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1. Introduction

Let X be a Hubert space. The topological support of a Radon proba-

bility measure P on X is the least closed subset M of X that carries the

total measure 1. A closed subset M of X is called a linear subvariety if

x,y e M implies x + (1 — a)y e M for every α e Rι

9

or equivalently if M = # + K for some a&X and some closed linear subspace

F of X A Radon probability measure P on X is called a Gauss measure

if for every a e X, the image measure of P by the map

/«(*) = (a ,*) :*—>Λ*

is a Gauss measure on i?1.

The purpose of this note is to prove

THEOREM. Let P be a Gauss measure on a Hilbert space X. Then the

topological support S{P) of P is a linear subvariety of X.

This fact is obvious in case X is finite dimensional but we need a

small trick to discuss the infinite dimensional case as we shall see below.

2. Proof of the theorem.

Since P is a Gauss measure, its characteristic functional

C(z)=[ e"'-*Ψ{dx)

is expressed as

C(z) = exp (i (z, m) - - L Σ υk{z, ek)
2
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where {ek} is an orthonormal sequence (finite or countable) and

2 £ l " , Vk>0 Ύl Vi <C oo.

k

By the translation x — > x + m, we can assume that m — 0, namely that

Let Y be the closed linear subspace spanned by {ek}. If z JLY, then

£(««(*..)) = C(^) = 1, E(f(x)) =\ f(x)P(dx),

for every t G R1. Therefore we get

Since F = ί l L 2 , we obtain

(1)

because Lz is closed and P is Radon.

Now we will prove that Y — S{P). For this purpose it is enough to

prove that

P{x eX:\\x-a\\<r}>0

for every β ε F and every r > 0. Suppose to the contrary that we have

β £ Y and r > 0 such that

P{x<=X:\\x-a\\<r} = 0.

Then we have

(2) £(*- !l«-«IIV2) ̂  e-«> 2/2, α > 0 .

On the other hand we have by (1)

Since

^(^•ΣLi^) = exp {- Σ2-iVi«i/2}, n = 1,2, ,

xk9 k = 1,2, are independent and each #fc is JV(O, υ^-distributed on the

probability space (X9P). Thus we have
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(3) £ ( e - H*-*UV2) = Π
k

Comparing (2) with (3) we have

(4) Π exp -ZTJ&— (1 + vka) ̂  e*r\
k 1 + vka

Writing Ix and I2 for the products corresponding to k-^N and k>N

respectively, we have

k>N

Since J]vk and 2 α | are both finite, we have

(5) / 2 ^ β 'f/2

for some large JV which is independent of α. Fix such iV. From (4) and

(5) we have

Π exp
vka

namely

N

Π exp
kι ^

N

Π (1 + vka)
fc1

k=i 1 + υha e*r 'Δ

Letting a t °°> we have

N

which is a contradiction. This completes the proof.
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