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MODULAR FORMS OF DEGREE n AND REPRESENTATION
BY QUADRATIC FORMS V
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Let A, B be integral symmetric positive definite matrices of degree m
and two, respectively, and suppose that A[X] = B is soluble over Z, for
every prime p. If m > 7 and min B = min B[x] (Z*> x # 0) is sufficiently
large, then A[X] = B is soluble over Z. We gave a conditional result
for m = 6 in [7] under an assumption on the estimate from above of a
kind of generalized Weyl sums. Here we give an unconditional result for
special sequences of B.

THEOREM. Let A (resp. B) be an even integral positive definite sym-
metric matrix of degree six (resp. two). For any sufficiently large integer
m which is prime to det A, A[X](= 'XAX) = mB has an integral solution
XeM,(Z) if A[X]= mB has an integral solution over Z, for every prime
p dividing det A.

As usual Z, Z, denote the ring of rational integers, and p-adic integers,
respectively. A symmetric matrix is called even integral if all entries are
integral and moreover diagonals are even.

§1.

Let A be an even integral positive definite matrix of degree six. We
denote by g the level of A, that is, g is the minimum positive integer such
that gA~' is even. ¢ and det A have the same prime divisors. We consider
the theta function

0Z, A= ) exp (ri tr A[G]Z),

GEMg,2(Z

where Z is a symmetric complex matrix of degree two with positive de-
finite imaginary part. It is clear that

02, A) = 3 (T, A) exp (xi tr TZ)
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for
r(T, A) = ${G e M, (Z)|A[G] = T},

and it is a modular form of degree two, weight three and level ¢ ([3]).
Decompose #(Z, A) as (Z, A) = E(Z) + g(Z) where E(Z) is the Siegel’s
weighted sum of theta functions for quadratic forms in the genus of A,
that is, E(Z) = (O] #0(A,)")' > #0(A,)'6(Z, A,) where {A,} is a complete
set of representatives of isometry classes in the genus of A and #O(A))
is the order of the unit group of A,, and the constant term of the Fourier
expansion of g(Z) vanishes at every cusp. Put

EZ)=3a(T)exp(ritr TZ),
8(Z) =3 b(T)exp(zitr TZ) .

Then from [9], we know that for T > 0,
aoT) = "I @) I'G2) AT 1] a(A, T),
V4

where [' is the gamma function and «, is the so-called local density. We
fix even positive definite integral matrix T,. Here we note that if ¢ is
odd, then A represents primitively every regular even binary symmetric
matrix T over Z, (c.f. the proof of Lemma 6 in [6]) and hence a,(A, T) > ¢,
for some positive ¢, independent of 7. Therefore Remark on p.p. 142~143
in [6] implies that a(mT,) > cm*-* for any ¢ > 0 if a(mT,) = 0 and m is
prime to g, where ¢ is a positive constant independent of m. It is easy
to see that the condition a(mT;) # 0 is valid if and only if A[X] = mT,
is soluble over Z, for every prime divisor of q. It remains to show that
b(mT,) = O(m*~*) for some r > 0 if (m, ¢) = 1, which is obviously sharper
than thz theorem.

§2.

We recall results of Evdokimov which we need here. Let

Ty = (MeM(Z)|'MIM = J}  for J = ( ‘1) 32)
— 42
with the identity matrix 1, of degree 2 and I'y(q) be a principal con-
gruence subgroup {Me',|M = 1, mod q} for a natural number ¢g. A holo-
morphic function F on the Siegel upper half-plane of genus 2, which is
the set of all complex symmetric binary matrices with positive definite
imaginary part, is called a modular form of weight 3 and level ¢ if
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(F'MXZ) :=|CZ + DI"F(M(Z}) = F(Z)

for every matrix M = (é g) e I'|(q), where M{(Z> = (AZ + B)(CZ + D).

Mi(q) denotes the set of all modular forms of weight 3 and level ¢q. Let
&, 4 be Dirichlet characters modulo g. We denote by Mi(q; &, ) the set
of modular forms F ¢ IM3(q) which satisfies

(Fr(m, m)Z) = &m)y(n)F(Z) for integers m, n prime to g

m-—l

n

where 7(m, n) is any element of I", such thaﬁ T(m, n) = m

mod gq.

n
Then from [5] we know that g(Z) in Section 1, for which the constant term

of the Fourier expansion of (g|N)Z) vanishes for every N e I',, is a linear
combination of modular forms F such that F is in Mi(q; &, ), is a com-
mon eigen function of so called Hecke operators and satisfies @*(F|N) =0
for every NelI', for the Siegel’s @ operator. We have only to show that
for such a modular form F(Z) = 3, ¢(T) exp 2riq~" tr TZ), ¢c(mT,) = O(m*~*)
for some £ > 0 is valid if (m, q) = 1 with T, fixed (det T} + 0).

First suppose that F(Z) is a cusp form, that is, ®(F|N) = 0 for every
Nel,. Then it is shown in [8] that ¢(T) = O Tl"’”“‘/z)l is valid for some
£ >0 if det T £ 0.

Hence the case that F is not a cusp form remains and it is treated
in the next section.

§3.

Let F =3 c(T)exp(2niq~' tr TZ) be an element in IMi(q; &, v) and
suppose that F is an eigen function of all Hecke operators,

F|T(m) = a(m)F for (m,q) =1, and
O(F|M) =0 for every MeI';, but
O(F|N)+0 for some Nel',.

Lemma 1. Let m be a natural number relatively prime to q. Suppose
that M e M(Z) satisfies M = (12 m1> mod q, ‘MJM = md for J defined
2.

above. Denoting by K™ any element of I'y which satisfies

-1
Km = (12 ) K(12 ) modq  for KeTl,,
m].g m12
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we have
KI'(@Mr'(q) = I'(@)MI'(q)K™ .

Proof. Let {M,} be representatives of left cosets of I",(q)MI"(q) by I'«(q),
ie. I'@MI'(q) = U I'(@)M;. Since I"MI', = U I',M, is disjoint, M,K™
= g, M,,, for some g, € I', and some permutation s. Considering both sides
modulo ¢, we have K = g, mod q, and hence g,K~' e I'y(q). Thus we have
IQMTI'(@)K™ = U I'{fgM, K™ = U I'(Q)g: M, = U I'y(q9)(g: K KM,
= U KI'(@M,., = KI'(q)MI'(9).

Lemma 2. For Dirichlet characters Xy, X,, X, modulo q, we put F(Z; X,,
Xay X) = D Xo(m)Xo(mp)Xo(ma) F'| N 07 (m,y, m;) where m, (i = 1, 2, 3) runs over
a complete set of residue classes prime to q and 7(m,, m;) is an element in
I', defined above. Then there are characters X, (i = 1,2, 3) which satisfy
that

1) OF(Z; %, %y, %) =0

2) F(Z; %, X%, %) T(m) = 2Am)(m)F(Z; 13, 1y %) if (m, @) = 1

3) F(Z; X, Xy, Xo) € Mi(q; Xo, Xs,)-

Proof. By virtue of the previous lemma, we have, for m prime to g,

F(Z; %, X, Xa)l T(m) = Z Xl(ml)x2(m2)x3(m3)F | T(m)(N ™1 (m,, ma))(m)
= A(m) Z Xx(ml)xz(mz)xa(m3)F | N™™y(m,, my)
= Z(m)m)F(Z;9 Xls xZ, X3) .

The last assertion is obvious. Suppose that OF(Z; X, X,, X;) = 0 for all ;;
then we have

QP UF|N) = O3 F(Z; 1, Xy, X5)) = 0.
This contradicts @(F|N) + 0.
LemMma 3. A(m) = O(m****) for any ¢ > 0.

Proof. By the previous lemma, we may assume @F = 0; then f = OF
is a non-zero cusp form of weight 3 and level ¢ on the classical upper
half-plane and is an eigen function of all Hecke operators T'(m), (m, q)
= 1([6]). Put f|T(m) = t(m)f. By easy calculations we have

Ap)f = O(F|T(p)) = (1 + w(p)PUD),
A = O(F|T(pY)) = {1 + vw(pp + vw(PIPHUP®) + &v(p)p’(1 — p Y.
f #+ 0 implies

https://doi.org/10.1017/50027763000001082 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000001082

QUADRATIC FORMS 177

A(p) = (1 + y(pP)Xp),

Ap) = 1 + y(pp + W(PIPIP") + ¢ (P)P’(L — p™)
and

Q,.7(x) := 1 — Ap)x + (Ap)* — Ap") — EY(PIP")x" — Ey(P)P°A(p)x®
+ &y (p)p’x!
= (1 — Up)x + EPP*x )1 — Up)y(P)px + E(PIP*(W(P)PX)"),
noting
Hp) = Up") + pP°&(p) .

It follows from Section 7 in [4] that
Z Z(m)m”s = L(28 - 27 E'\!f')_l (plq_;[=1 Qp,l”(l)—-s)'—1

(m,q)=1

_ (5 S (5 A )

m¥-? m,p=1 m?® mé-!

where g is the mébius function.
Thus we have, for m relatively prime to g

Am) =20 &p(m)u(m)mit(mo)i(moy(mi)mg

mimema=m

=0( > mimi’mi?)

mimamg=m

— ms/z'o( Z m1—3m2—1)

mimemg=m

— m*O( 3 m?)

malm

= O(m****) for any ¢ > 0.

ProrposiTiON. For fixed T, > 0, we have c(mT,) = O(m***%) for any
e > 0 if m is relatively prime to q.

Proof. For our modular form F (which does not necessarily satisfy

OF £ 0), L(2s — 2, &¥) X mpy=1 Am)m™" = [ .0-1 @,.7(p~") " holds (§7 in [4]).
By Theorem 7.1 and Remark 1 in [4] we know that

2. c(mTym=*

(m,q)=1

is a finite sum of products of finite Dirichlet series and

iq_)I: Qp,F(p_s)—lLdfﬂ(s - 1, X)_: ’

®,q)=1

where X is a character of ideal classes with respect to the order o, of con-
ducter f in the quadratic field QW —|Ty|), (df* = — 4|T,)), and L, (s, X) =
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e @ — X(EB)NCR)*)' where B runs through all regular prime ideals of
o, whose norm N() is prime to q. We note that the above Remark 1
without proof is based on the fact that the left hand of (7.3) there is
multiplied by X(b)%(b), taking Ub as representatives instead of U for b
prime to g. Putting

3 Ammi= 1 Qup™) Luls — 1, X)
= Am)m=L(2s — 2, &y)L, (s — 1, X)™*,

(m,q) =1
Lemma 3 implies 1(m) = O(m***¢) for any positive e.
Thus we have proved the proposition and hence the theorem.

Remark. It is easy to see that the same estimate from below of the
expected main term as in the text holds if either mB is primitively re-
presented by A over Z, at every prime p dividing det A, or p‘» does not
divide m with ¢, arbitrarily fixed at each prime p where the Witt index
of the p-adic completion of a quadratic space corresponding to A is less
than 2 (this implies p|det A). Evolving the Hecke theory at primes divid-
ing the level, we may get the same estimate of the error term and improve
our theorem. If the relations due to Andrianov-Evdokimov between Fourier
coefficients and eigenvalues of Hecke operators are also valid for primitive
Fourier coefficients and eigenvalues, then our theorem is valid for primitive
representations. Here the primitive Fourier coefficients a*(7T) is defined
from Fourier coefficients a(7") as follows, following Bécherer-Ragahvan:
On Fourier coefficients of Siegel modular forms:

oT) = o a*(T[G']D),

GEGL(Z)\M2(2Z)

where det G # 0 and T[G™'] is half-integral. (c.f., Theorem 1.7.2 on p. 162
in [7]).

Remark. When we consider a similar representation problem of binary
quadratic forms T by a quinary positive definite quadratic form, the es-
sential part of the expected main term is det 7' apart from the infinite
product of local densities. Hence we need the estimate a(T) = O(T|'-°)
for some ¢ > 0 for Fourier coefficients a(T) of cusp forms of weight 5/2
and degree 2.

Let M(=~ A, | {4)) be an even quinary decomposable positive definite
quadratic form of det = 20. The class number of gen M is two and another
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form is given by
2% + x5 4+ x5 + xf + 3x5 — XX — XXy — XXy — XXy + XX + XXs) .

Using a computer, we know that all even binary quadratic form of
det < 1000 except 4(x* 4+ xy + »°) is represented by M. Does this suggest
that with respect to the representation problem of binary forms whose
minimum is sufficiently large, by this quinary form we can expect an ex-
istence of a solution or more strongly the asymptotic formula of solu-
tions? Are there any examples like M, that is, is there, for 2< n<m
a positive definite quadratic form M of rank = m such that any positive
definite quadratic form of rank = n represented by gen M is represented
by M?
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