the trace tr Tn of Tn is known by Eichler [6] and Hijikata [8]. But
for higher levels, in particular, when N contains a power of a prime as
a factor, this formula is not suitable for numerical computations. It is
natural to ask a decomposition of S£N9 ψ) stable under the action of Hecke
operators and a formula for tr Tn on each subspace. In fact, when ψ is
the trivial character ψl9 Yamauchi [18] gave a decomposition of S£N, ψt)
and a formula for tr Tn on each subspace by means of the normalizers of
Γ0(N). In the case where N = pv with a prime p, Sκ(pv, ψt) is divided into
two subspaces by this decomposition. When v > 2, in Saito-Yamauchi [11]
another decomposition of Sκ(p% ψx) into four subspaces and the formulas

for tr Tn on these subspaces were given by using the normalizer W=ί ~Λ

of Γ0(pv) and the twisting operator Rε for ε the quadratic residue symbol
modulo p. In this paper, we shall generalize these results. In § 1, we
define an operator Uχ on S£N, ψ) for a character χ which satisfies a certain
condition. This operator is a generalization of RεWRεW in [11]. In a
similar way as in [11], we can give a formula for tr UχTn and also for
tr UχWTn with a normalizer W of Γ0(N) when ψ is trivial (§ 2. Th. 2.5. and
Th. 2.9.). In § 3, we shall prove a multiplicative property of Ux. This
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property makes it possible to define a decomposition of St(N, ψ) into sub-

spaces. This decomposition is finer than the one given in [11] even in the

case where N = p 3 and is trivial. The trace of Tn on each subspace is

given by a linear combination of tr UχTn and tr UχWTn. In § 4, we give a

numerical example for N = II 3, K = 2 and the trivial ψ. In this example,

we find a congruence between a cusp form associated with a Grδssen-

character of Q(V—11) and a certain primitive cusp form modulo a prime

ideal p with the norm 99527. By means of a result of Shimura [16], this

prime ideal can be related to the special values of certain L-functions of

Q and Q(V—11). We can observe such a congruence also in the examples

of Doi-Yamauchi [3] for N = T and [11] for N = II 3 . These observations

were done under the influence of Doi-Ohta [4] and Doi-Hida [5]. In the

Appendix, we give more examples for N = 133, 193 under the condition that

K = 2 and ψ is trivial.

Notation

The symbols Z, Q, R, and C denote respectively the ring of rational

integers, the rational number field, the real number field, and the complex

number field. For a prime p, Zp and Qp denote the ring of p-adic integers

and the field of p-adic numbers, respectively. For a prime p, vp denotes

the additive valuation of Qp normalized as vp(p) = 1. For an associative

ring S with an identity element, we denote by Sx the group of all in-

vertible elements of S, and by Mn(S) the ring of all square matrices of

size n with coefficients in S. We put GLn(S) = Mn(S)x. For subsets StJ

of S, 1 < ί, j < n, (Sij) denotes the subsets {(sίJf) e Mn(S)\stJ e StJ}, For a

group G and its subgroup H, we denote by — the conjugacy with respect

to H, i.e., g ~ gr if and only if h~xgh = gf with h e H, and for a subset

X of G, we denote by X/ — a complete system of representatives of X with

respect to H. Finally, for a finite dimensional vector space V over C and

a linear operator T o n V, tr T\V denotes the trace of T on V.

§ 1 . The operator £7χ

Let ξ> denote the complex upper half plane [z e C|Im Cε)>0} and GL2(R)+

= {γ e GL2(R)\άet γ > 0}. Let Λ: be a positive integer. For a complex-

valued function f(z) on φ and γ = I T) e GL2(R)+, we define a function

on § by
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CUSP FORMS AND TRACE FORMULA 131

(/IM.X*) = dYi{γ{z)) ,

where γ(z) = (az + b)j{cz + d) for z e φ. For a positive integer JV and a

Dirichlet character ψ modulo N such that ψ(— 1) = (—1)% let G/iV, ψ) denote

the vector space of holomorphic modular forms f(z) satisfying

f\ hi = Ψ(d)f for all γ = (a *) e Γ0(N) .

We denote by S/iV, ψ) the subspace of GK(N9 ψ) consisting of cusp forms

and by S°K(N9 ψ) the space of new forms in Sκ(N9ψ). For the trivial character

ψ1? we put S£N) = S£N9 fa) and S°£N) = S2(iV, Λ^ .̂ For a positive integer

n prime to N, the Hecke operator Tn on Sβ(iV, ψ) is defined in the usual

way by

ad=n
b mod d

[(o Ά-
For a Dirichlet character χ, we denote by fχ the conductor of χ. Let χ

be a primitive character with fχ = c. Then for feSκ(N,ψ), the twisting

operator i?χ is defined as follows;

Σ m
where g(χ) is the Gauss sum for χ. Then it is known (c.f. [13]) that f\Rχ

belongs to SK(N', ψχ2), where N' is the least common multiple of JV, fΨfz
and fr For a positive divisor M oΐ N such that (M, NjM) = 1, we choose

and fix an element γM of SL2(Z) which satisfies

ΪM =
e -
G 3

(mod M4)

(mod (iV/M)4)

and put

M

For M = N and Λί = 1, we take respectively

?)•
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For a positive divisor M of N, we denote by M the divisor of N such

that the sets of primes which divide M and M are the same and (M, N/M)

= 1. For a positive divisor M of N, we put ηM = ηΛ, and define the ope-

rator WM by

f\WM = f\[vΛ.

Let χ be a character modulo N, and Λf a divisor of N such that (M, NjM)

= 1. Then χ can be expressed as χ = χ ^ χ ^ , where χ^ (resp. χ ^ ) is a

character modulo M (resp. N/M). For a positive divisor ΛP of N, we put

ftr = XΛ» I n ^ i s notation, it is known that f\ WM is contained in S£N,

These operators Tn, Rχ9 and WM satisfy the following properties.

LEMMA 1.1. Let χ be a primitive character, and M a positive divisor

of N such that (M, N/M) = 1. Then for fe S£N, ψ), one has

(1) If n is a positive integer prime to N\χ, then

f\TnRχ = χ(ή)f\RχTn

f\TnWM = ψM(n)f\WMTn .

(2) Suppose (M, fχ) = 1. Then

f\RχWM = χ(M)f\WMRχ .

(3) Let M' be a positive divisor of N such that (M', NjM') = 1 and

(M, M') = 1. Then

f\WMWM, = $

f\WMWM = ψM(-l)ψN/M(M)f.

These properties of Tn, Rχ, and WM axe given in Atkin-Li [1] and can

be verified easily by straightforward computations.

Now we give a definition of the operator Uχ9 which is essential to

our decomposition of Sβ(N9 ψ). Let χ be a primitive character with the

conductor fχ = M. We assume

(1.1) fχ|2V and fxft|JV.

For such a character χ, we define the operator Uχ by

Uχ = RχWMRχWM.

For the trivial character χu we define UXi — the identity map. Then Ux

induces a map
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) >St(N,ψ).

Furthermore, Ux satisfies the following properties.

PROPOSITION 1.2. The notation being as above, let f e S£N, ψ).

(1) If n is a positive integer prime to N, then

f\TnUχ=f\UxTn.

(2) Let χ' be a primitive character which satisfies the condition (1.1).

Suppose (fχ, \x,) = 1. Then

f\ UXUX, = ΨMχ(M')fM,χ'(M)f\ Uχχ, ,

where M = fχ and Mf = fχ,.

(3) If ψ is the trivial character, then for a positive divisor L of N prime

to \χ, it holds

Proof. Let M = fz, then by (1) of Lemma 1.1, we see

f\TnUx=f\TnRtWMRtWM

= ι(ή)f\RxTnWMRxWM

= f\RxWMRxWκTn .

The assertions (3) and (3) can be proved in a similar way by using Lemma

1.1, and we omit the proof.

For M = fχ, let M be as above, and put

Ux = ψM(-ΐ)ψN/M(M)χ(NIM)Ux .

Then the assertion (2) of the above proposition is equivalent to the fol-

lowing.

COROLLARY 1.3. // fχ is prime to \x,, then

PROPOSITION 1.4. The notation being as above, then the following as-

sertions hold.

(1) If f is a primitive form in S°(N, ψ), then f is an eigen-function for

UΓ In particular, Ux induces a map

Ux:SχN,ψ)—>SXN,ψ).
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(2) Suppose up(fz1>) < vp(N) and vptf\) < vp(N) for a prime divisor p

of fr If g belong to Sκ(N/p, ψ), then

(3) Let f be a primitive form in SXN, ψ). If f\ Uχ = 0 for a character

χ with f χ = pμ, where p is a prime divisor of N, then it holds vp{\ J ψ ) — vp(N)

or up(fχ) = vp(N), and there exists ge S£N/p, ψχ2) such that f — g\Rv

(4) // ψ is the trivial character ψx and fe SXN, ψj, then for any divisor

L of N, it holds

Proof The assertions (1) and (4) easily follows from Prop. 1.2. We

shall prove (2) and (3). To prove (2), we may assume g is a primitive form.

From the assumption, it follows g\Rχ e S£N/p, ψχ2). Put ηM = r

then g\Rt[ηM]κ belongs to SJJSίjp, ΨMΨN/MX2)- Hence g\RχWM = g'(pz) for gf e

S£Nlp, ΨMΨN/MX2), and g\RχWMRχ = 0. This proves the assertion (2). Now

we prove (3). By the assumption on χ, we have vp(N) > 2 and yp(fΨ) <

vp(N). Hence the p-th Fourier coefficient ap of f vanishes, and f\RxRτ —

f. If f\Rx is a primitive form in SXN, ψχ2), then f\RχWM is also a non-zero

constant multiple of a primitive form, and f\RχWMRχWM Φ 0. Hence if f\ Uχ

= 0, then f\Uχ is not a primitive form in SXN, ψχ2), and there exist g, h

e S£NIP, ψχ2) such that (f\Rχ)(z) = g(z) + h(pz). Then we have / = f\RxR%

= g\Rr Now we show that f\Rx is a primitive form in SXN, ψχ2) if up(fψfχ)

< vp(N) and vp(\\) < vp(N). Otherwise f\Rx can be written as f\Rx = g'(z)

+ h\pz) with g', hf e S£N/p, ψχ2). Then / = f\RxR% e S£N/p, ψ), because

vp(N/p) > ϋp(f̂ fχ) and vp(N/p) > ^(fχ). This contradicts to our assumption

§2. Formula for tr UxTn and tr UxWLTn

Let iV and ψ be as in § 1. For a primitive character χ which satisfies

the condition (1.1), we defined an operator Ux: S£N, ψ) > S£N, ψ) in § 1.

We shall give a formula for tr UxTn\S£N, ψ). For M = fχ, we write iV =

where N, = M and iV2 = N/M. We put

and for each prime p
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For the archimedean prime oo, we put Um = GL2(R)+. We denote by Uthe

subgroup γ\v Uv of GL2 (QΛ), where v runs through all places of Q. Let

p be a prime divisor of N and ϊ ~ \t d)e Ĵ> We define

Ur) = *„(<*),
and for r e f l ^ ^ X ΠPJ* GLJQ,) X Um

Ψ(r) =

where γp is the p-th component of γ. For a prime which divides Nu we

define a subset Ξp(Uχ) of M2(ZP) by

where v = υp(iV) and μ = υP(ίz). For g = ί" ^j e ΞP(U^, we put

(2.1) 2,te) = χ p ( - bφ^")%

Then for ;-, / eUp and geΞv(U^, we see

(2.2) ktarO =

and in particular for f = γ~ι,

(2.3)

For ge WP{NΎΞP{U%) X Π,ι*. U, X Πw^GJWQ,) X ϋ», put

jKέf) = Π XP(SP) Π W ί , ) " 1 ,
plΛΓi f\N,

where gp denotes the p-th component of g. Then by (2.2), we see for γt

•f e UPW UP X Uptir GL,(Q) x Um,

(2.4) χ(γgf) = WY1 Π

and in particular, if γ, yf e Γ0(N), then

(2.5) χ(r^r0

For rational integers i, j, put

/M i \ (M j\
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where M = fz. For a positive integer n prime to N, let Ξ(Tn) = Y[p Ξp(Tn)

X Z7TO, where

Ξp(Tn) = {geR(N)®Zp\vp(detg) = υp(ή)} ,

and let Ξ(Tn) (Ί GL2(Q) = (J*=i Γ0(N)βk be a disjoint union.

LEMMA 2.1. TΛe notation being as above, let p be a prime divisor of

fχ and v = ι;p(iV), μ = ^(fχ). Then for g = (^+1* p ' X

) ί / ι S*(U*>> UvB = ϋpg7 i/ «^d o^ίy i/ Φ = a!\b' modulo

pμ and c/d = c'/cϊ7 modulo pμ. If this is the case, ψp{ggf~ι) = 'irp{afd-pv~2μbίc).

This can be verified easily by a direct calculation, and we omit the

proof.

LEMMA 2.2. The notation being as above, let Ξ(UχTn) = Y[p[NlΞp(Uχ)

X l\pWlΞp(Tn) X C/oo. Then the union

Ξ(UχTn) Π GLIQ) = U U rQ(N)a^k
ij fc = l

is disjoint, where ί and j runs through a complete system of representatives

of (Zl\χZ)\

Proof Since U Π GL2(Q) = Γ0(N) and αrίJfiQfc e GL2(Q), it is enough to

prove the union S(UχTn) = (J f J U& UatJβk is disjoint. We note the union

Πpίiir1^p(Γn) = U * Π p m ϋ p i 8 * i s disjoint and α,,e Πptarx #*> j8*€ Πpi^ t7p.
Hence the proof can be reduced to showing the union
= (J 4 i ΠPI^I ϋpα<i i s disjoint. Let M = \χ and M = iV1? then

0 M2 ) (mod (iV/M)4)

and by the definition of ΞP(UZ), cc{j e ΠPIΛΠ &P(UX) By Lemma 2.1, for

integers t, j , i', / prime to Nu we see

E7pαw = Vtavs, <=φ i = i', j = j ' (modp") .

Hence the right side of the union is disjoint. We show Y\plNl SP(UZ)

C U « ΠPI*.
 UPau F o r a P r i m e P w h i c h divides iV,, let g=(*£?p"

 P

pZ
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e Ξp(Uχ). If we put M = pvM\ M = p"M' and take two integers i, j which

satisfy

[{ijMn - MfMn)b ΞΞ -iM'Ma

\jM»M'd EE -M'Wc

then by Lemma 2.1, we have Upg — Upatj. Such i and j are determined

uniquely modulo pμ

9 because ad — be =fc 0 (modp). Our assertion follows

from this.

As a corollary of this Lemma, we obtain

COROLLARY 2.3. The notation being as above, let feS£N,ψ). Then it

holds

f\uχτn = c Σ x(g)f\[gl
geΓo(N)\Ξ(UχTn)ί]OL2(Q)

C = ̂ - Π ZP(AP)UBP) Π
g(χ) 2 \N \N

where g runs through a complete system of representatives of the left cosets

of Ξ(UχTn) Π GL2(Q) by Γ0(N) and for a prime divisor p of N» Ap =

MzM2lp*v+2μ and Bp = MM2/pv+2μ with v = vp(N) and μ = up(fz).

Proof We note the right hand side is independent of the choice of

the representatives because of (2.5). We may assume βk is of the form
a * Since we have

b(ijM2 - MM2) — idMM\
ajM2M bjM2M-dMM2 )

aM2M2 bM2M2 + d(jMM + ίM)
> 0

we see χ(atjβk) = χ(ij)ψ(a)C~\ By the definition of Uχ and Tn9 we obtain

our corollary.

By means of Eichler-Selberg's trace formula (c.f. [6], [8], [10], [12]) and

a result of Hijikata [8], we can express trace of UχTn on S£N, ψ) in an

explicit way. Let us introduce some notations. For two rational integers

s, n, put Φ(X) = X2 - sX+ n, K(Φ) = Q[X]I(Φ(X)), and denote by X the

class containing X. For a prime p, let v = υp(N) and K(Φ)P = K(Φ) ® Qp.

Ίf we define Rp(v) = (?fz *jA, then R(N) ®ZP = Rp(v). For a in GL2(QP)

or GL2(R), we denote by /α(iΓ) the minimal polynomial of a. For a Z p-

order Λp of K(Φ)P, we define
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C > , Φ, Λp) = {a e Λ » | / β = Φ, 9a(AP) = Q,M ΓΊ £ » } ,

where ^α denotes the isomorphism from K(Φ)P to Qp[a] such that

a. For J p which contains ZP[X], we define also the following sets;

Ωp(v, Φ, Λp) = {ξe Zp\Φ(ξ) = 0 (modP"*))}

Ω'p(v, Φ, A,) = l if jp-2'(s2 - 4») Ξ 0 (moάp) and v > 0

otherwise ,

where ^ is the non-negative integer such that [Λp: ZP[X]] —p1". We denote

by Ωp(y, Φ, Λp) (resp. Ωp(v, Φ, Λp)) a complete system of representatives of

Ωp(v,Φ,Λp) (resp. Ω'p(v,Φ,Λp)) modulo p'+2p. For ξeΩ,fy,Φ,Ap) and ^e

βp(v, Φ, Ap) we define elements ^{(X) and ψ'v{X) in Cp(v, Φ, Ap) by

We define a map

ψ: 0,(ι>, Φ, Λp) U Ωfr, Φ, Λp) — > Cp(v, Φ, Λp)

by p(f) = Ψξ(X) for f e Ωp(ι>, Φ, Λp) and p(9) = Ψ'η(X) for , e fl>, Φ, ̂ p ) . In

these notations, we have

LEMMA 2.4. The notation being as above, let Φ(X) = X2 — sX + N2\\n

and for a prime p, let Λp a Zp-order of K(Φ)P such that Λp D ZP[X], Then

the followings hold.

(1) If p does not divide N, then ψ induces a bijective map

ψ: Ωp(0, Φ, Ap) > C,(0, Φ, A,) Π Ξp{Tn)l~p,

and \ΩP(O,Φ,AP)\ = 1.

(2) If p divides Nz, then ψ induces a bijective map

ψ: Ω,fy, Φ, A,) U Ωfr, Φ, Λp) > Cp(v, Φ,AP) n U,l% ,

where v = vp(N).

(3) Ifp divides Nif then C > , Φ, A,) Π SP(UX) Φ φ only ifs = 0 (modp»+2">

and p = v + μ, and for Φ with S Ξ O (modp"+ΐμ) and Ap with p = v + μ, ψ

induces a bijective map
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φ: Ωp > Cp(v, Φ, Λp) Π Ξp{Ux)l~p,

where v — vp(N), μ = vp(\x) and

'{ξ e Ωp(v, Φ, Λp)\ Φ(ξ) Ξ£ 0 (modpSv+2μ+1)} if v Φ 2μ

Ωp = {ξ e Ωp(v, Φ, Λp)\Φ{ξ) φ 0 ( m o d p — + 1 ) ,

s =£ ξ(moάpv+2lt+1)} if v = 2μ.

Proof. The assertions (1) and (2) are contained in Hijikata [8]. We

prove (3). The theorem of Hijikata quoted in [11] as Th. 2.4 says that

for Λp containing ZP[X], <p gives a bijective map

Ψ: Ωp(v, Φ, Ap) Π Ω'p(v, Φ, Λp) > Cp(v, Φ, Ap)/Up .

By the definition of SP(UX), we see s = 0 (modpv+2μ) if Cp(v, Φ, Λp) Π ΞP(UX)

is not empty. If φ'n(X) e ΞP{UX) for η e Ωf

v{v, Φ, Ap), it must hold v + p =

2v + μ and v + μ = vp(Φ(η)) — v — p, hence p = v + μ and vp{Φ{η)) = 3v + 2μ.

But if p = v + μ, then η saitsfies Φ{η) ΞΞ 0 (modp3^2^ 1) hence <p'£K) & ΞP(UX).

Assume <pξ(X) e ΞP(UX) for ξ e Ωp{v, Φ, Λp). Then as above, we have p = v + μ

and vp(Φ(ξ)) = 3v + 2//. When these conditions are satisfied, <pξ(X) e ΞP(UX)

if and only if £ ̂ έ s (modpv+2μ+1). We note the last condition is always

satisfied if v Φ 2μ. For otherwise, put s = pv+2μs' and ξ = pυ+2μ(s' + pξ'),

then we have

Since n is prime to p, this condition is satisfied only if v = 2μ. This

proves the assertion (3).

By means of this Lemma, in the same way as in § 2 of [11], we obtain

the following formula for tr UχTn.

THEOREM 2.5. The notation being as above, let n be a positive integer

prime to N, K > 2, and C the constant in Cor. 2.2. Then it holds

ϊΐϋxTn\Sκ{N,V)=C{te + th + tp),

where te, th and tp are given as follows.

(l) t. = - A Σ ""I ~ ζ'1 Σ pΠ Φ, fMX* - *n)m.

s rwns through all integers such that s2 — An < 0, and / runs through

all positive integers which satisfy the condition fz\(s2 — An), (/, fχ) = 1, and

\\{s2 — 4τι)//2
 Ξ O O Γ I (mod 4). For a negative integer D such that D Ξ O
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or 1 (mod 4), h(D) denotes the class number of the order of Q(<JT5) with the

discriminant D. a and β are the two roots of FS(X) = X2 — sX + n = 0.

The number cp(s,f) is given by

if p\ fχ and v Φ 2μ

(2.6) cp(s,f) = \ y « » - * ί (resp. v = 2μ)

where Λp is the order of K(FS) such that [Λp: ZP[X]] —pp for p — vp(f)9 and

CP = UN^Jp^^iN^lp"^) for v = vp(N) and μ = υv(\x).

(2) h = - Σ —β -j Σ Π cp(d + n/d, f)φ(\χ(nld - d)/f) .
& n/d — d f P\N

Here d runs through all positive integers such that 0 <d< V n, d\n9 and f

runs through all positive integers satisfying f\(n/d—d) and (/, fz) = 1.

cp(d + n/d, f) is given by (2.6) for s = d + n/d, and φ is the Euler function.

(3) If there exists a prime divisor p of f χ such that vp(N) is odd, then

tp = 0. Otherwise we have

2 N mmodN p\N

where cp(m) = cp(2Vn, m) for p which divides N, and δ(ή) = 1 or 0 according

as n is a square or not

In the rest of this section, we assume ψ is the trivial character. Then

for a divisor L of N such that (L, N/L) = 1, UZWL acts on S£N), and we

can give a formula for tr UχWLTn. We write N = MxM%MJSΛh in such a

way JVi = MXM2 and L = M2M3. For a prime p which divides M2, we define

a subset Ξp(UχWL) of R(N)®ZP by

and for a prime divisor p of M,, put

Vzpx p'Z

For g = (U J ) e £r,(E/x Wϋ, we put

(2.7) j ^ ί ) = Xp
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where v = υp(N), μ = ι>p(fχ). Then for γ, y' e Up, we see

(2.8)

We define a union of [/-double cosets Ξ(UχWLTn) by

3(UχWLTn) = Π 3p(Uχ) Π Ξp(UχWL) Π *,(Wϋ Π Ξp(Tn)χ U^ ,
p\Mi p\Mz p\Mz vXMtMiMs

and for geΞ(UxWLTn), put

X.'(g) = Π Ugp) Π 2ί(ft),

where gp is the p-th component of g. Corresponding to Lemma 2.2, we

have

LEMMA 2.6. The notation being as in Lemma 2.2, for a divisor L of N

with (L, NjL) = 1, the union

Ξ(UχWLTn) Π GL2(Q) = ULJ Γ0(N)aίjVLβk
ίj fc = l

is disjoint, where i and j runs through a complete system of representatives

of (ZI\XZ)\

Proof As in the proof of Lemma 2.2, it is enough to prove the union

\\p]Ml ΞP(UX) \\p]M2 ΞP(UXWL) Y\p]Mt ΞP(WL) = Uυ Πpiifuf.*. UpatJηL is disjoint.

But this follows easily from the proof of Lemma 2.2 and the fact that

5P(UXWL) = Ξp{Ut)ηL and ΞP{WL) = UPVL.

COROLLARY 2.7. The notation being as above, then for fe SX(N), it holds

f\UxWLT. = C Σ X'(g)f\lgl
geΓ0(N)\Ξ(UχWLTn)ΠGL2(Q)

C = χ(n) Π XP(K) Π XP(B'PM%y

where A'p = LNlfJp3"*2- and B'p = LNffJpi"¥2>1 for v = υ,(N) and μ = wp(fz).
Proof. The right hand side of the above equality is independent of

the choice of the representatives because of (2.2) and (2.8). If βk is of the

Q T), then we see

- MM2)L b(ijM2 - MM2) - idMM \
ajM2ML bWM-dMM* ) K

^ MM) - idMM a(ijM2 - MM2)\
L(bM2M - dMM2) ajWM ) ( m o d
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where M = Nx and M—\v Hence we have

Our assertion follows from this and Lemma 2.6.

To express tr UzWLTn in an explicit way, we prove

LEMMA 2.8. Let Φ(X) = X2 — sX + M}M£Lffn, and for a prime divisor

p of N, let v = vp(N) and μ — vp(\x). Then for an order Λp of K(Φ)P con-

tainint ZP[X], the fallowings hold.

(1) For p dividing Mi9 Cp{v9 Φ, Ap)-Π ΞP(WL) Φ φ only ifs = O (rnodp*)

and Λp — ZP[X], When this condition is satisfied, one has

(2) For p dividing M2, Cp(v, Φ, Λp) Π ΞP(UXWL) φ φ only ifs = O

(modp2v+μ) and [Λp: ZP[X]] =pp, where p = v + 2μ. When this condition is

satisfied, ψ induces a bijective map

ψ: Ω'p > C,(v, Φ, Av) Π Sp(UxWL)l~p,

where Ωp is a complete system of representatives modulo p2v+2f of the set

{p2v+*ξ\ξeZΪ, ξ^slp2"^ (modp)} ( c Ωp(v, Φ, Λp)) {resp. {p2v+«ξ\ξ eZf, ξ^

slp2»+« (modp), Φ(p2v^ξ)φQ (modp^^1)} ( c Ωp(v,Φ,Λp)) U {p2v+flη\η e Z£,

η 0 sjp2v^ (modp), Φ(p2v^η) ΞΞ 0 (modp 3 v + 4 '+ 1)} ( c Ω'p(v, Φ, Λp))) ifv>2μ (resp.

if v = 2μ).

Proof The assertion (1) is contained in Yamauchi [18]. If Cp(v, Φ, Λp)

Γ\Ξp(UχWL) Φφ, then we see that s = 0 (modp2v+/1) and [Ap: ZP[X]] = pp,

where p = v + 2μ. Assume this condition is satisfied. First we treat the

case where v > 2μ. In this case, we note vp(b) = v + 2μ for g = (® , j e

Ξp(Uχ WL\ hence Ψ'η(X) e ΞP{UX WL). If Ψξ(X) e Bp(Uχ WL) for ξ e Ωp(v9 Φ, Ap\

then ξ is of the form p2v+«ξ' with ξ' e Zp. We note vp{Φ{p2v+μξ')) = 3^ + 4//

for ξf e Zp. Hence ξ = p2v^ξf e βp(i;, Φ, Ap) for g' e Zp, and <pξ(X) e Ξp(Uχ WL)

if and only if ξ =£ 0 (moάp2v+μ+1) and s - ξ Ξ£ 0 (modp2υ+/1+1). This prove

the case v > 2μ. Next assume ^ = 2μ. Also in this case, if <pξ(X) e Ξp(UχWL)

(resp. φη(X)eBp(UχWL)), then f = p 2 v + ^ with ?eZp (resp. v =p2v+tlη' with

3/ e Zp). For f; e ZP9 put f = p2v+μξ\ then up(Φ(f)) > & + 4μ. Hence f 6

Ωp(u9 Φ, Λp\ and P e(X) e ΞP(UZWL) if and only if ξ 0 0 (modp 2^^ 1), s - £

•£ 0 (modp2y+/ί+1) and Φ(ξ) ̂ 0 (modp3υ+4^+1). For ? = p 2 " + y with ^ 6 Z P ,
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η 6 Ω'p(v, Φ, Λp) if and only if Φ(η) = 0 (modp3u+4«+1), and for such ΎJ e Zp ψη{X)
eΞp(UχWL) if and only if η Ξ£ 0 (moάp2υ+μ+1) and s - η =έ 0 (modp 2^^ 1).

Our assertion follows from this.
By means of this Lemma, in the similar way as in § 3 of [11], we

obtain the following.

THEOREM 2.9. The notation being as above, let L be a divisor of N such
that (L, NIL) = 1. We write fx = FJF2y where F, = (fχ, Mt) and F2 = (f2, M2).
Then we have

tr UtWLTn\SXN) = C'(te + th + tt),

where C is the constant in Cor. 2.7, and te, th and tp are given as follows.

(i) tt = -\Σά~P\LFf)1-/tΣ Π CP(s,f)

X h(F?(L2Ff2s2 - 4Ln)lf2) .

Here s runs through all integers such that L2F2~
2s2 — 4Ln < 0, and f runs

through all positive integers which satisfy the condition f2\(UF2~
2s2 — ALri),

(/, \χL) = 1 and F2(UF2

2s2 - 4Ln)/f2 = 0 or 1 (mod 4). For s, put GS(X) =
X2 - LF2sX+ LF2% then a and β are the two roots of GS(X) = 0. The
number cp(s,f) is given by

iμ) Σ XP(Gs(ξ)lpv-2fl) ifp\M, and v > 2μ
ξ mod pv -1*

,̂ SS» (resp. v = 2μ)
Σ tfg(LF*lP"> - ξ)) ifp\Mt

ξ mod pμ

I Ωv(v, G., Λ,) I + I Ω'v{v, Gs, Ap) | if p \ M< ,

where v = vp(N), μ = vp(\x), and Λp is the order of K(GS)P such that
[Ap:Z,[X]]=p> for P = vp(f).

(2) If L is not a square, then th = 0. If L is a square, then one has

f\ Π c'pWLFi(d+nld),f)
MM

Σ nlf\(LFίyΣ Π cp
d nja — a / P\MIM2M4I

X φiVLFMd - d)jf) ,

where d runs through all positive integers such that 0<d<cVn, d\n, and d +

n\d = 0 (mod VL Ff1), and f runs through all positive integers which satisfy

f\(jι\d - d) and (/, fχL) = 1. cp(VΊ7F2

2(d + n\d\ f) is the same as in (1) for

s = VΣF2\d + n\d).

https://doi.org/10.1017/S0027763000019097 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000019097


144 HIROSHI SAITO

(3) tp does not vanish only if M2 = Fξ, Mz = 1 or 4, and Mx and n are

squares. When this condition is satisfied,

<P = - - 5 - S — f x Π ( I - 1 ) Π c'p,
2 p)MiM2 \ pj p\MiM2Mi

where cp = cp(2VLFlVΊrΐ, 1).

§ 3. A decomposition of Sk(N, ψ)

Let χ be a character modulo N, and χQ the primitive character as-

sociated with χ. For χ, we define

ux = £/„, sω = e ω
For characters χ and χ' with prime power conductors, we have

THEOREM 3.1. For positive integers N and κ9 let ψ be a character modulo

N such that ψ(— 1) = (— ΐ)κ. Let p be a prime divisor of N, and χ, χ' charac-

ters with fz = pμ, \x, = pμ/ which satisfy the condition (1.1). Suppose μ <

[vp(N)l3], μf < [υp(N)ffl, and vp(U) < [vp(N)l3\. Then for fe SXN, ψ), it

holds

f\ Ux Ux, = ψ P ( - l)ΨN/P(P)f\ Uxx, if χ ψ

f\ Ux Ux, = ψP(- iYΨN/P(P)2f ifχ =

where P = pv for v = up

Proof. We may assume χ and χr are primitive. For integers i? j , i',

and / , put

Then by the definition of Ϊ7χ and C7χ/, we have

f\uxux, = }

Since f\ UXUX, = f\ UX,UX for fe SXN, ψ) by (1) of Prop. 1.4, we may assume

μ>μ'

Case I. First we assume μ > μ'. Let at](4'j' =—p"+2fl'(n r\)> then by

the assumption on fχ, f̂- and fΨ, we have

A = -p>+» + iojoP *»
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B ΞΞ -ίop
v+μ (modp^ 2 *)

C =j0p
2v+μ (modp2v+2μ)

D = -pv+2^ (modpv+3μ),

where i0 = i + pμ~μ'if and j0 = j + Pμ~μ'f Since detα^α^, and detaίojo are

powers of p, by Lemma 2.1 we see β = —p-v~w a^a!^yaϊlH e Γ0(N) and ψ ^ )

= 1, where α<oio = ίp ι° \ηP\
P Jo )r]P . For the other prime divisors

\0 pμ) \0 pV

of N, we have

Hence we obtain

Since ψ(— 1) = (—1)*, we see

X xW

Σ
tjo mod pΛ

X Σ

We note (c.f. Shimura [16, Lemma 8])

-Γ^Γ, Σ x(i - p

Thus we obtain

Case II. Next we assume fχ = fχ/ = fχχ/. In the same way as above,

we obtain

where i0 = i + if and j0 = j + / . We note aiQJQ e ΞiU^) Π GL2(Q) if and

only if i0 and j0 axe prime to p. Taking notice of (c.f. ibid.)

1

 if Σpμ x(i - ? W ) =

we have
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f\ uxuz, = ψP(-i)φN/P(P)f\ uϊt. + s,

where

Here the summation is extended over iQ9jθ9 i\ / modulo pμ which satisfy

the condition (1) ί0 φ 0 (mod p), j0 = 0 (mod p)9 (2) Ϊ 0 Ξ 0 (mod p), jo φ 0

(mod p) or (3) Ϊ 0 Ξ 0 (mod p), jo = (mod p) according as k = 1, 2, or 3. We

show Si — S2 = S3 = 0. Let / = Xlm î a>m

eUίmz be the Fourier expansion of

/. In the case of Su put i0 = pu. Then we see

%' mod pί*
w mod pj" — !

u,i'

- i ) Σ

= 0 ,

since the conductor of χχ' is p^. This shows St = 0. We can treat the

cases of S2 and S3 in the same way, and we omit the proof.

Case ΠI. Finally we assume fχ = fz, > \ιx,. Put χr/ = χχ', then χ' = χχr/.

By Case I, we have Ux, = ψP(-ϊ)ψN/P(P)UχUx,,. If we prove UxUχ

= ( Ψ P ( - Dψiv/p(P))2, we obtain C7χ[7χ, = ψ P ( ~ l)^ / P (P)C7 z C7 z [7 χ , =

ψp(—ϊ)ψN/P(P)Uχ». Hence it is enough to show UχUχ = (ψP(—ϊ)ψN/P(P))2,

and we may assume χr = χ. As in the case II, we have

f\ uxuz =

where

Here the summation is extended over i0, j0, i',f modulo pμ which satisfy

the condition (1) iQ ̂  0 (mod p), j0 -φ 0 (mod p) (2) i0 φ 0 (mod p), j0 = 0

(modp), (3) z'o ΞΞ 0 (mod/?), jf0 ^ 0 (mod/?), or (4) i 0 Ξ U (modp), j0 = 0

(mod p) according as & = 1, 2, 3, or 4. Let / = Σlm^i ame2πίmz be the Fourier

expansion of /, then am — 0 if p divides m. We see
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and

ioe(z/pez)χ L\0 pμ/l* I 0 otherwise ,

Σ xO- — ̂ )x(^) ~ —x(—-0 if μ = 1 .
i ' mod pV

From this we obtain

I 0 otherwise .

In the similar way, we can verify

if μ = 1
otherwise

if μ = 1
otherwise .

Our assertion follows from this and Lemma 1.1. This completes the proof.

By the above theorem and Cor. 1.3, we obtain

COROLLARY 3.2. Let χ and χ' be the characters which satisfy (1.1). Sup-

pose up(fχ) < vp(N)l3, u p (U < υp(N)β, and vptfχ) < vp(N)/3 for each prime

divisor p of \χ

s\χf. Then for f e SXN, ψ), it holds

Let M be a divisor of N such that MZ\N, and assume 3ι;p(fψ) < vp(N}

for any pirme divisor p of M. Let X(M) be the group of all characters

defined modulo M, and [7 the group consisting of operators Ux acting on

SXN,ψ) for X{M). Then Cor. 3.2 says that the map U: χ-> Ux gives a

homomorphism from X(M) to ί7. By means of this homomorphism, we

can decompose SXN, ψ) as follows;

s.WΨ)= Θ OTf,β),
αe(Z/iϋfZ)X

where

SXN, ψ, α) = {/e SΛ°(iV, ψ)|/ | ί/χ = χ(α)/ for χ e Z(M)} .

On these subspace, the Hecke operator Tn acts and the trace of Tn on

them are given by

tr TASXN, *, a) = - ^ ^ ^ ^ t r ϋtTM\SW, f) .
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the trace tr UχTn\S?(N, ψ) are given by Hijikata [8] for the trivial χ and

by Th. 2.5 in this paper for general χ. In the case where ψ is the trivial

character, we can consider also the action of WL to decompose SK(N). Let

W denote the group of all WL for L\N, and E(W) the character group of

W. We define SXN, a, e) for a e (Z/MZ)X and e e E(W) by

SXN, a, e) = {fe SXN)\f\ Uχ = χ(ά)f for χ e X(M) ,

f\ WL = e(WL)f for WL e E(W)} .

Then we have

Θ SXN,a,e),

and the trace of Tn on SXN, a, e) is expressed as follows;

a formula for tr Uz WTn is given by Yamauchi [18] for the trivial χ and by

Th. 2.9 for the general χ.

Now we take N = pυ with a prime p and a positive integer v > 3 and

ψ the trivial character. Under such a condition, we have given in [9] a

decomposition of SXpv) into four subspaces SΓ, Sπ, SΠ6, SIΠ. We compare

this decomposition with that given above. Put M = pC v / 3 ]. Then for ex-

ample, the subspace Si is defined by

S, = {/e S.WI/I C/s = /, / | Ww = /} ,

where e is the quadratic residue symbol modulo p. This space is expressed

by our spaces S°(N, a, e) as follows;

81= 0 S\N, a, 1) ,
Z/fZ)X

where 1 denotes the trivial character of W. This shows that even in the

case where v = 3 our decomposition of SXN) gives a finer one that in [11],

In the next section, we give a numerical example in the case where p =

11, K = 2, and y = 3.

We prove two more properties of Ux.

PROPOSITION 3.3. The notation being as above, let f be a primitive form

in SXN, ψ). For a character χ with fz = pμ which satisfies (1.1), let f\ Uχ

= cj. For σ e Gal(Q/Q) and ζ = e2jrί/^, let ζσ = ζn u iίA /ιeZ, ami /or / =

Σ ame2 π ί w z, pwί /σ = Σ a^β2Hm3. Then it holds
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Proof. Let G+ = {x e GL2(QA) | det x^ > 0}, and Qab the maximal abelian

extension of Q. Let pbe a. homomorphism of G+ onto Gal (QαblQ) obtained

by defining p(x) to be the action of (det x)"1 on Qαb. Let G be a subgroup

of G+ X Gal(Q/Q) given by

G = {(x, σ)eG+X Gal (Q/Q) | p(x) = σ on QJ .

Then Shimura [17, Th. 1.5] defined an action of G on modular forms. We

denote the action of (x, σ) by /<*»•>. Let t be an element of \\VZP such

that ρ(x) = σ on Qαb for x = ί ~ .). Let αi5 and χ be the same as in the

proof of Th. 3.1, and consider the action of (x, σ) on the both sides of

where P = pv. Then the right hand side becomes c\f\ Observe that

= x(n2YQ(T)2 tmά fiαi'>1Hx*β) = ( f y x ~ l α t J X t l ) . C h o o s e t o e Z s u c h t h a t t0 = tq

(mod#4) for each prime q\N. Let V and / be integers such that V = ί0̂
(mod P4) and tQj' = j (mod P4), and let A be an integer such that A

= pv~μ(-toj + / ) (mod (N/PY) and A = 0 (mod P4). Then we see

,,, (mod

Hence f<**w>* = (f*y*t'j'>»9 and we obtain

Noting χ(αtJ) = χfco-)? we obtain

Σ r
Since feSXN,ψσ), this prove our proposition.

COROLLARY 3.4. Let f be α primitive form in SH(N, ψ), and Kf the field

generated by all the Fourier coefficients am of f over Q. Suppose vp(\Ψ) <

vp(N)/3 and μ = [vp(N)l3] > 1 for a prime divisor p of N. Then Kf contains

Fpμ = Q(e2πί/pμ + e~2πί/pμ) (resp. Fpμ-t) if K is even and p is odd (resp.

p — 2), and Kf(Vp) contains Fpμ (resp. Fpμ-) if K is odd and p is odd

(resp. p = 2).

Proof We prove only the case where tc is even and p is odd. The

other case can be treated in a similar way. In this case, it is enough to
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prove that for σ e Gal (QIQ) a \ Fpμ = the identity if σ \ Kf — the identity.

Assume σ\Kf is the identity, then fσ=f and ψσ = ψ. In the above no-

tation, we may assume / e SXN9 ψ, a) for some α. Then cχ = χ(α) for χ e

X{pμ). From this and the above proposition, it follows

for all χ e X(pμ), where n is an integer such that (e2πί/pμ)σ = e

2πίn/pμ. Since

K is even, χ(n2) = 1 for all χ e X(pμ), and n2 = 1 (mod p^). If p is odd, this

implies n— ± 1 (modp/() hence σ|jFp^ = the identity. This proves our

corollary.

PROPOSITION 3.5. The notation being as in Prop. 3.3, assume v — 2μ

> 0 and Vptfψ) < v — 2μ for v = up(iV) and μ = up(fz). Γ/ien iί holds

f\UzWP = f\WPUχ,

where P — pv.

= (

Proo/. First we note ηP normalizes the set Ξ(UxTi) Γ) GL2(Q). For

c d)eΞ^Tί) Π G L 2 ( Q ) ' w e n o t e

—bpv a

( a 6 f ) (mod (NIP?) 9\ cpv d /cpv

and ψp(—d/pv+2μ) = ψp(—a/pv+2μ) by the assumption on ψ. Our assertion

follows from this and Cor. 2.3.

§4. Numerical examples and a congruence between cusp forms

We shall gives examples of characteristic polynomials of Hecke opera-

tors taking N = II 3, K — 2 and ψ = the trivial character and discuss a

congruence property between cusp forms. We use the notation in § 3. Let

SΠ I be the subspace of SXpv) given by

Sπx = {fe SXN)\f\ Ue = /, f\ WP = -/} ,

where ε is the quadratic residue symbol modulo p and P = pv. In our

case, we find dim Sτ — 15 and dim Sm = 35. By means of the decompo-

sition introduced in §3, these subspaces can be written as follows;

Sτ = ® S2(ll3, a, 1) , Suι = 0 S2(ll3, α, - 1 ) ,
a mod 11 α mod 11
e(α)=l e(α)=l
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where —1 denotes the non-trivial homomorphism from {WP, 1} to {±1}.

For a such that ε(α) = 1, we find dim S2(1Γ, a, 1) = 3 and dim S2(1Γ, α, - 1 )

= 7. Taking a = 4, we give characteristic polynomial of Hecke operator

Tn acting on these subspace for some n.

n

2

3

5

199

ε(ή)

- 1

1

1

1

0

- α4--2α3 + 3α 2 +5α - 2

— α4 + 5α 2—a— 5

-6α 4 -13α 3 + 30α2

+ 39α-18

( Z _ α 3 + 3(χ)2

(Z-α+1)2

(X_ 4 α 4 + 8«H13α 2

-16«+11) 2

N(fTΛ(aJ)

199

1992

1992

(11 23 43 199)2

Here a = e2**'11 + <r2*ί/π and iV denotes the norm from Fn = Q(ά) to Q.

For an explanation of the table, we remark that S2(1Γ, 4,1) contains a

primitive form θτ associated with a Grδssencharacter of Q(V—11). αn de-

notes the tt-th Fourier coefficient of θl9 that is, the eigenvalue for Tn. fTn{X)

denotes the characteristic polynomial for Tn on the orthogonal complement

Si of the one dimensional subspace spanned by θτ. We note N(fTn(an)) is di-

vided by the prime 199 in our table and this suggest a congruence between

θι and a primitive form / 6 Si modulo a prime ideal p in Kf which divides

199. In fact, Prop. 4.2 in [11] implies such a congruence, and this propo-

sition has been proved as an application of the Shimura's theory on the

construction of class fields over real quadratic fields [15].

Now we take S2(ll3, 4, — 1). This space also contains a primitive form

θul associated with a Grδssencharacter of Q(V—11). Let bn be the ra-th

Fourier coefficients of ΘIU, and Siu the orthogonal complement of the one

dimensional subspace spanned by θm. We denote by gTn(X) the charac-

teristic polynomial of Tn on Sin.

n e(n)

2

3

5

- 1

1

1

X6-(a*-3a+l2)Xi + (-2ai + 7a* + 8a2-21a+35)X2

- ( - 14α4 + 4a3 + bβa2 - 18a - 4)

(Xs - (2α4 - 7α2 + 4)X2

-(2tf4-7a:2-2tf+3))2

-az-3a2-5)X

- ( - 8a4 - 5a* + 28a2 + lla -15))2
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n

2

3

5

0
a*+2a*-3a2-6a+2

N(gInφn))

22 99527

(11-99527)2

(1429-99527)2

Here a and N are as above. This table also suggests a congruence be-

tween ΘUI and a primitive form g in Sίn modulo a prime ideal p in Kg

which divides 99527. By virtue of the theory of Shimura, we may prove

this congruence if we can compute gT99527 However, it is difficult. So we

proceed in quite another way.

For positive integers N and λ, let ψ be a character modulo N such

that ψ( -1) = (-1)*. For a prime divisor p of JV, put v = vp(N), v0 = [(v -1)/2],

and M = N/p\ Let K' and be K" positive integers such that K = κf + tz"

and ω be a character modulo p such that ω{— 1) = (— 1)*". First we prove

LEMMA 4.1. The notation being as above, for a primitive form fe

S$(N, ψω) and g e Gκ,<(pM, ω), put F(z) = g(pvoz)f(z). Let χ be a character

with fz = pμ, and assume 1 < μ < v09 and ι;p(fΨ) < υp(N)/3. Then F(z) belongs

to S£N, ψ), and it holds

F(z)\Ut = g(P"°z)(f(z)\Ux).

Proof. The first assertion is obvious. We prove the above equality.

By the assumption 1 < μ < v0, we have

Let P = p% then we see g(pvoz)\WP = h(pvoz) for heMκ,,(pM,ω), since we

have

and v — vQ — 1 > î 0. Hence we obtain

F(z)\ Ux = (h(p*°z)(f(z

This proves our lemma.
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COROLLARY 4.2. The notation being as above, let N ~ pv with an odd

prime p and v > 3. Then F(z) is contained in SXN, ψ).

Proof. This follows from (2), (3) of Prop. 1.4, and the above Lemma

4.1 by taking, for example, χ = ε.

We apply this Lemma taking as / a primitive form associated with a

Grossencharacter of Q(V—11) and as g an Eisenstein series. First of all,

we study the eigenvalues for Uχ of primitive forms associated with Grδs-

sencharacters. Let p be a prime congruent to 3 modulo 4, and a Gros-

sencharacter of Q(V—p) which satisfies

(4.1) λ((a)) =
a

for a e Q(V—p) with a = 1 (mod (V—p)a), where a is a positive integer. For

λ with u = K — 1 put

where the summation is extended over all integral ideal of Q(V— p) prime

to ( V ^ ) . Then it is known [14] that θλ belongs to S£P, ψ) for P = pa+1

and a character ψ modulo P defined by

ψ(a) = χ((a))(-ΞlPλ for 0 Φ a e Z,

and θλ is a primitive form in SXP, ψ) if λ is of conductor (V—pα).

PROPOSITION 4.3. Let λ be a Grossencharacter of Q(V—p) of conductor

(V—pa) for a positive integer a, and χ a character with \χ = pμ. Assume

μ < a/2. Then it holds

where N is the norm from Q(\/:irp) to Q, and Q(λχoN) and q(λ) are the

Gauss sum of λχoN and λ respectively.

Proof. For a Grossencharacter 7! of Q(V—p) with the conductor

(V^p"), by means of the functional equation of the L-function of λ', we

obtain
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where P = p"*\ Observe θy\Rχ = θy^N. From this, it follows θ,\ Uχ =

' )θi. Since Q(X)QQ) = (-I)""1/?", we obtain

Since ψ(—1) = (—1)*, this proves the proposition.

PROPOSITION 4.4. The notation being as in Prop. 4.3, put cx(χ) =

Q(XX°N)IQ(X). If η is a Grδssencharacter of Q(<J—p) of conductor (V—p)

which satisfies (4.1) for u = k' — I, then it holds

cλη{χ) = cλ(χ) ,

for any character χ which satisfies μ < α/2.

Proo/. To prove this proposition, it is enough to show §{ληχ o N)j§{λχ o iV)

) Let o be the ring of integers of Q(V—p), and for αeo, put

Then we have

αGomod(V-pα)

where b = V— pa+1 and tr denotes the trace from Q(V— p) to Q. Since

the function λoy]o(l + */—pa~1x) = Λ0(l + V—pa lx) is additive in xeo, we

can find an element y in o such that

for xeo. Then we see

Σ _ Λ^o(α)β2ίri t r (α/&) = Σ _
α€o mod (V-p") α€omod(V-pα x

X Σ _ W-
Λ?GO mod ( V - p )

Σ_
αGo mod (V-p α

') Σ _
α€o mod (v'-p

Hence we obtain

If we note
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N(l + V^p'^x) = 1 (modp[*/2]) ,

we see the above argument also gives

(4.3) ίfoxoN) = (bl\b\y-%(-y)q(λχoN) .

From (4.2) and (4.3), we obtain Q(ληχ o N)fa(λχ o N) = Q(λη)lQ(η). This com-

pletes the proof.

Let P = p% and ψ a character modulo P such that vp(fΨ) < [v/2]. For a

primitive form ^ in iSΛ°(P, ψ) associated with Grossencharacter Λ of Q(V—p),

put

W = {/€ S.°(P, Ψ) I/I tfx = cλ(χ)f for χ € X(p^~^)}

where θλ\Uz = cx(χ)θλ. Then the above proposition shows that if tc > 2, we

can find a Grossencharacter η and a modular form g such that Ffc) =

g(p^-wz)θv(z) belongs to S(0a).

Now we return to our example. In the above notation we have

S(θm) = S!(U9 4,1) Θ SSO l, 4, - 1 ) .

We can choose primitive forms fe S2°(ll, 4,1) and g* e S°(ll, 4, -1) , 1 < i < 3,

so that θl9 θιu, f, f\Rt, g\ and g^R^l < ί < 3) form a basis of S(Θ1U), where

ε is the quadratic residue symbol as before. Let ω be a character modulo

11 such that ω(—1) = — 1, and EB{z) the Eisenstein series in Mi(ll, ω), that

is,

EJίz) = -

Then we can find a uniquely determined Grossencharacter of Q(V—11)

modulo (V^^ϊϊ2) which satisfies 0, € S^IΓ, ω) and F(«) = EB(pz)θη{z) e S(0IΠ).

By noting F(2:)|i?β = .P(2:), we see F(z) can be expressed as follows;

(4.4) F(z) = aβτ + bθm + c(f + f\Rβ) + Σ *(g 4 +
i

Let K be the field generated by all the Fourier coefficients of F(z), θl9 ΘU1,

f, and g\ then α, 6, c, and dέ are contained in K. Assume a Φ 0, and

let p be a prime ideal of 2£ which divides the denominator of α. If we

can verify that 6/α, c/a, and djα are ^-integral and b\a = 0, cja = 0 (mod p),

then by Deligne and Serre [2, Lemma 6.11], we can find a primitive form

g in {gSg'l-RJ such that
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θιu ΞΞ g (mod p).

Let us check this. First we must calculate α. In order to do this, the

following Lemma is useful.

LEMMA 4.5. Let /, and gt (1 < i < ή) be primitive forms, and F(z) a

cusp forms such that

F(z) = af+±βigi.
i = l

Let an, bi, and cn denote the n-th Fourier coefficients of f, gi9 and F re-

spectίvely. For a polynomial T(X) = 2]y-i ASX* and a prime q, assume

T(b\) = 0 for ί, l<i<n. Then one has

r—

where ( ™ ) = m\\r\(m - r ) ! .

This is an easy consequenceθ of Exercise 3.277 in [13], and we omit

the proof. As T(X)9 we can take the characteristic polynomial of Tq acting

on the space spanned by gt.

Applying the above Lemma taking ω = ε, we find a = 0, and we cannot

proceed anymore. In stead of F{z) for ω = ε, we take the following as F;

F'{z) = Σ E*{pz)θη{z) ,

where ω runs through all characters modulo 11 such that ω(— 1) = — 1 and

η is the Grδssencharacter of Q(V—11) such that θη e Si°(ll3, ω). Put

(4.5) F\z) = a% + b'θUI + &(f + ±

as before. Then we find

a' = (5/22)(200α4 + 314α3 - 612^2 - 856^ + 54)/(262<*4

- 895α2 - 1003^ + 353)

N(200a4 + 314α3 - 612a2 - 856α + 54) = 25.1Γ.23 197

N(262a* + 368a:3 - 895α2 - 1003αr + 353) = II 4 23- 99527 .

Let p be a prime ideal of K which divides (262α4 + 368α3 - 895<x2 - 1003a

+ 353) and 99527. We note the Fourier coefficients of 22F'(z) are integral.

By means of Lemma 4.5 and some calculation, we can check the condition
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on a', b\ c\ and d\ mentioned before. For example, the assertion that

d\\ol is ^-integral can be verified in the following way. Let αw, bn, fTn(X),

and gTn{X) be as in the table. Let q be a prime such that e(q) = 1, then

gTq(X) (resp. fTq(X)) is of the form gq(X)2 (resp. (X - cqf), where gq(X) is

a polynomial of degree 3. To prove dl\a! is ^-integral, it is enough to show

gq(aq) and gq(cq) axe prime to p and gq(X) = 0 mod p does not have mutiple

roots for a prime q with ε(#) = 1. We take q = 3. Then we have

= - 6α* - 2α3 + 24α2 + 6α - 18 , N(gM = 25 11

= 4α4 + 6α3 - 8α2 - Uα - 8 , iVfefe)) - 25 II 2 .

Hence g3(α3) and ^3(c3) are prime to p. The second condition can be

checked easily, since we know one root bz of gjjί) = 0 (mod p). We omit

the details. Thus we obtain

PROPOSITION 4.6. Let ΘIU e S2(ll, 4, - 1 ) and Sfu (cS 2 ( l l , 4, -1)) 6e as

before. Let K be the field generated by the Fourier coefficients of Θ1U and

the primitive forms in Sin, and p be a prime ideal of K which divides

262a4 + 368a3 - 895a2 - 1003a + 353 and 99527. Then there exists a primitive

form g in Snτ which satisfies

θm = g (mod p) .

Now the coefficient a in (4.4) can be written as follows;

a _ <flm, F(z)} ^

where < , ) denotes the Petersson inner product, and the coefficient ar in

(4.5) can be expressed as a sum of such numbers. By means of a result

of Shimura [16], we can relate the number a to the special values of zeta

functions. We introduce some notations. For positive integer N, K and

a Dirichlet character ω modulo N such that ω(— 1) = (—1)*, put

E*N(z,s,ω)= Σ ω(d)(cz + d)-\cz + d\~*s , γ = (a

reΓoo\Γo(iV) \c d

where ΓTO = ί (J h\ I b e z\ and

EXίN(z, s, ω) = Σ ω(ή)(mNz + ή)''\mNz + n\~2s ,

where the summation is taken over all (m, ή) e Z2, Φ 0. These are abso-
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lutely convergent for Re (2s) > 2 — K, and we have

EKfN(z, s, ω) = 2LN(2s + κ9 ω)E*N(z, s, ω) ,

where LN(s,ω) = Σ(^,W)=i^(^)^" s For K > 0, we put

Eκ>N{z, ω) = Eg,N(z, 0, ω), E,*N(z, ω) = E*N(z, 0, ω) .

If K Φ 2, or ω is not trivial, EKtN(z, ω) and EKfN(z, ω) belongs to G£N, ω).

PROPOSITION 4.7. For a prime p = 3 (mod 4), Zeί ω be a character

modulo p and θλ (resp. θη) a primitive form associated with a Grδssen-

character λ(resp. η) of Qψ^p) belonging to SχP,ψ) (resp. S*,(P,ψω)) for

P — pv and a character ψ which satisfy tfp(fψ) < v/3. Assume that tc > κf

and that K — κf Φ2 or ω is not trivial Put F(z) = #,_,,, (pί(v~1)/21z, ω)θη(z).

If F(z) belongs to S(θλ), then

θλ, F} _ A(κ - I V Ufa - κf)/29 λ'V)L((κ - Λ:Q/2, λfηf'')
) L(l9n)

where λ'(a) = 1(5), η'(a) = η(a) for an ideal a in Q(V— p).

Proof. Let Φ denote a fundamental domain of § with respect to Γ0(P).

Put μ = [(v - l)/2]. Let Γ be a subgroup of Γ0(P) given by

Γ = {(£ ^ e Γ0(P)|α = d = 1 (

and Φ' a fundamental domain for Γ. We note Γ is a normal subgroup

of ΓQ(pμ+1). Let {aj} be a complete system of representatives of Z modulo

pμ, then Γ0(pμ+1) = U/Λ(-P)«i is a disjoint union, where aά = ί p , + i α Λ

For the sake of simplicity, we put

E(zy s) = EctP(z, s, ω)9 E(z, s)* = E?_κ,,P(z, s, ω) .

We note Eκ.κ^pμ+1(z, s, ω) = Eκ_κ,,p(pμz, s, ω), and

z9 s)* I [ α j ,

where Efe s)*|trl = <»(d)(cz + d)-<'-'>\cz + d\-^E{γ(z), β)* for r = (" J)

e SL2(Z). We have

(4.6) J = f θiθη
J Φ

= Φ) Σ
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where c(s) = 2LP(2s + K - tc\ ω)/[Γ0(P): Γ]. If aά, ΞΞ 0 (modp*), then for

Re (2s) > 2 - (Λ - A/) as in § 2 of [16]

(4.7) f θβη(E(z, s)* I [aβy+ -
JΦ'

= [Γ0(P): Γ] f θβ
JΦ

= [Γ0(P): Γ](47r)-(s+'-1'Γ(s + κ - ϊ)D(s + κ-l, θy,

where D(s, f, g) = ΣΓ_i α,6,Λ- for f(z) = Σϊ-i ane*"in* and g(z) = Σ£-ι bne^\

X is the Grδssencharacter given by λ'(a) = λ(a). Ί£ a} φ. 0 (mod pμ), then

put dj = up1""'1"1"' with a positive integer r and v prime to p. If we define

-G f )
then a]1 = ηp1βvηP. Since ajeΓ0(pμ+1) and Γ is a normal subgroup of

ΓQ(pμ+ί)9 we see

ιί Φf

| z, 8)*y+-*dxdy

= f (̂ l wt^j^,i wt^j^ίz, a)*i
J φf

where E f e s)* | Wp1 = E(VF\Z)} s^(-pv/2z)-{κ-κf)\pv/2z\-2s. Now we have

LEMMA 4.8. For a character ψ modulo pv~\ let f be a primitive form

in SΪ(P, ψ) for P = p v . For a character χ, />ι^ fz = / | l ? r If v>% for βv

= (Q ^ J it iίΛ, τ > 1 and (ι;, p) = 1, ίί

Σ x(υ)&(x)fχ otherwise

where χ runs through all characters modulo p if τ = 1 and all characters

with the conductor pτ if τ > 2. For the trivial character χu we put

Proof. By the definition of the twisting operator, we have
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Σ
d

Σ
u mod p°
(u,p)=l

where fz = p° and au = (~ UIP j . If τ = 1, we see

This prove the case where r = 1. We can treat the case where τ > 2 in
the same way, because for χ; with, fχ, <p"~\ we have

and we omit the details.

Put f=θλ\ Wp\ g = θη\ W-ϊ, and E'(z9 s) =

For 3̂υ with τ — 1, we have

Σ
•y rαod p
()l

[
J φ'

= , \ v ί Σ (Σ

1

 1X ί
— 1) J *

X

(p — 1)

We have by Prop. 3.5

(ΛI HWtez IWV) = (ft I w t ^ w-pXft I w p *ΛZ wP)

since F(z) 6 S(θx). Hence we obtain

(4.8) I, = — L ^ - Σ β®8(Z) J r (^ΪWQ(ft IW^.)^, s)*y+'-*dxdy

ί
(p — 1)

= (p - 1)[ΓO(P): Γ](4^)-(s+-J>Γ(s + c - l)D(s + κ-l;θx,, θv) .
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For βv = \o i ) with r > 2, we can show in the same way

(4.9) Σ f (7\ϊβJ.)(g\lβvh)E'(z,s)f+<-*dxdy
v mod p J Φ'

- ί — ( p r - 2P-1 +^-2)(4^)-(s+'-1T(s + * - 1)

D(s + K - 1, θx,, θv) .

By (4.6), (4.7), (4.8), and (4.9), we obtain

I = 2LP(2s + κ-κ', ω)p"(4π)-^'-1Ψ(s + κ- ϊ)D(s + K - 1, θλ,, θη) .

By Lemma 1 of [16], this is equal to

where η'(a) = η(a) for ideals α in Q(V—p). Putting s = 0, we obtain

<θt, F(z)> = 2p-{4πY^Ψ(κ

On the other hand, by (2.5) in [14], we have

<θ» θx) = (4π)-'Γ(κ)^P(l + lip) Res s=. D(s, θλ,, θx) .
ό

As above, we have

* + l,n)L(s -κ+ l,λi)

LP(2s -2tc + 2, χ,)

where χx is the trivial character and λ^a) — 1 if α is prime to p and

= 0 otherwise. Hence we obtain

l, λ'λ)L(l, ε) ,

and thus

(flλ9 F) _ A{κ - I V L((κ - κf)l2, Xrj)L{{κ -

This completes the proof.

Appendix

I. Let N = 133, K = 2, and ψ = the trivial character. Then we find
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dim S2(133,4,1) = 6, and dim S2(133, 4, - 1 ) = 8. Let/Tft(Z) and gTn(X) denote

the characteristic polynomial of Tn on the spaces S2(133, 4,1) and S2(133,

4, — 1) respectively. Then for n = 2 and 3, fTn(X) and gTn{X) are given by

n

2

3

fτn(X)

X* - (-a3 + 3a + 8)X4 + (a5 - a4 - 9α3 + 3α2 + 17α + 15)X2

- ( - α 5 - 5α4 + a3 + 17α2 + 6α - 1)

(X3 - (-2)X2 + (α2 - 5)X - (a3 - «2 - 4a + 5))2

n

2

3

Xs

(X4

- (a3 -3a+ 13)^

- 2Xd + (-a2 -

gτ.(X

fβ + ( - 3 α 5 -

- (-18α5

+ (-17αr5 -

5)χ* -(-2a6

+ ( - 4 α 5 -

)

a4 + 24α3 -

+ 108α3 -

- a4 + 91α3

- 2α4 + 9ί

2α4 + 16α3

8 α 2 -

- 9α2

>rs + 5c

+ 8α 2

-42α 4

145α +

— 108α

t2-8α

- 10a

' + 41)

-9)X

- 2))\

where α = e2"ί/13 + e-*i/13. We remark the following. Let N denote the

norm from Q(a) to Q, then

= 443, iV(^2(0)) = 53 79 .

On the other hand, let e0 = (3+VΪ3)/2 be a fundamental unit of Q(VΪ3),

then

tf - 1) = -3-53.79.443 .

Such a relation has been noticed in [3, Remark 2.1 J for the case N = 53.

II. Let N = 193, K = 2, and ψ the trivial character. Then we find

dim S2(193,4,1) = 12 and dim S2(193,4, - 1 ) = 16. Let θfe) = J ] αne
2ffίw* e S2(193,

4,1) (resp. 6ιu(z) = Σ6 n e 2 i r ί w 6 S2(19, 4, —1)) be a primitive form associated

with a Grδssencharacter of Q(V—19) and S^resp. SπO the orthogonal com-

plement of the space spanned by ^ (resp. 0ΠI). We denote by fTn(X) (resp.

gTn{X)) the characteristic polynomial of Γn acting on 5i°(resp. Sm). Let α

= e2,i/i9 + β-2^/i9 a n d l e t (X i > Xz> . . . ? X θ) denote the number X^-i*^ 9 "* in

Q(α). Then we have

In the preparation of the tables in the Appendix, we used FACOM M190 at Data
Processing center of Kyoto University.
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fT2(X) = X1 2 - A10X
i0 + AsX

e - AeX° + A4X< - A2X
2 + Ao

Ao = (0, 0, 0, 0, 0, 0, 0, 0,18)

A = (0, 3, 0, - 2 1 , 0, 42, 0, -21,120)

A = (0, 30, - 3 , -210,17, 419, -24, -209, 373)

A, = (-2, 94, - 4 , -655, 76, 1298, -136, -651, 558)

A = (-18, 99,103, -687, -124,1356, -50, -711, 351)

A = (-21, 26,145, -176, -291, 336,163, -187, 44)

α. = 0, N(fTi(aJ) = 372 56536856647

fTt(X) = (X6 - A * 5 + A:X4 - A'X3 + A * 2 - A[X + A)2

A = (0, 0, 0, 0,1, 1,-4, - 3 , - 1 )

A = (0,1, 0, - 7 , - 2 , 1 1 , 9, 3, -15)

A = (-4, - 4 , 32, 27, - 9 1 , -61,105, 50, - 2 )

A = (4, - 5 , -26, 32, 59, - 3 1 , - 7 3 , -60, 38)

A = (13, 2, -119, -10, 354,18, -356, -22, 47)

A = (16,18, -113, -105, 233,141, -125,19,10)

α5 = (0,1, 0, - 7 , -1,13, 5, - 4 , - 5 )

N(fτ£a5)) = - 37 227 150707 56536856647

gTXX) = χ» - BuX" + BnX" - BWX'° + BBX* - B6X*

+ £
4
X

4
 - B

2
X

2
 + B

o

B
u
 = (0, 0, 0, 0, 0, 0, 0, 0, 27)

B
n
 = (0, - 3 , 0, 21, 0, -42, 0, 21, 294)

B
10
 = (0, -57,1, 399, - 7 , -799, 12, 404,1657)

B
s
 = (4, -398, -13, 2795, -51, -5639, 164, 2928, 5157)

B
6
 = (32, -1263, -149, 8940, -108, -18340, 844, 9980, 8723)

B< = (53, -1847, -254,13227, -255, -27848, 1845, 16178, 7321)

B
2
 = (15, -1076, -67, 7756, -325, -16788,1453,10589, 2464)

B
o
 = (-24, -110, 168, 708, -418, -1458, 450, ,1112, 194)

α
2
 = 0, N(g

τ
£a

2
)) = 2

9
 19

2
 5736557 6463381

= (X
s
- B'TX

1
 + B'

e
X

6
 - B'

6
X* + B'tX* - B'

3
X* + B'

2
X* - B[X + B'

o
f

B'
Ί
 = (0,1, 0, -7, 0,14,1, -6, 2)

B; = (0, 3, 0, -21, -2, 42, 8, -17, -19)

S; = (4, -10, -29, 67, 54, -127, -29, 49, -30)

https://doi.org/10.1017/S0027763000019097 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000019097


164 HIROSHI SAITO

B\ = (7, -27, -51,175,126, -335, -143,145,112)

Bl = (-35, 21, 254, -143, -492, 246, 243, -35,121)

ΰ ; = (-56, 43, 395, -236, -857, 383, 664, -133, -196)

B[ = (44, -13, -313,109, 574, -189, -264,0, -98)

BΌ = (43, - 4 , -281, 6, 505,13, -248, -32,13)

65 = ( 0 , - 1 , 0 , 7 , 1 , - 1 3 , - 5 , 3 , 5 )

N(gτ£a5)) = 571-3457-51679-28579723-5736557-6463381.

Here N denotes the norm from Q(a) to Q. We remark N(fτ£a2)) and

N(fT5(aJ) (resp. N(gτ£a2)) and N(gn(aJ)) have a common factor 56536856647

(resp. 5736557-6463381).
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