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Central Sequence Algebras of a Purely
Infinite Simple C*-algebra

Akitaka Kishimoto

Abstract. 'We are concerned with a unital separable nuclear purely infinite simple C*-algebra A sat-
isfying UCT with a Rohlin flow, as a continuation of [12]. Our first result (which is independent of
the Rohlin flow) is to characterize when two central projections in A are equivalent by a central partial
isometry. Our second result shows that the K-theory of the central sequence algebra A’ N A“ (for
anw € AN\ N) and its fixed point algebra under the flow are the same (incorporating the previous
result). We will also complete and supplement the characterization result of the Rohlin property for
flows stated in [12].

1 Introduction

When A is a unital separable nuclear purely infinite simple C*-algebra, Kirchberg
and Phillips showed in [8] that A’ N AY is purely infinite and simple, where A“ is
the ultrapower of A for an w € SN \ N (see the definition below). If a is a flow (or
continuous action of R) on A, « induces a non-continuous action of R on A¥ and
we can take the a-continuous part AY of A“. When « has the Rohlin property, we
have shown in [12] that the a-fixed point algebra (A’ N AY)® is again purely infi-
nite and simple and the embedding (A’ N A¥)* C A’ N A induces an isomorphism
Ko((A" N A¥)Y) =2 Ky(A’ N A¥). We will continue to study these objects. First we
characterize when two projections in A’ NA“ (or hence in (A’ NAY)®) are equivalent.
Second we will show that the embedding (A’ N A%)* C A’ N A“ also induces an iso-
morphism K; ((A’ N A¥)*) 2 K3 (A’ N A¥). Finally we will complete the proof of the
main result of [12], which is an attempt to characterize the Rohlin property for flows.
The result includes that « has the Rohlin property if and only if the crossed product
A %, Ris purely infinite and simple and the dual flow & has the Rohlin property. See
4.6 for details. We will also show that the trivial flow is obtained as a limit of cocycle
perturbations of a Rohlin flow. In particular the Rohlin flow has a cocycle perturba-
tion whose fixed point algebra contains the image of a unital endomorphism.

We recall ultrapowers of a C*-algebra A. We denote by ¢°°(A) the C*-algebra of
bounded sequences x = (x,,)5°, in A. For a free ultrafilter w € SN \ N, we define

¢“(4) = {x € ()| lim [lx,]| = 0},

which is a closed ideal of £>°(A) and set A¥ = ¢>°(A)/c“(A). We embed A into A* as
constant sequences. It is known [8] that if A is a unital separable nuclear purely infi-
nite simple C*-algebra, then A’ N AY is a unital purely infinite simple C*-algebra. For
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each projection e € A we can choose a sequence (e,) in P(A), the set of projections
in A, such that (e,) represents e, which will sometimes be denoted by e = (e,,).

We denote by U(A) the group of unitaries of A (or A+Cl1 if A is non-unital) and by
P(A) the set of projections in A as above. If e, p € P(A) almost commute with each
other, then ep is close to a projection, whose (Murray-von Neumann) equivalence
class is denoted by [ep]o. If e € P(A) almost commutes with u € U(A), then eu+1—e
is close to a unitary, whose equivalence class (i.e., homotopy class in U(A)) is denoted
by [eu];. Our first result, which is independent of flows, is as follows.

Corollary 1.1 Let A be a unital separable nuclear purely infinite simple C*-algebra
satisfying the Universal Coefficient Theorem and let w € SN \ N.
Let ey, e; € P(AY N A’) and let (e,,,) be a sequence in P(A) representing e,. Then
e and e, are equivalent if and only if for any finite subsets P C P(A) and U C U(A)
there is an ) € w such that for any n € ), it follows that [e, ,, p] ~ 0 and [e,, u] ~ 0
and
[eO,np]O = [el,nP]O; [eO,nu]l = [el,nu]l

forallp € Pandu € U.

This will follow from Theorem 2.1 of Section 2.

If o is a flow on A, we can define an action @ of R on £*°(A) by t — @, ((x,)) =
(o (xn)). We set £2°(A) = {x € (*°(A)| t — @ (x) is continuous}, which is the
maximal C*-subalgebra of />°(A) on which @ is strongly continuous. For an w €
ON \ N, we set AY = (> (A)/C“)(A) N £5°(A). Note that @ induces a flow on A%,
which we will denote by a.. The flow « leaves A’ N A% invariant; the C*-subalgebra
of a-invariant elements there will be denoted by (A’ N A%)?.

Corollary 1.2 Let A be a unital separable nuclear purely infinite simple C*-algebra
satisfying the Universal Coefficient Theorem and let w € SN \ N. Let « be a Rohlin
flow on A. Then the embedding (A’ N A¥)* C A’ N A induces an isomorphism
K. ((A"NA2)Y) =2 K (A" NA¥) forx =0, 1.

For * = 0 this is shown in [12]. The case for * = 1 will follow from 4.2 and 4.4.

2 Projections

We choose a small §, > 0 satisfying: If e, f are projections in the C*-algebra A such
that ||[e, f1]| < do then X1 /2 oc)(efe) defines a projection whose equivalence class is
denoted by [ef],, where x¢ is the characteristic function of C C R. Furthermore if
e € P(A) and u € U(A) are such that ||[e, u]|| < do, then ue + 1 — e is invertible,
whose equivalence class is denoted by [ue];.

Theorem 2.1 Let A be a separable nuclear purely infinite simple C* -algebra satisfying
the Universal Coefficient Theorem.

For any finite subset J of A and € > 0, there exist a finite subset P of P(A), a finite
subset U of UW(A), a finite subset G of A, and 6 € (0, &) satisfying: For any pair ey, e; in
P(A) \ {0} such that

les,x]|| <6, x e PUUUS

https://doi.org/10.4153/CJM-2004-054-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-054-0

Central Sequence Algebras of a Purely Infinite Simple C*-algebra 1239
foro =0,1and

[peo)o = [perlo, p € P,

[ueol1 = [uer]r, u € U,
there is a partial isometry v € A such that vv = ey, vw* = e;, and
[vx]ll <€, xeT.

Remark 2.2 1f Ky(A) is finitely generated, we may take a fixed finite set
{p1, P2 ---, pu} for P in the above theorem, by enlarging G if necessary, such that

{[p1], [p2],. .., [pnl} generates Ky(A). To see this we first note that any projection
in A can be expressed in terms of g € P(A) with [q] = 0 and g € P(A) with
[q] = [pi] for some i. If [q] = 0, then there are partial isometries u,v € A such

that u*u = q = v*v and uu* + vw* = q. Hence if [e,,u] ~ 0 and [e,,v] =~ 0,
then it follows that [e,q] = [e,uu™] + [e,vv*] = 2[eyq], i.e., [epq] = 0 = [e1q]. If
[q] = [pi], then there is a partial isometry u € A such that u*u = g and uu* = p;.
Hence if [e,, u] =~ 0, then [e,q] = [e,pi], i-e., [eoq] = [eopi] = [e1pi] = [e1q]-
Thus, if ¢ € P(A) and if e, almost commutes with some finite set of elements asso-
ciated with g as above, we can conclude that the equality [eyg] = [e1g] follows from
the conditions [eyp;] = [e1p;] fori = 1,...,n. The same remark applies to U.

Remark 2.3 'We show that the conditions concerning P and U are necessary in the
above theorem.

Assume that Ko(A) = Z and [14] = 0. Let ¢ and e; be non-zero projections in
the Cuntz algebra O such that [eg] = 0 and [e;] = 1. Then 14 ® e, is a projection
inA® Oy =2 Asuch that [14 ® e,] = 0. If p is a projection in A such that [p] = 1,
then

[p®el=0,[pRe] =1

This implies that if v € A ® O satisfies that v'v = 1 ® ¢y and vv* = 1 ® ¢, then
llv,p ® 1]|| > 1. Hence this shows that however central 1 ® e, is for 0 = 0,1,
we cannot choose a partial isometry v € A ® O with initial projection 1 ® ey
and final projection 1 ® e;, almost commuting with this particular p. The above
assertion is shown as follows. If ||[v, p ® 1]|| < 1, then ||[v(p ® e))v* — p ® e1]] <
Ilv, p @ 11(1 @ eo)v*|| = ||[v, p ® 1]|| < 1, which implies that p ® ey and p & e; are
mutually equivalent, a contradiction.

Assume that Ko(A) = 0 and K;(A) = Z. Let ¢y and e; be non-zero projections in
O such that [eg] = 0and [¢;] = 1. Then 1 ®e, is a projection in A® Oy, = A such
that [1 ® e,] = 0. Let u be a unitary in A such that [u] = 1. Then [u ® ¢y] = 0 and
[u®e] = [u® 1] = 1. This implies that if v € A ® O satisfies that vi'v =1 ® ¢
and w* = 1Q®e, then ||[v,u®1]|| > 2. Because if ||[v,u @ 1]|| < 2, thenv*(u®e;)v
and u ® ey would be equivalent as unitaries in (1 ® €y)A ® O (1 ® €y), which is a
contradiction.

By the uniqueness theorem proved in [8, 9] a unital separable nuclear purely in-
finite simple C*-algebra with UCT is obtained as an inductive limit of finite direct
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sums of a C*-algebra of the form O ® C*(z), where O is a corner of a Cuntz algebra
and C*(z) is the C*-algebra generated by a unitary z with full spectrum (see [2]);
we may further assume that the connecting maps are all injective. The above result
is shown for (a corner of) the Cuntz algebra O, with n < oo in [10, 3.5], where
P = {1} and U = O suffice. The following lemma, as a generalization of this result,
is a special case of the above theorem.

Lemma 2.4  The above theorem is valid for a corner of a Cuntz algebra, where U = @
suffices.

Proof A corner of a Cuntz algebra can be given as e(B x,, Z)e, where B is a stable
AF C*-algebra with Ky(B) C R, eis a projection in B, and « is an automorphism of B
which does not preserve the trace 7, where 7 is defined by 7(p) = [p] for p € P(A).
We may suppose that Ta(e) < 7(e).

We may suppose that there is an increasing sequence (B,) of finite-dimensional
C*-subalgebras of B with dense union such that «(B,,) C By+1, By C a(By+1), € € By,
a(e) € By, ale) < e, a(e) has central support e in eB; e, and any direct summand of
B, has a copy in any direct summand in B,; for any n. Note that A = e(B x, Z)e
is a unital separable nuclear purely infinite simple C*-algebra with K;(A) = 0 [15].
Note also that o has the Rohlin property and is determined up to cocycle conjugacy
by the number 7(a(e))/7(e) [6, 3].

Let U denote the canonical unitary multiplier of B X, Z implementing « and let
S = Ue € A. Then A is generated by the isometry S and the AF C*-subalgebra eBe.
We define an endomorphism A of A by A(x) = SxS*, x € A. Let n > 2. Since
AN(eBye)’ = e(Bx,ZNB,)e, we have, for any x € AN (eB,e)’,anx € (Bx,Z)NB,
such that £e = x, from which UtU*«a(e) = A(x). Since U%*U* € B,_,, we have
that A(x) € (A N (eB,_1e)")a(e). Thus, by using the fact that the multiplication
by a(e) on A N (eBje)’ is an isomorphism and that By C «(B,), we define a unital
homomorphism \ of A N B} into A N B} by A(x)a(e) = A(x), where A N B/, should
be understood as A N (eB,e)’ with e the identity of A, or we should say we often use
B, to denote eB,e if it is clear from the context. Note that A(A N B’) is contained in
AN B!_, and contains A N B.,,. Since |[[S, y]|| = ||SyS* — ya(e)| = [|[\y) — y|| =
IA(y*) — y*|| for y € AN B}, we have that y € A N B} almost commutes with S and
S* ifand only if | A(y) — y| = 0. In this way we may try to choose the desired v from
A N B, such that |A(v) — v|| < e for any prescribed N and e.

By the Rohlin property of «, we have, for any N,n € N and €/ > 0, a Rohlin
partition ejg, €11, . . ., €1.4—1, €20, €21, - - - , €2,, Of unity by projections in e(By N By)e
for alarge M > N such that

max{||5\(e(,7,<)—e(,7i+1\||i:O,l,...,n—3+a, o= 1,2} < €.

We assume that N and # are sufficiently large and choose M as above.

Let {E; i = 1,2,...,K} denote the set of minimal central projections in
eBpryant2€ and let p; be a minimal projection in E; Byy2,42E;.

Let ey, e; be non-zero projections in AN B}, ,,,, such that A(e,) = e, foro = 0,1
and [eopilo = [eipilo in Ko(A) for i = 1,2,...,K. That is, we have set
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P=A{pili=12,...,K}. Let {F; | j = 1,...,K'} denote the set of minimal
central projections in eBys42,+1€. Since the condition [eyp;] = [e; p;] implies that

leoF;] = [e1F;] in Ko(Fj(A N Byyins1)Fj)

and since e,F; # 0, we have a partial isometry w € A N By,,,,, such that w*w = ¢
and ww* = e;.

Since A(e,) = e,, thereisav, € U(ANB}y,4,,) such that v, ~ 1and Ad vo(ey) =
¢,. Then x = wv(,}\(w*)v’f is a unitary in e; (A N B},,,,)e1. We set xo = ej,x; = x,
and x; = xAd vi\(xx_1) for k = 1,2,.... Since xx € e;(A N B},,,,;_1)e1 and
Ki(e1(A N Byy,,)er) = 0, there is a rectifiable path wy from e; to xx in U(e; (A N
Bjy.,)er) of length about w for k = n,n + 1, i.e, wp(0) = e, w(1) = x3, and
[lwi(s) — wi(®)|] < 27|s — #| for 0 < s < t < 1. By using those paths applied with
A% with k = 0,1,...,n and the Rohlin partition in e(By; N BJ)e, one defines a
unitary z € e;(A N By )e; such that x = wvoj\(w*)vi‘ ~ zZ\(z%) (up to the order of
1/n) [6]. More concretely we define

n—1 n
zZ= Zxkﬂ}\k_nﬂ (Wn (k/(n — l))*> + ZX}H.lj\k_n (Wn+1(k/7’l)*) )
k=0 k=0

where we should note that A~! maps A N B/, into AN B!, _,. Then w; = z*wisa
partial isometry in A N By such that A(wy) &~ w;. Since wiw; = ¢ and wiw] = ey,
this concludes the proof. ]

Proof of Theorem 2.1 We may assume that A is unital by finding a projection E
such that EAE almost contains J and by restricting everything to EAE.

As noted before (Lemma 2.4), we may assume that there is an increasing sequence
(A,) of unital C*-subalgebras of A such that A = | J, A, A = @f;l Aur,and Ay =
D, ® C*(z,), where D,y is of the form e(B X, Z)e as in the previous lemma and z,
is a unitary with full spectrum.

Let J be a finite subset of A and € > 0. We may suppose that I equals

KYI
U Fw U {2}
k=1

for some n, where ¥, C D,x. We choose P,y C P(Dyx), Guk C Duk, and d, > 0 by
applying 2.4 to D, with (F, €).
Let E,;x denote the identity of A,;x. We approximate z,; by

wewd y" € WERAE),
where [w] = [z4] = [y}, [w*w] = [Eul, [y*y] = —[Eul, and Spec(w) = T =
Spec(y) (in case [zq,] = 0). Let v, be a self-adjoint unitary in U(E,xAE,x) which

switches the first two components of w @ w @ y* and is the identity on the support
of the third.
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We approximate 0 @ w & y* by a unitary on 0 & 1 & 1 with finite spectrum

Z

—1
eka/ka

»
i

0

for a large N with [fy] = 0 and fy # 0 (cf. [12, 2.5]). We note that F = >3 ' fi
satisfies that F + vFv = 1 @ 1 & 2. We find a family ( fi(j”k)) of matrix units E,;AE,x

such that fj(fk) = fj. We set

Ky

P =JPu,
k=1
K,

UZU{znkp+1—p|pe‘.Pnk},
k=1

K

9 = U Snk ) {Enk7 f;‘(jnk)> Vnk}‘

k=1

We will take a sufficiently small 6 > 0.
Let e, e; be a pair in P(A) \ {0} such that

|les,x]]| <d,x € PUUUG
and

[peolo = [peilo, p € P,

[ueoly = [uei]1, u € U.

Since e, almost commutes with E,x, we can discuss the pairs eyE,x and e E,; in
EAE, separately. Thus we have the following situation: e(B X, Z)e ® C*(z) is
a unital C*-subalgebra of A, where (B, a) is as described as in the proof of Lemma
2.4, and the two non-zero projections e, e; € P(A N B},) are equivalent in A N B},
for a sufficiently large m, and satisfy

les,2] =0, [es, fij] =0, [es,v] =0, ey) =~ e,

[zpeoly = [zper]i, p € P,

where we have used the notation in the proof of 2.4. In particular, P is the set of
minimal projections each of which is chosen from a direct summand of eB,,e. From
the last condition it follows that [zey]; = [ze;]; in Kj(A N B),_,). The second and
third conditions imply that even if [ze,]; = 0, the spectrum of (a unitary in e,Ae,
close to) ze, is almost dense in T (because e, F # 0 or e;vFv* # 0 where F = )", fi).
Hence it follows [5] that there isaw € AN B;,_, such that w*w = ¢y, ww* = e;, and
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wzeow* = ze;. Note also that if e, # 1, then the spectrum of z(1 — e, ) is also almost

dense in T.
We make another assumption on the choice of the increasing sequence (B,,) of
finite-dimensional C*-subalgebras of B: For any m = 1,2,... thereisa v €

U(e(Byu+1 N B],)e) such that vS € AN (eB,e)’ and that for any p € P(e(B,+1 N B,)e)
with p < vS§§*v* the projection ¢ = (vS)*p(vS) € e(Bus2 N Bj,)e satisfies that
[g] > [p] in Ky(e(B,+2 N B),)e). We can see that this does not cause the loss of gener-
ality as follows. Let {E,x | k = 1,2,...,K,} denote the set of minimal central pro-
jections of eB,,e. By passing to a subsequence, we may suppose that a(Ex) = SE,xS*
is equivalent to a subprojection of E,; in eB,,+je. Then there is a v € U(eB,,11€)
such that py = vSE,xS*v* < E, for any k. Note that E,,1 ,py is a projection in
Eni1 ¢EnkeBys1eEpyi (which is a full matrix algebra) and has dimension divisible by
[m, k], where [m, k] is given by E,,xeB,,e = M|, x. Hence, by changing v if necessary,
we may suppose that Epi1 0Pk € Ems1.cEmkeBmi1€Emk N (Epr1 ¢EmkeBime)’ for any ¢,
which says that

Pk = VSEmkS*V* € E,1eB1eEp N (EmkeBme)/-
Define a homomorphism ¢: pxEskeBne — prEms1 tEmkeBm+1€Emipr by
r(Prx) = Ep1 (vSxS*Vv*, x € ExeBpe.

Since this is a unital isomorphism of a full matrix algebra into a full matrix algebra,
this must be unitarily equivalent to the inclusion

pxEnkeBme C prEpyi (EmkeBui1eE k.
Hence there is a unitary wy in pxE,xeBy+1€Emk px such that
wivSxS* v wy = pix, x € EpreBye.

Let w = Y, wi + (e — > px) and replace v by wv € U(eBy,41e). Then it follows
that py = vSE,xS*v* and vSxS*v* = vS§*v*x = xvSS*v* for x € eB,,e. The latter
condition implies that [x,vS] = 0, x € eBye, i.e., vS € AN (eBye)’. The other
condition can be met by passing to a subsequence if necessary.

We shall show first that there is no loss of generality to assume that ege; = 0.

If e = 1 = ¢, then there is nothing to prove in the first place. Hence suppose
that e; # 1. Since M(e,) ~ e, and e,, A(e,) € A NB/,_,,thereisav, € WANB,,_,)
for ¢ = 0, 1 such that v, ~ 1 and Ad v,\(e,) = e,. By using the Rohlin property
for o on B, we get a Rohlin partition of unity {p1o, p11,-- -, P1.u—1, P20s - - - P2n} bY
projections in e(B,,—» N Bj,;)efor n > 1 and m > ¢ > 1 such that }(pg,i) R Poitl-
(We actually choose ¢ first and then m to accommodate such a Rohlin partition.)
We find a v, € U(e(By,—1 N Bj)e) such that v, ~ 1 and Ad vzj\(pw-) = Dojitl-
Since the spectrum of z(1 — e;) p,,; is independent of i (since it is left invariant under

Ad(v,v1)A), it follows that the spectrum of z(1 — e;) py is almost dense in T for py =
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P1o + p20. We then find a partial isometry w € A N Bj such that w*w = ey, ww* <
(1 —e1)po, and [z, w] = 0 (see [5]). We define

n—1

W =172 (Ly Ry ME(w),
k=0

which is a partial isometry in A N Bé_n such that W*W = ¢;, WW* < 1 — ¢y,
[z, W] ~ 0, and A(W) ~ W (up to n~'/2). Here L, (resp. R,) denotes the bounded
operator on A defined by L,y = xy (resp. R,y = yx.) Note that ef = WW* is
connected with ey by the partial isometry W which commutes with elements from
a prescribed finite subset. Hence the pair ¢y and e; (as well as e;) should satisfy
the same kind of conditions in the statement (if we start with stronger conditions
imposed on the pair (ep, e;).) Thus we are left with the two projections ¢} and e;
which are mutually orthogonal and can be chosen to have prescribed properties.

Now we assume that epe; = 0. We choose v € U(A N B),_,) such that v ~ 1
and Ad v\(e,) = e,. Note that we have chosen w € A N B!, _, such that w*w = e,
ww* = e, and [w,z] ~ 0. Then x = wvA(w*)v* is a unitary in e;(A N B}, _,)e;.
Moreover since A\(z) = z, x almost commutes with ze;. We set x; = e}, X = X, and
xp = xAd i\(x_y) fork=2,3,...,n+1. We may suppose that [x, z] ~ 0 for kup
to 7+ 1. By the following lemma 2.5 we have that [x¢]; = 0in K;(e;(ANB,,_,_,)er)
and the Bott element B(x, ze; ) is 0 in Ky (e (ANB),_,,_,)er) fork < n+1 (see [13,7]).
By 8.1 of [1] we have a rectifiable path (of length less than 57 + 1) from x; to ¢; in
U(eyAey NB,,_,,_ ;) almost commuting with ze; for k = n, n+ 1. By using these paths
(applied by A= with k up to 1) and the Rohlin partition in e(B,,_2,_» N B})e (with
m — 2n — 2> N), we will obtain ¢ € U(A N BY) such that x &~ ¢A(C*). Then (*w
will be the desired isometry just as in the proof of Lemma 2.4. See also [12] for a
similar proof.

Lemma 2.5 With w, ey, ey, z, v as above,
[wvA(w* v ] =0
in Ki(e;Ae; N (e1B,,—3e1)’) and
BwvA(w*)v*, zey) = 0
in Ko(e1Aey N (e1B_3e1)’). Moreover, with x; = wvA(W*)v*, and xi, k = 2,3, ...,

n+1, as above, [x;] = 0in K, (e;Ae;N(e1B,—s—_re1)’) and B(xy, ze;) = 0in Ky(eyAeyN
(e1By—2—ke1)’).

To prove this lemma we prepare a couple of lemmas. We denote by J(A) the set of
non-unitary isometries of A. When z € U(A) and p € P(A) almost commute, [zp]
is the equivalence class of a unitary close to zp + 1 — p and Spec(zp) is the spectrum
of such a unitary and is defined only up to the order ||[z, p]|| (if [zp]; = 0).
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Lemma 2.6  Let so,s7 € J(A) and z € U(A) such that [s,,z] =~ 0 and
Spec(z(1 — s,s%)) is almost dense in T for o = 0,1. Then there is a rectifiable path
sin J(A) such that s(0) = sy, s(1) = s, and [s(t), z] ~ 0.

Proof Since [z(1 — s,5%)] = 0, it follows that there is a partial isometry v such that
Vv =1—=sps5, vw* = 1—s;s],and [z, v] =~ 0. Then the unitary u; = s;sj +v satisfies
that w59 = s; and [uy,z] =~ 0. We may suppose that [4;] = 0 and B(u;,z) = 0 by
modifying v if necessary. (Thereisa v’ € U(A) such that v/ = v/(1 — sos5) + 055>
(v = 1)z = v/ — 1, and [v'] is an arbitrary element of K;(A). There is another
v'" € U(A) such that v/ = v''(1 —sos5) +sos5, [v/']1 = 0, [v'',z] &= 0,and B(v"’, z) is
an arbitrary element of K;(A).) Then there is a rectifiable path u such that u(0) = 1,
u(l) = wuy, and [u(t),z] ~ 0 (see [1]). Hence the path s(r) = u(t)sy satisfies that
s(0) = sp, s(1) = s1, and [s(t), z] = 0. [ |

Lemma 2.7 Let D be a finite-dimensional C*-subalgebra of A and let sp,vy €
J(AND’) and z € WA N D’) such that [sy,z] = 0, [vy,z] = 0, sosg + vovg < 1,
and Spec(zp) is almost dense for each minimal central projection p of D. Then there is
a continuous map s of [0, 00) into J(A N D’) such that s(0) = so, [s(t),z] =~ 0, and
lim; oo ||[s(2), x]|| = O for x € A. Moreover there is a continuous path v of [0, 00) into
J(A N D’) such that v(0) = vy, [v(t),z] = 0, and v(t)v(t)* < 1 — s(t)s(t)*.

Proof Lets; € J(Ou), where O is the Cuntz algebra generated by infinitely many
isometries. There is a continuous map f of [0, 1] into J(O o, ® O ) such that f(0) =
si®1land f(1) = 1®s;. Weregard f asamap of [0,1] into 0o ® O ®1®1--- C
R Ouo. Lety denote the one-sided shift on E = @),° O and define a continuous
map s of [0, 00) into I(E) by

st) =4"(f(t —mn)), te[nn+l).

It follows that s(0) = s; ® 1 ® 1--- and lim||[s(¢),x]|| = 0 for x € E. Note, by
the proof of the previous lemma, that there is a continuous path u in U(E) such that
s(t) = u(t)s;. Note by [8] that E =2 O .

Since A = A ® O, we may identify A with A ® O, and assume that sp,z € A® 1
and D C A®1 (by modifying them slightly). Since we have constructed a continuous
map s of [0,00) into I(1 ® O ) such that lim ||[s(¢),x]|| = 0 forx € 1 ® O, it
suffices to find a path connecting sp and s(0) in J(A ® Oy, N D’) almost commuting
with z. Since A ® O N D’ is a finite direct sum of C*-algebras like A, this follows
from the previous lemma if the condition on the spectrum of zp(1 — sps5) is met
for each minimal central projection p of D. (The condition for zp(1 — s(0)s(0)*)
is obviously satisfied.) Since 1 — sos; > vovy and zpvovy ~ vozpvy, we have that
Spec(zp(1 — sps3)) almost contains Spec(zp), which is almost dense. Thus we can
apply the previous lemma as asserted.

Note that the path s is defined as s(t) = u(t)so with a path u in U(A N D’) such
that 4(0) = 1 and [u(s), z] ~ 0 uniformlyins € [0, 00). Hence the last part follows
by defining v(t) = u(t)vo. [ |
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Lemma 2.8 Letu,v € U(A ® C[0, 1]) be such that u(0) = v(0) and Spec(u(t)) =
T = Spec(v(t)). Then for any € > 0 thereisa ( € U(A ® C[0, 1]) such that ((0) = 1
and ||CuC* —v| < e

Proof We take a large integer N such that 1/N < e. We approximate u by a unitary
u; @ u’ up to the order of ¢, where the unitary u’ has spectrum {w € C | W™ = 1}
and is given by

N—1
u = Z 2Tk g,
k=0
We assume that ), [ex] = 2[1] (and so [uju;] = —[1]). We approximate v by a

unitary v/ @ v; up to the order of ¢, where

with py # 0 and [px] = 0, which entails that [viv,] = [1]. We then approximate
u' by s1v}'s} @ s,v155, where s, s, are partial isometries such that s;s7 + 5,53 = u/u’"
and sfs; = s§s; = vivi. Since u; @ s;vi's} has trivial K; and spectrum T, we can

approximate it by a unitary u’/, which is given by

Z

-1

" ezmk/N

0

<
Il

qk

»
i

with g # 0 and [g¢] = 0. We find a partial isometry y € A such that yqy* = pi
and y*y = >, qk. Since u = uy @ u' & uy & svisy & vis5 & u'’ B svis5 and
v & v/ @ vy, and since the unitary { = y + s5 satisfies that ((u”’ ® s;v155)¢ = v/ D vy,
it follows that that ||(u¢* — v|| is of the order of e.

Note that (0) may not be 1. If the Bott element B({(0), u(0)) vanishes, there is a
continuous path z(t) such that z(0) = 1, z(1) = ¢(0), and [z(¢), u(0)] ~ 0 (see [1]).
Hence in this case we can modify {(¢) around ¢ = 0 so that {(0) = 1, retaining the
condition that {(¢)u(t){(¢)* =~ v(¢t) for t near 0, where u(t) ~ u(0) ~ v(t).

If B(€(0), u(0)) # 0, then we findan € U(A ® C[0, 1]) such that

[n,ul =0 and B(n(t),u(t)) = —B(¢(0), u(0)).

Then it would follow that ({n)u({n)* ~ v and B({(0)n(0), u(0)) = 0, which would
produce the desired unitary by modifying (n. We can get such an 7 as follows. We
approximate u by u; @ u’ as above, where this time u’ should be Y, e>™*/Ne; with
lex] = B(C(0),u(0)). Then we find an € U(A ® C[0, 1]) such that nexn*™ = ex1
with ey = egand (1 — ) ex) = 1 — >, e. This 7 satisfies the required condition
(see 4.1 and 8.1 of [1]). [ |

Proof of Lemma 2.5 We have supposed that ey, e; € AN B;, (= AN (eB,,e)’ more
precisely) and epe; = 0 and chosen a v € U(A N B/,_,) such that v ~ 1 and

m—1
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Ad vA(e,) = e,, ie, S ~ vS € AN {ey,e1}’. Note that (vS)(vS)* = a(e). By
the assumption there is a u € U(eB,,—,e) such that uvS € AN B;,_5 N {ep, €1}’
and p = wvS(uvS)* € e(B,—2 N B),_3)e. We have chosen w € AN B],_, such
that w*w = ey, ww* = e, and [w,z] ~ 0. Since x = wv\(w*)v* is a unitary in
e1(AN B!, _,)e; and [u, e;] = 0, we have that x = uxu*.

Let sp = uvS and note that [so,z] ~ 0. We may suppose that 2[a(e)] < [e] in
Ko(B1) in the first place and that 2[p] < [e] in Ko(e(B,,—» N B,,_5)e). Thus we may
suppose that there is an isometry by € A (of the form bsy with some b € e(B,,—, N
B!,_5)e) such that byb§ € e(B,,—, N B.,_5)e such that [by,z] = 0, [by,e,] = 0, and
sosg + boby < e.

Let s be a continuous path in J(A N B),_5 N {eg, e1}’) such that s(0) = sy = uvS,
[s(¥),2z] =~ 0, and lim ||[s(¢),x]|] = 0 for x € A. Note that there is another path
bin J(AN B),_5 N{ey,er}’) such that [b(r),z] ~ 0, b(0) = by, and s(¢)s(t)* +
b()b(t)* < 1. Let p(t) = s(t)s(¢)* and q(t) = wp(t)w*, which are continuous paths
in P(ANB,,_; N {eyer}’). Note that ||g(r) — p(£)e;||—0 as t—o0. We will assert
that there is a continuous path v in U(e; (A N B},_5)e;) such that

v(0) =e, v(t)gt)v(t)" = p(t)er,

lim v(t) exists, [v(t),z] ~ 0.
t—o0

If this is shown, then U(¢) = s(¢)*v(t)ws(t)w*v(¢)* is a unitary in e;(A N B, _;)ey,
because ws(t)w*v(t)* - v(t)ws(t)*w* = q(t) and

Uu @)™ = st) v(t)qt)v(t)*s(t) = e,

etc. Note also that U(0) = (uvS)*w(uvS)w, lim;_,, U(t) = ey, and [U(t),z] =
0. Hence t — s(t)*v(f)ws(t)w*v(t)* is a continuous path in U(e;(A N B,_3)er),
almost commuting with z, from (uvS)*w(uvS)w to e;. Since xp = w(uvS)w* (uvS)*,
[uvS, z] = 0,and [xp + e;(1 — p)] = [(uvS)*w(uvS)w*] in K; (e;(A N B),_5)er), this
implies the assertions for xp + e; (1 — p).

We shall show the above assertion on v. Let f be a minimal central projection
of eB,,_se. Since zfs(t)s(t)*e, ~ s(t)zfe,s(t)*, we have that [z, fp(t)e,] ~ 0 and
Spec(zf p(t)e,) is almost dense in T. Since zfwp(t)w* ~ wzf p(t)eow*, we have that
[z, fq(t)] ~ 0 and Spec(zfq(t)) is almost dense in T. Since 1 — p(¢) > b(t)b(t)*
and zfe,b(t)b(t)* =~ b(t)zfe,b(t)*, we have that Spec(zfe,(1 — p(t))) is almost
dense. Since zf(e; — q(t)) = zfw(l — p(¢))w* = wzf(1 — p(¢))w*, we have that
Spec(zf(e; — q(t)) is almost dense.

Since q(0) = wp(0)w* = p(0)ww* = p(0)e; and gq(¢t) < ey, there is a path y in
U(e; (AN B,,_5)e;) such that y(0) = 1 and

y()q(t)y(t)* = p(t)e;.

There is again a path 7 in U(e; (A N B),_5)e;) such that n(0) = 1 and

n(t)p(t)ein(t)” = p(0)e;.
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Then we compare the paths

t — Ad(n(t)y(1))(zq(t)) and t — Ad(n(t))(zp(t)er)

in the unitary group of p(0)e; (A N B},_3)p(0)e; and also the paths

t— Ad (n(t)y(1)) (z(e1 — q(t)) and t — Ad (n(t)) (zex (1 — p(1)))

in the unitary group of (1 — p(0))e;(A N B,,_3)e1(1 — p(0)). Let T be so large
that q(t) =~ p(t)e; for all t > T. By using the density of the spectra of these uni-
taries in each direct summands, we apply the previous lemma to find a path ¢ in
U(e (AN B,,_5)er) such that [(t), p(0)e;] = 0 and

Ad (C(t)n(t)y(t)) (ze1) =~ Ad n(t)(ze,) fort € [0, T].

Letv(t) = n(t)*¢(t)n(t)y(t) fort € [0, T]. Thenv(t),t € [0, T]isa path in U(e; (AN
B!, _5)e) satisfying that v(¢)q(¢)v(t)* = p(t)e; and [v(t),z] ~ 0. We can extend v(¢)
for t > T in a small vicinity of v(T') retaining these conditions. (For example we can
use the polar decomposition of

pWev(T)g(T)" + e (1 — p(t)V(T)(er — qt)v(T)",

which is close to e; for t > T, to modify v(T).) We may further suppose that
lim, o, v(t) exists (e.g., by repeating the above modifications for larger T). This
concludes the proof of the assertion on v.

There are a finite number of partial isometries {y; | i = 1,...,K} in e(B,,—, N
B,,_s)esuch that y; = (e — p)yip and }_, yiy; = e — p. Let yy = p. Thenx =
Zf‘io yixy!f = E:K:o yiw(uvS)w* (uvS)*y*. With p; = yfy; € eB,—2e N (eBy—3e)’,
we have that

[yiw(uvS)w* (uvS)* yr] = [piw(uvS)w™ (uvS)* p;]
= [(uvS)* piw(uvS)w* (uvS)™ p;(uvS)]

in K1(ANB,,_5). Since g; = (uvS)*p;(uvS) € eB,,—1eN (eB,—3e)’ and [q;] > [pi]
in Ko(eB,,—1e N (eB,,—3e)’), we may suppose that g; > p; by modifying u using a
unitary in eB,,_1e N (eB,_se)’. There is a continuous path s; in J(g;(A N B,,_5 N
{eo, e1}')q;) such that 5;(0) = p;uvS, [s;(£),zq;] ~ 0, and lim,_, ||[s;(¥),x]|| = 0
for x € q;Aq;. Comparing the paths t — s;(t)s;(t)*e; and ¢ — ws;(t)s;(t)*w*
in P(e1qi(A N B,,_5)gie1) with s;(0)s;(0)*e; = piale)e; = ws;(0)s;(0)*w*, we as-
sert, as before, that there is a continuous path v; in U(e;q;(A N B,,_5)gie1) such
that v;(0) = e1qi, vi(t)ws;(t)s;i(t)* w*v;(£)* = s;(t)s;(t)* ey, lim; o0 vi(t) exists, and
[vi(t), ze1qi] = 0.

Let U;(t) = s;(#)*vi(t)ws;(#)w*v;(¢)*, which is a unitary in e,q;(A N B),_5)qie;.
This is because w*v;(t)*s;(t) - s;(t)*v;(t)w = s;(t)s; (t)*eg and

Ui(0)*Ui(r) = vi(t)wsi(0)* (si(t)si (1) "eo) si () w*vi(0)* = erq,
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etc. Since U;(0) = (uvS)* piwp;(uvS)w*, lim,_,c U;(t) = e1q;, and [U;(¢), ze1q;] ~
0, we have a continuous path in U(e;g;(A N B},_5)gie), almost commuting with
ze1q;, from (uvS)* p;wp;(uvS)w* to e;q;. This implies the assertion for the unitary
yixyi +ei(1 —yiy!) = xyiyf +e(1 — yiy!). By combining these we have completed
the proof.

Thus we have shown that [x] = 0 and B(x, ze;) = 0 in the K theory of e;Ae; N
(e1B,—3e1)’. Since Ad vA(ze;) ~ ze; and Ad vA(x) € e;Ae; N (e;B,—ase1)’, we have
that [Ad vA(x)] = 0and B(Ad vA(x), ze;) = 0in the K theory of e; Ae;N(e1 By,—ae1)’.
Since x, = x Ad vA(x), this conclude the proof for x,. In this way we can conclude
the proof.

Remark 2.9 Theorem 2.1 could hold for a wide class of C*-algebras, e.g., this is
certainly true for a simple AT C*-algebra of real rank zero (which is obtained as the
inductive limit of finite direct sums of matrix algebras over C*(z) with z a unitary.
(The proof of this fact would be simpler than of 2.1 with some modification for the
choice of fl’;, vk in the beginning of the proof of Theorem 2.1. Any two unitaries in
such a C*-algebra with the same non-trivial class in K; are approximately unitarily
equivalent [5].)

3 Unitaries

The following result is a generalization of Proposition 2.1 of [12], where the spectrum
of u(t) is assumed to be finite.

Proposition 3.1  Let A be a unital separable nuclear purely infinite simple C* -algebra
satisfying the Universal Coefficient Theorem.

For any finite subset J of A and € > 0, there exists a finite subset G of A and § > 0
satisfying: For any u € U(C[0, 1] ® A) such that Spec(u(t)) is independent of t and
[[lu(e),x]|] < & forx € Gandt € [0,1], thereisav € U(C[0,1] ® A) such that
v(0) = 1, ||[Ad v(£)(u(0)) — u(t)|| < € and ||[v(t),x]| <€, x € F.

If 6 > 0 and if two subsets A and B of T satisfy that for any a € A thereisab € B
with |a — b| < 0, then we say that A is J-contained in B. If A is -contained in B and

§
Bis also d-contained in A, we say that A and B are §-equal and write A = B.

Lemma 3.2  For any € > 0 thereis a 6 > 0 satisfying: If z € U(C[0, 1] ® A) satisfies

that Spec(z(t)) % Spec(z(0)) for any t, then thereis a ¢ € U(C[0,1] ® A) such that
C(0) = Land || Ad C(1)(z(0)) — 2(t)]| < e, ¢ € [0,1].

Proof If Spec(z(t)) = T, then this is 2.4 of [12]. If Spec(z(¢)) # T, this will follow
from, e.g., 2.5 of [12]. [ |

Lemma 3.3  The above proposition is valid for a corner of a Cuntz algebra.

Proof We will repeat the proof of Lemma 2.4 up to a certain point.
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We may assume that A is given as e(B X, Z)e, where B is a stable AF C*-algebra
with Ko(B) C R, eis a projection in B, and « is a trace-scaling automorphism of B:
Tao = AT with 0 < A < 1, where 7 is the trace on B defined by 7(p) = [p] for
any projection p € P(B) (see [15]). We may further assume that there is an increas-
ing sequence (B,) of finite-dimensional C*-subalgebras of B such that B = U,B,,
«(B,) C B,i1, B, C a(B,41), e € By, ae) € By, ale) < e, and a(e) has central
support e in eBje. Note that « has the Rohlin property and is unique up to cocycle-
conjugacy [6, 3].

Let U denote the canonical unitary in M(B X, Z) implementing « and let § =
Ue € A = e(B X4 Z)e. Then S is an isometry in A and generates A together with
eBe. We define an endomorphism A of A by A(x) = SxS§*, x € A, whose range is
a(e)Aale). By using the fact that the multiplication by a(e) on A N (eBye)’ is an
isomorphism and the inclusion B, C «&(B,+1), we define a unital endomorphism An
of ANB.,, into AN B, by \,(x)a(e) = A(x) forany n = 1,2, ..., where the notation
ANB! is used for AN(eB,e)’. Since a(B,+1) C Byya, the range of A, includes ANB/,,.,.
We will simply denote A, by A because \,11|A N B!, = \,.

In this situation we may specify N, e > 0, in place of J, € in the statement of the
lemma, in the sense that v € U(C[0, 1]®A) should be chosen from C[0, 1] (ANBY)
and should satisfy | A(v(£)) — v(t)|| <e, t € [0,1].

Suppose that we fix N as above and n € N such that 37/n < e. By the Rohlin
property of o we have a Rohlin partition {ejo, €11, - - -, €1.4—15 €20, - - - , €24} Of e with
;i € P(e(By N By )e) for some M > N such that

DD eoi=e max|[Ae) — erinl < 0.

o=12 i

(We will not be very specific about the estimates; if something is = 0, then this should
be appropriately close to zero.)

Note that we have fixed N, n, M as above. Let {E;} be the set of minimal central
projections in eBysi2442€ and let T; be an isometry in A such that T; T < E;. Let
u € U(C[0,1]®ANB}1),4,) be such that ||\ (u(t)) —u(t)|| ~ 0and ||[u(t), T;]| = 0.
Thus § is the union of a family of matrix units for eBy4,+2¢ and {S} U {T;} with a
suitable choice of § > 0.

The last condition implies that Spec(u(t)E;) is almost independent of . Hence,
by the previous lemma, there is a v € U(C[0, 1] ® A N By,,,.,) such that v(0) =
1 and Ad v(£)(1(0)) =~ u(t). Let w(t) = v()*A(v(t)) € UA N Bisiane1)- Then
[w(t),u(0)] ~ 0and w(0) = 1. Let (w;)scqo,1] denote the path in U(C[0,1] ® AN
Biians) defined by W5(~t) = w(st) and note that [w,, 1 ® u(0)] ~ 0. Let wy = 1 and
wy = wand let wy = wA(wy_,) fork = 2,3,...,n+ 1. We can construct a rectifiable
path of length at most 67 in the unitary group of

{x € C[0,1] ® AN B}y | x(0) = 1}
from wy, to 1 by using (w;) for k = n,n + 1 (see [14, 12]). In particular x(0) almost

commutes with the unitaries along the paths. By using these paths applied with A~*
fork =0,1,...,nand the Rohlin partition in e(By N B{;)e, we geta y € U(C[0, 1] ®
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ANBY) such that w ~ yA(y*), (0) = 1,and [y, 1®u(0)] ~ 0 (see the proof of 2.4).
Then vy € U(CI0, 1] @ (A N BY)) satisfies that v(0)y(0) = 1, Ad(v(t)y(£))(u(0)) ~
u(t), and A\(v(¢)y(t)) =~ v(t)y(t). This completes the proof. [ |

Lemma 3.4  Let z be a unitary in A with Spec(z) = T and m € N. Then for any
€ > 0 there is a unital C*-subalgebra D = Dy @ D, of A such that D, = M,,, D, =
M,41, [|[(Ad z — Ad U,)|D,|| < € where U, (resp, U,) is a diagonal unitary with the
eigenvalues {w € C | w™ = 1} (resp. {w € C | ™' = 1}).

Proof Lete, f € P(A) be such thate # 0, f # 0, and [1] = m[e] + (m + 1)[f]
and let v € U(eAe) and w € U(fAf) be such that [z] = m[v] + (m + 1)[w]
and Spec(v) = Spec(w) = T. We then find a family {s;,t;} of partial isome-
tries such that sjsy = efork = 1,...,mand tjt; = fford = 1,...,m+1,
dosisi 2,4t = Landz = 3, sk myst 1 3™ 1™/ Dy (see [5, 12]).
Then we define D to be the C*-subalgebra generated by s;s; and #;7, which is a
unital C*-subalgebra isomorphic to M,, © M,+1. Since zsis; ~ e2mik/ "sevs; and
s;2F = 6_2”"5/"71/*52‘, we have that Ad z(ss}) ~ 2 k=0/mg o, 1n the same way we
have that Ad z(t)) ~ g2mitk=0/ (’””)tkt,f. Since the approximation can be made ar-
bitrarily precise, this completes the proof. ]

Proof of Proposition 3.1 By the classification result by Kirchberg and Phillips [8, 9]
there is an increasing sequence (A,) of unital C*-subalgebras of A with dense union
such that A, = kKLI Ay and A,x = Dy ® C*(z,1), where D,y is of the form
e(B X4 Z)e as in the proof of 4.9 and C*(z,) is the universal C*-algebra generated
by a single unitary z,,. We may suppose that each C*(z,) is mapped into each A, ¢
isomorphically (see [2]).

Let J be a finite subset of A and € > 0. We may suppose that F equals

Ky
U U {zu})
k=1

for some n, where F,x C D,x. We choose G,4(C D,x) and 8, > 0 for (F i, €) as
in Lemma 3.3. In particular G, contains a family of matrix units for some finite-
dimensional C*-subalgebra By.

Let E,x denote the identity of A,x. We choose a unital C*-subalgebra Dy = Dy; &
Dy, (with Dy =2 M,, and Dy, = M,11) of E4AE for z,, for a large m as in the
previous lemma. We may suppose that Dy commutes with the above B. Let Cy
denote the set of matrix units of Dy and let Ty be an isometry in A such that T, T} <
E,k. Let also T; be an isometry in E,xA N B), Ey for i = 1,2 such that Ty T}, < 1p,,
and T T}, < 1p,,. We set

K,
§= U (Guk U Cok U{zuk, Tk, Tra, Tra}) -
k=1

We will take a sufficiently small § > 0.
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Let u € U(C[0, 1] ® A) be such that ||[u(?),x]|| < J, x € G and Spec(u(t)) is
independent of r. Since u(t) almost commutes with E,; and T, we may suppose that
[u(t), Esx] = 0 and that Spec(u(t)E,x) is almost independent of ¢ and discuss each
uE, € U(C[0, 1] ® E,xAE ) separately. Denoting E,xAE,x by A, we have reached the
following situation:

e(Bx,Z)e CA, B=U,B,, u(t)c€ AN (eByime) ND’,
Xu(t)) ~ u(t), Spec(u(t) f) = Spec(u(0) f), [u(t),z] = 0,

for each minimal central projection f in eBpi24+2€ V D, where e € B is the identity
of Aand D (22 M,, ® M,,+1) denotes the unital finite-dimensional C*-subalgebra of
A N (eByryans2€) associated with z.

We then find a v € U(C[0,1] ® (eBusani2¢)’ N D’) such that v(0) = 1 and
Ad v(t)(u(0)) = u(t). If w(t) = v(t)*zv(t)z*, it follows that w(0) = 1 and
[w(t), u(0)] & 0. By using the Rohlin property for Ad z|D, we obtaina y € C[0,1]®
A N (eBpiant2e)’ such that w = v*zvz* &~ yzy*z*, y(0) = 1, and [y(¢), u(0)] ~ 0.
Then Ad z(vy) = vy, v(0)y(0) = 1, and Ad(v(t) y(¢))(u(0)) ~ u(t). We shall denote
vy by v.

We thus have v € U(C[0,1] ® A N (eByianize)’) such that v(0) = 1,
Ad v(t)(u(0)) ~ u(t), and [v(¢),z] ~ 0. Note that [v(t)*A(¥(¢)),u(0)] ~ 0. By
using the Rohlin property for A we obtaina y € U(C[0,1] ® AN (eBye)’) such that
V*AW) = yA(y*), y(0) = 1, and [y(t),u(0)] =~ 0. Then vy satisfies the desired
conditions. [ |

4 Rohlin Flows

We recall the definition of the Rohlin property for flows [10], where M(A) denotes
the multiplier algebra of A.

Definition 4.1 Let A be a C*-algebra and « a flow on A. The flow « is said to have
the Rohlin property if for any p € R there is a sequence (u,) in U(M(A)) such that
|l () — €', ||—0 uniformly in ¢ on every compact subset of R and ||[u,, x]||—0
forany x € A.

In the following w denotes a free ultrafilter on N and A is the quotient of />°(A)
divided by the ideal ¢“(A) = {x = (x,,)| lim,—, ||x|| = 0}. See Section 1 for details
including the definition of AY when « is a flow on A. The K| version of the following
result is shown in [12].

Lemma 4.2  Let « be a Rohlin flow on A. Then for any unitary u € A’ N A¥ there is
a unitary v € (A’ N AY)* such that [u] = [v] in Kj(A' N A%).

Proof Let u € U(A’ N A¥) and let (u,) be a sequence in U(A) which represents
u. Fix a large T > 0. By 3.1 there is a sequence (V) in U(C[0, T] ® A) such that
max, || Ad V,,(¢t)(u,) — o, (uy,)|| converges to zero as n—w and max; ||[V,(t), x]||—0
as n—w for any x € A. By [14] (or 2.7 of [12]) there is a sequence (v,) in
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U(C[0, T] ® A) such that v,,(0) = 1, v,(T) = V,,(T)*, (v,) € A’ N (C[0,T] ® A)“,
and the length of (v,,(f));e[s, 5] is less than 6m|s, — s1|/T forany 0 < s; < s, < T.
We define a unitary U, € C(R/TZ) ® A by setting

Un(t) = (v (t)) o (1) 07 (v, (£)™)

fort € [0, T] except for t close to T. Since U,(T) = u, = U,(0), this indeed defines
a unitary in C(R/TZ) ® A by suitably defining U(t) = u, for t &~ T and it follows
that (U,) € A’ N (C(R/TZ) @ A)~.

Define a unitary w, in C(R/TZ) QA by w, () = a,_1(v,(t))V,(t), where w,(T) =
1 = w,(0). Then it follows that ||U, — w,(1 ® u,)w}||—0 as n—w.

If -y denotes the flow on C(R/TZ) defined by (v, f)(s) = f(s — t), it follows, as in
the proof of 3.1 of [12], that

17 ® o, (Uy,) — Uy || < 127)t|/ T + €,

where €,—0 as n—o0.

Let (u;) be a central sequence in U(A) such that [|oy (1) — e u;||— uniformly
in t on every compact subset. We define a linear map ¢; from the algebraic tensor
product C(R/TZ) ® A into A by ¢j(zl ®Ra) = uﬁ-a, where z is the canonical unitary in
C(R/TZ). Then (¢;) is an approximate homomorphism of C(R/TZ) ® A into A in
the sense that [|¢;(xy) — ¢;(x)¢;(»)|| =0, |¢;(x)* — ¢;(x*)|| =0, and ||¢;(x)[|— x|
for any x,y € C(R/TZ) ® A. It also follows that (¢;) intertwines 7; ® o and «:
loj(ve ® ar)(x) — arj(x)||—0 for x € C(R/TZ) ® A. By using these facts we
can define a unitary u;, as a kind of ¢;(U,,) for a large j. At the same time we may
suppose that we can define a unitary w;, as a kind of ¢;(w,); we then have that u, ~
Ad w;(u,) as (1 ® u,) = uy,. In this way we get a sequence (u,) in C(R/TZ) ® A
such that lim,_, [|o(u,,) — u,|| < 12x)t|/T, lim;—,, ||[u),,x]|| = 0 for x € A, and
[((u))] = [(u,)] in K1(A’ N A¥). By taking a larger and larger T we can obtain the
desired sequence which belongs to U((A’ N A¥)®). (See [12] for details.) [ |

2mit )T

Lemma 4.3 Let o be a Rohlin flow on A. Then for any unitary u € A there are
sequences (u),) and (v,) in W(A) such that ||y (u)) — u)||—0 uniformly in t on every
compact subset of R and ||v,uv’ — u;||—0.

Proof This follows from the proof of 4.2. [ ]

Lemma 4.4 Leru,v € U((A' NAY)*). If [u] = [v] in K; (A’ N AY), then [u] = [v]
in Ky (A" N A9)®).

Proof Suppose that [u] = 0 in Kj(A’ N A¥) and let (u,) be a sequence in U(A)
representing u. Since A’ N A¥ is purely infinite and simple [8], we can approximate u
by a unitary with finite spectrum in A’ N A“ [17]. Then we can argue as in 3.2 of [12]
using 3.6 there. That is, we can approximate each u, by a unitary with finite spectrum
whose spectral projections are almost a-invariant. Thus each u, is connected to 1 by
a rectifiable path in U(A) of length about 7 which is almost a-invariant. In this way
we can find a path in U((A’ N A¥)®) which connects u and 1.
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The previous paragraph is sufficient for the conclusion. But supposing that [u] =
[v] # 01in K;(A’ N A¥), we shall give a detailed proof using 3.1 and [10]. Since
A’NAY is a unital purely infinite simple C*-algebra, u and v are in the same connected
component in U(A’ NA¥). Let (U(¢)),¢[0.1) be a continuous path in U(A’ N A¥) such
that U(0) = uand U(1) = v. Let (U,) be a sequence in U(C[0, 1] ® A) representing
U. Then by 3.1 there is a sequence (V,,) in U(A) such that max, ||V, (#)U,(0)V,(#)* —
U,®)|]| — 0asn — w and max, ||[[V,(t),x]|| —» 0Oasn — wforall x € A. Let
z, = V,(1). Then (z,) € WA’ N A¥) and ||z,u,z — vy|| — Oasn — oo. Let
wy(t) = zfay(z,). Then (w,) is a sequence of a-cocycles such that || [w,(¢), x]|| — 0
as n — w uniformly in ¢ on every compact subset and ||[w,(¢), u,]|| — 0asn — w.
Then there is a sequence (y,) in U(A) such that (y,) € W(A' N AY), [|[[¥a, ta]|| — O
as n — w, and sup, (o [Iwn(®) — yuoe ()| — 0as n — w [12, 10]. Since (z,y,) €
UA'NAL)Y) and ||(zyyn)tn(20yn)* —va|| — 0 as n — w, this implies that [u] = [v]
in K;((A" NA®)%). [ ]

If v is a flow, then a is homotopic to the identity and so often is approximately
inner for each t € R. The following is defined in [12].

Definition 4.5 Let A be a C*-algebra and « a flow on A. Then «; is said to be
a-invariantly approximately inner if there is a sequence (u,) in U(A) such that o, =
lim Ad u, and ||as(u,) — u,|| converges to zero uniformly in s on every compact
subset.

Theorem 4.6  Let A be a unital separable nuclear purely infinite simple C*-algebra
satisfying UCT and let o be a flow on A. Then the following conditions are equivalent.

(1) « has the Rohlin property.

(2) (A" N A2 is purely infinite and simple, Ko((A’ N A%)®) =2 Ko(A' N A¥) induced
by the embedding, and Spec(a|A’ N A¥) = R.

(3) The crossed product A X, R is purely infinite and simple and the dual action & has
the Rohlin property.

(4) The crossed product A R is purely infinite and simple and each o is a-invariantly
approximately inner.

If the above conditions are satisfied, it also follows that K; (A’ N A¥)*) =2 K (A’ NAY),
which is induced by the embedding.

When « is a flow on A, we denote by ¢, the infinitesimal generator of o, which is
a closed derivation in A. If h € Ay, then ad ih is a bounded derivation. We denote
by o the flow generated by 6, + ad ih. See [4, 16] for details.

Proposition 4.7  Let A be a non-unital separable nuclear purely infinite simple C*-
algebra satisfying the UCT. Then the following conditions are equivalent.

(1) « has the Rohlin property.

(2) Foranye > 0 there exists an h € Ay, and an increasing sequence (e,) in P(A) such
that ||h]| < e o (e,) = e, aP|e,Ae, has the Rohlin property, and (e,) is an
approximate identity for A.
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Proof Suppose (2). Then it follows that a"|(e, — e,_1)A(e, — e,_1) has the Rohlin
property for all n with ey = 0. We choose, for any p € R, a central sequence (1, ,)
in U((e, — e,—1)A(e, — e,—1)) such that ||c (1) — €'t | converges to zero, as
m — 00, uniformly in t on every compact subset of R. By passing to a subsequence
we may suppose that ||a () — €'ty || < 1/mfor [t| < 1. Let uy, = >0 thyms
which converges in the multiplier algebra M(A). Then (u,,) is the desired sequence
in U(M(A)) for p € R.

Suppose (1). Let p € P(A) and fix a large T > 0. Then there exists a projection
f € Asuchthat a_,(f)p ~ p foranyt € [0, T]. Again there exists a projection
e € Asuchthat oy(e)f =~ f foranyt € [0,T]. Let f; be the support projection of
ar(e) fay(e). Thent — f; is continuous and f; < ay(e) and f; =~ f fort € [0, T].
Let u; denote the unitary part of the polar decomposition of f; fo + (1 — f,)(1 — fo);
then u, =~ 1 and Ad u;(f;) = fo fort € [0,T]. We find a continuous function
t — v, € U(A) such that Ad v,(e — fo) = Ad u/ (v (e)) — fo and v, fo = fo. Let
wy = uyvy. Thenw; f = f and Ad w;(e) = oy (e) fort € [0, T].

We find a rectifiable path (y;):c[o,r) in U(A) such that yo = 1, yr = wi, i f = f,
and the length of (y;),¢[s, 5,) is dominated by 6m(s, — s1)/T, because we can con-
struct such a path in terms of (w;) (see [14, 12]). We then define a projection E in
C(R/TZ) ® A by

E(t) = ar_r(y)au(e)a—1(y)",

which satisfies that E(0) = e = E(T). Since pay_1(y:) ~ pou_1(fy:) =~ p, we
obtain that E(t)p =~ p. By using the Rohlin property for oo we have an approximate
homomorphism (¢;) of C(R/TZ) ® A into A such that oy ¢; = ¢j(v, ® o), where
7 is the flow on C(R/TZ) induced by translations (see the proof of 4.2). Applying ¢;
to E, we get a projection e’ in A such that ||y (e’) —’|| < 6w /T +efort € [0,1] and
e’p = p. By perturbing e’ slightly we may assume that ||0,(e’)|| is small (depending
on 1/T) (see [4, 16]). In this way we can construct an approximate identity (e,)
consisting projections such that ||d,(e,)|| — 0 and |le,p — p|| — 0. It is then easy to
show the conclusion. [ ]

Proof of Theorem 4.6

The last statement follows from 4.2 and 4.4.

We have shown that (1)< (2)=-(4) in [12].

It is easy to show that (4) implies (3). Let + € R and let (u,) be a sequence in
U(A) such that o, = limAd u, and |la(u,) — us]] — O uniformly in s on every
compact subset of R. If we denote by A( - ) the canonical unitary flow in M(A x, R)
implementing o, then we have that &, (u; A(t)) = Py A(t) and || [ui (1), x]|| — 0
foranyx € A X, R.

Suppose (3). By the previous proposition we have an h = h* € A X, R and
an increasing sequence (e,) in P(A ®, R) such that (e,) is an approximate identity
and dg')(en) = (ey) and 8 = d(h)|en(A X« R)e, has the Rohlin property. Then
from (1)=-(3), we obtain that the dual flow of § has the Rohlin property. Since
es(A o R)e, Xxg R = e,(A X4 R X4 R)e, with the dual flow B being a restriction of
& and (e,) isa sequence in M(A x, R x4 R), we can conclude that ¢ has the Rohlin
property. By the Takesaki-Takai duality we have that A x, R x4 R = A ® K(L*(R))

https://doi.org/10.4153/CJM-2004-054-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-054-0

1256 Akitaka Kishimoto

and & = o, ® Ad A(—t), where K(L2(R)) denotes the compact operators on L*(R).
Then it follows that « has the Rohlin property. ]

Let v and 3 be flows on a unital C*-algebra A. We say that « is an approximate
cocycle perturbation of 3 if there is a sequence (u,) of F-cocycles such that

oy (x) = nhiﬂlo Ad u,(t)5;(x)

uniformly in ¢ on every compact subset of R for any x € A [11]. If v is an approximate
cocycle perturbation of the trivial flow id, then « is approximately inner, i.e., oy =
lim Ad e for some sequence (h,) in Ay,. A Rohlin flow is never approximately
inner. The following result generalizes 4.4 of [11].

Proposition 4.8  Let A be a unital separable nuclear purely infinite simple C*-algebra
satisfying the Universal Coefficient Theorem and let o be a Rohlin flow on A. Then
the trivial flow id is an approximate cocycle perturbation of «v. In particular there is a
unital approximately inner endomorphism ¢ of A such that ¢ = Ad w,, ¢ for some
a-cocycle u.

Lemma 4.9 Let D be a finite-dimensional C*-subalgebra of A. Then there is a o-
cocycle u such that Ad u,ay(x) = x for any x € D.

Proof See [4, 16] for example. We do not need the Rohlin property for this. ]

Lemma 4.10  Let z be a unitary. Then for any € > 0 there is an «-cocycle u such that
Il Ad w0n(2) — z|| < € fort € [0,1].

Proof By 4.3 for any € > 0 there are Z,v € U(A) such that |, (Z) — Z|| < € for
t € [0,1] and ||vz2v* — Z|| < €. Let uy = v*«,(v), which is an a-cocycle. Then it
follows that || Ad w0y (2) — z|| < 3efort € [0, 1]. [ |

Proof of Proposition 4.8 The last statement follows from 4.6 of [11].

We may suppose that there is an increasing sequence (A,) of C*-subalgebras of
A with dense union such that each A, is a finite direct sum of C*-algebras of the
form O ® C*(z), where O is a corner of a Cuntz algebra and C*(z) is the C*-algebra
generated by a unitary with full spectrum. We assume that O is given as e(B x., Z)e,
where B is a stable AF C*-algebra with K((A) C R, 7 is a trace-scaling automorphism
of B, and e € P(B), as in the proof of 2.1.

It suffices to show that there is a sequence (u,) of a-cocycles such that
Il Ad u,(t)as(x) — x|| — O uniformly in ¢ € [0,1] for any x € A;. It again suf-
fices to show this assuming that A; = e(B X Z)e ® C*(z2).

Suppose that B is the completion of the union of an increasing sequence (B,) of
finite-dimensional C*-algebras such that e,y(e) € Bj, v(e) < e, and the central
support of y(e) in eB,e is e. Moreover we assume that Y (B,) C B,,;;. We denote by
U the canonical unitary in M(B x., Z) implementing v and set S = Ue, which is an
isometry in e(B X Z)e. By Lemmas 4.9 and 4.10 we may assume, for a large n and
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a sufficiently small € > 0, that oy|B,+; = id and ||a;(z) — z|| < e fort € [0,1]. We
shall show that there is an a-cocycle u in AN By such that || Ad u;a,(S) — S|| &~ 0 and
[[{u, 2]|| = O for ¢t € [0, 1].

Let w, = S*a(S). Since a,(88*) = SS* € By, (w;) is an a-cocycle. If x € By, then
awy = xS*,(S) = S*A (%), (S) = S*a; (A (x)S) = S (S)x, where A(x) = SxS* €
By11. Thus w; € AN B),. We also have that ||[wy, z]|| < 2¢e for ¢ € [0, 1]. Then we
find av € U(A N B}) such that ||w; — va(v*)|| = 0 and ||[v, z]|| &~ 0 (but in general
is much bigger than €). Then it follows that o, (Sv) ~ Sv fort € [0, 1].

The above v is obtained as follows [10]. Take a large T such that both 1/T and Te
are small and define a unitary V € C(R/TZ) ® A by

V(t) = weoy—r(x(1)"),

where (x(f));cpor) is a path in U(A) such that x(0) = 1, x(T) = wry, and
lx(s) — x(#)|| < 6m|s — ¢t| fors,t € [0, T]. Since such a path is obtained in terms
of w; and sufficiently central elements in A, we may suppose that x(t) € A N B, and
[x(t),z] = 0 (of the order eT). Moreover it follows that [V] = 0in K; (C(R/TZ)®A).
(We can see this by making T decrease to zero; the construction of (x(t));e[o,7] from
(Wt )reqo,1) is canonical.) Then we get v as an image of an approximate homomor-
phism of C(R/TZ)®A into A as in the proof of 4.2. Since the Bott element B(V, 1®z)
is zero in Ko(A N B},), which follows from V(0) = 1, the same follows for the pair v
and z in A N B},. It also follows that [v] = 0 in K;(A N B}).

By using the above facts and the Rohlin property for \ as in the proof of 2.1,
we find a y € U(A N Byf) such that A(v) = yA(y*) and [y,z] ~ 0. We define
u, = y*ay(y). Since Sv = ySy*, we have that Ad u,;,(S) =~ S and [u;,z] = 0 for

€ [0, 1]. This concludes the proof.

Acknowledgements Part of this work was done while the author was visiting at the
Fields Institute in June—July 2002. He would like to thank the Institute and G. A.
Elliott for partial financial support and having him start on this work.

References

[1]  O. Bratteli, G. A. Elliott, D. E. Evans and A. Kishimoto, Homotopy of a pair of approximately
commuting unitaries in a simple C*-algebra. J. Funct. Anal. 160(1998), 466-523.

, On the classification of C* -algebras of real rank zero. I1I. The infinite case Fields Inst.
Commun. 20(1998), 11-72.

[3]  O.Bratteli and A. Kishimoto, Trace scaling automorphisms of certain stable AF algebras, II, Q. .
Math. 51(2000), 131-154.

[4]  O. Bratteli and D. W. Robinson, Operator algebras and quantum statistical mechanics, L.
Springer-Verlag, New York, 1979.

[5]  G.A.Elliott, Normal elements of a simple C*-algebra. In: Algebraic methods in operator theory,
R. E. Curto and P. E. T. Jorgensen eds., Birkhauser, Boston, 1994, pp. 109-123.

[6] D.E.Evansand A. Kishimoto, Trace scaling automorphisms of certain stable AF algebras. Hokkaido
Math. J. 26(1997), 211-224.

[7]  R.Exel and T. A. Loring, Invariants of almost commuting unitaries. J. Funct. Anal. 95(1991),
364-376.

[8]  E.Kirchberg and N. C. Phillips, Embedding of exact C*-algebras in the Cuntz algebra O,. J. Reine
Angew. Math. 525(2000), 17-53.

, Embedding of continuous fields of C* -algebras in the Cuntz algebra O,. J. Reine Angew.

Math. 525(2000), 55-94.

(2]

(9]

https://doi.org/10.4153/CJM-2004-054-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-054-0

1258 Akitaka Kishimoto

[10] A.Kishimoto, A Rohlin property for one-parameter automorphism groups. Comm. Math. Phys.
179(1996), 599-622.

, Rohlin flows on the Cuntz algebra O,. Internat. J. Math. 13(2002), 1065-1094.

, Rohlin property for flows. In: Advances in Quantum Dynamics, G. L. Price et al. eds.,
Contemporary Math. 335, 2003, pp. 195-207.

[13] T. A. Loring, K-theory and asymptotically commuting matrices. Canad. J. Math. 40(1988), 197-216.

[14] H. Nakamura, Aperiodic automorphisms of nuclear purely infinite simple C* -algebras, Ergodic
Theory Dynam. Sys. 20(2000), 1749-1765.

[15] M. Rerdam, Classification of certain infinite simple C* -algebras, III. Fields Inst. Commun.
13(1997), 257-282.

[16] S. Sakai, Operator algebras in dynamical systems. Cambridge Univ. Press, Cambridge, 1991.

[17] S.Zhang, A property of purely infinite simple C* -algebras. Proc. Amer. Math. Soc. 109(1990),
717-720.

(11]
(12]

Department of Mathematics
Hokkaido University

Sapporo 060-0810

Japan

e-mail: kishi@math.sci.hokudai.ac.jp

https://doi.org/10.4153/CJM-2004-054-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-054-0

