M. Hanamura and M. Yoshida
Nagoya Math. J.
Vol. 154 (1999), 123-139

HODGE STRUCTURE ON TWISTED COHOMOLOGIES
AND TWISTED RIEMANN INEQUALITIES I

MASAKI HANAMURA anD MASAAKI YOSHIDA

Dedicated to Professor Kazuhiko Aomoto

on the occasion of his sixtieth birthday

Abstract. We show the twisted cohomology on P' has a natural polarized
Hodge structure and hence derive the analogues of Riemann’s equality and
inequailty.

§0. Introduction

Hypergeometric-type integrals, for example the Euler integral represen-
tation of the hypergeometric function

c 1

can be considered as the dual pairing between twisted homologies and

twisted cohomologies. Various vanishing theorems, structure theorems and
intersection theories are established (cf. [AK], [KY], [CM], [M1], [M2]) for
twisted (co)homologies. These theories imply, in particular, a twisted ana-
logues of the Riemann equality for periods of algebraic curves. For example,
the quadratic relation (due to Gauss)

F(a,b,c;x)F(1 —a,1—0,2—c;x)
—Fla+1—-c¢b+1—-¢,2—cz)F(c—a,c—b,c;x) =0

for hypergeometric functions can be obtained systematically in this frame
work.

In this paper, we study the Hodge structure for twisted cohomologies on
curves, from which we derive a twisted analogue of the Riemann inequality.
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Our key tool is Zucker’s theorem ([Zuc]) for variations of Hodge structures.
Examples are given in the end of the paper (The case of a base of higher
dimension will be studied in our paper in preparation.)

Here we would like to explain briefly the meaning of twisted theories.
Let C be a Riemann surface defined by

n

st = H(t —xj)",

1

where d and n; are natural numbers. Since the covering surface C' is uniquely

determined by the data {z;,d,n;} downstairs, every happening upstairs

should be described in terms of those downstairs — This is the heart of

the twisted theories. For example, though the genus of C' can be very high,

H*(C,Z) and H,(C, Z) can be understood in terms of twisted (co)homologies
downstairs, i.e., on the t-space (cf. [CY]). Our twisted Riemann inequality

is essentially equivalent to that for the covering Riemann surface.

§1. Twisted (co)homology; complex conjugates

Let x1,...,x, be distinct points in the complex projective line P!; for
simplicity, we assume none of these points is the point at infinity. For each
point xj, we give a real number j, called the exponent at x;. Throughout
this paper, we assume

j¢Z, 14+---+n=0.
Consider the multi-valued function

u::H(t—xj)j on U::Pl—{xl,...,xn}.
j=1

Let £ = L, be the local system on U determined by the function u; the stalk
at x € U is Cv, where v is a branch of u, and the monodromy around z; is
exp 2mij. We are interested in the cohomology groups H*(U, L) coefficients
in the sheaf £. Let us define a connection V by

V =V, :=d—dloguA,

and fix some (standard) notation:
I'(U,S): Space of sections of a sheaf S on U,
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EP: Sheaf of p-forms,
EP(S): Sheaf of p-forms with coefficients in S.

Then the cohomology groups can be expressed as follows:
H*(U,L) = H*(T'(U,E%(L)),d® 1) = H*(I'(U,£°), V).
The second isomorphism is given by
YRV — YU, ¢v*1®v<— o,

where v is a(ny) branch of the multi-valued function u. Compatibility of
the two derivations comes from the identity

(de)vo=V(pv), @€eE&.

In the intersection theory of twisted cohomology and homology (see
[AK], [KY] for details) there appear cohomology groups H!(U, L) and
HY(U, £) and homology groups Hy(U, £) and Hy(U, £). There are four du-
ality parings

HYU,L) «— HYU,L)
(I )
Hl(U,[,) — Hl(U,,C)

that are compatible. We will review the definitions of the pairings later.

In this paper we will also consider £, the complex conjugate of £, and
its cohomology and homology. If «;’s are real, then £ = L canonically, so
HYU,L) = H'(U,L) and H,(U,L) = H(U, L). Despite apparent redun-
dancy we will mostly use £ instead of £ for the following reasons. First it
will keep track of complex conjugation which is part of Hodge structure.
Second the polarization can be expressed as an interesting integral (1.1) in
terms of representing forms.

By definition £ = Lz is the local system determined by 7. If a;’s are
real, there is a canonical isomorphism

L=L, avlr—at (acC).

The map is well-defined because another branch of u is of the form Awv,
|A\| = 1. (That there is an isomorphism of local systems can be seen by
looking at the monodromies of £ and £, which are respectively e2™® and
e~2™j In the above we have specified an isomorphism.)

This isomorphism can be extended to an isomorphism of twisted de
Rham complexes:
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PROPOSITION 1.1.  Through the quasi isomorphisms L =~ (&% Vi)
and L ~ (°,Vy) the isomorphism L = L can be expressed by

(5.7v1/u) > ¢ — ¢|u‘2 € (5.7vﬂ)-
Indeed, we have
2 _ 2 2y du 2
d(¢lul”) — dlogT A dlul” = d([ul*) — — A |yl
du 1

— 1ay12 == — |yl _ -

_ {d¢+ . A¢} _ {d¢ dlog - A¢}.
The non-degenerate pairing

(,):H (U, L)® H(UL) — C

is defined as

(@) = [ onv

the pairing

(1.1)  Q:H U L) H(U,L) —C, Q(4],[¥) = . m;ﬁ

is obtained. The @) will be part of a polarization of a Hodge structure, see

§2.
An element of the homology H;(U, L) can be represented by

D 4 @,
j

where a; € C, p; are smooth paths in U and v; are branches of u defined
on p;. Similarly elements of H;(U, L) has representatives jajp; @ Uj.
There is a conjugate linear isomorphism (the complex conjugation)

- Hy(U,L) — Hy(U, L)

given by

[Zj:%‘pa‘@va} = [zj:a_jpj ®U_j}
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(complex conjugation acting just on coefficients and v;’s; p; not to be re-
placed by ﬁj). There is also a C-linear isomorphism induced from £ = £:

H\(U,L) — H\(U,£L)

[Z%Oj @@-] — {Zajpj@’%_l} :
i i

The non-degenerate pairing Hy(U, L) ® Hy(U,L) — C is defined as
follows:

[zajpj@;vj][zbkgj@ukl]:Zajbk ST Lo v ()05 ().
5.k PEP;NoY

Here the intersections of p; and oy, are transversal and I,(p;,oy) is the
topological intersection number. Via the isomorphism H, (U, L) — Hy(U, L)
induced is the pairing Hy (U, £) ® H1(U, L) — C,

[Zajmvj]'[zbwj@ﬂZZajbk > Lo o)uie ().
4.k PEP;NOY

Similarly there is H, (U, £) ® Hy(U, L) — C.

We recall that a basis of Hy(U, L) is given as follows. Assume just for
simplicity z1,...,x, are all real and 71 < w2 < -+ < . Let p; = x]T]Jr{
and v a branch of v defined on the lower half plane. Then

vi=pi®ve Hi(UL) (j=1,...,n—2)
is for example a basis. Similarly one has a basis
Yi = pj @vte H\(U, L)
Taking complex conjugates one obtains bases
¥, =p; @0 e Hi(U,L);
7 =p; @0 ' € Hi(U,L).

Under the isomorphism H;(U, L) — Hy(U, f) there correspond v; and 7;
SO
(1.2) Vi N =i -
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Similarly i - 7; = v - ;-
The pairing between cohomology and homology is the map

HYU,L)® H\(U, L) — C,
pobev— [ o= [v
A®v—1 A
(either ¢ or A is compactly supported). Similarly one may define
HYU,L)® Hi(U,L) — C,
pober— [ o= [o.
Agp—? A

From the definitions one has for [¢] € H' (U, L) and +' € Hy(U, £)

(1.3) /y/(b—/y_@-

Remark. If a; ¢ R, the local systems L and £ are unrelated, and
the integral (1.1) is not defined (|u|? is multi-valued). This paper will have
nothing to say in that case. (The period relation in the first half in §5 is
the only exception.)

§2. Hodge structure on twisted cohomologies

We recall some basic definitions from Hodge theory. See [G] for more
information.

Recall that for a projective complex algebraic variety X its cohomol-
ogy H™(X,C) decomposes as @pﬂ:m HPY where HP? is the subspace
represented by harmonic (p,q)-forms. In other words, H™(X,C) has R-
Hodge structure (in fact Z-Hodge structure). If L € H?(X,C) is the class
of a hyperplane section divisor and d = dim X then the kernel of the map
Ld=m+l . g™(X,C) — H?~m+2(X,C) is by definition the primitive co-
homology Hgl}im(X ,C). Tt is not only Hodge structure but also a polarized
one.

A polarized R-Hodge structure of weight m is a finite dimensional C-
vector space H together with

(1) an R-structure on H, i.e., an R-subspace Hgx C H such that Hr ®
C = H (so there is complex conjugation on H),

(2) a direct sum decomposition H = P

HPd = H9P, and

ptgem, pq>0 H? such that
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(3) a (—1)™-symmetric C-bilinear pairing (called the polarization) @ :
H ® H — C defined over R (i.e., Q(Z,y) = Q(z,y)) satisfying (called the
Riemann-Hodge bilinear relations)

(a) Q(HP?, HP9') = 0 unless p+p' = g+ ¢ = m, and

(b) for any non-zero x € HP4,

#1Q(2,7) > 0.

In the example H = H (X, C), the polarization is given by

prim

Q(z,y) = (—1)mm=D/2g .y pd=m

The following generalization is due to Griffiths.

A wariation of polarized R-Hodge structure of weight m on a smooth
complex algebraic variety S is a C-local system of finite rank M with the
data:

(1) An R-local subsystem Mg C M such that M ® C = M.

(2) A direct sum decomposition of the C*°-vector bundle M ® £ (£ =
C*°-functions on S) into C*°-subbundles

MeE= f Mmpe

p+q=m

satisfying the conditions:

(a) One has MP:4 = M9P.

(b) EFPMRE) =Dy, MP4 | they are holomorphic subbundles of
M®E.

() f V:M®cE — M®c &L is the flat connection, then V(FP) C
FP=L® &L (the Griffiths transversality).

(3) a (—1)™-symmetric bilinear pairing @ : M ® M — Cg of local sys-
tems defined over R, which satisfies the condition for polarization fiberwise.

We make use of

THEOREM 2.1. ([Zuc]) Let a C-local system M over an algebraic curve
S is a variation of polarized R-Hodge structure of weight n, and j : S cS
be the completion. Then H'(S, j,M) has a polarized R-Hodge structure of
weight n + 1. Moreover, each cohomology class has a unique Lo-harmonic
representative. Here 1 @ m € E(M) is harmonic if and only if ¢ is holo-
morphic when ¢ € E9, and 1 is anti-holomorphic when 1 € 1. The
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polarization on H'(S, j.M) is the bilinear form induced naturally by the po-
larization on M and a Kdahler metric on S which is equivalent to Poincaré
metric at each point of S — S.

PROPOSITION 2.2.  Let S be an algebraic curve, U = S —{x1,...,xn}
and j : U — S the open immersion. If M be a C-local system of finite rank
on U whose monodromy at each x; has no eigenvalue 1, then we have

HY(U,M) = H"U,M) = H (S, j.M).

Proof. ~We have HY(U, M) = HYS, RjzM) and HL(U, M) =
H(S, s M). Since R%j, M = j, M it suffices to show RYj, M = 0 for ¢ > 0
and jM = j, M.

The question is local. (R7j,M),, = H9(S;, M) where S' is a small
circle around ;. So it is zero if ¢ > 2. If ¢ = 1, HY(S, M) is dual to
H(S, M*), which is zero by assumption. Moreover (j,M),, = H(S', M)
=0so jM = j.M.

Our key idea of studying the cohomology groups H*(U, £) is to consider
the cohomology groups

H*U,LD L) (=H*"(UL)® H*(UL)).
Our goal is

THEOREM 2.3. HYU,L @® L) has a polarized R-Hodge structure of
weight 1. The Hodge decomposition is compatible with the decomposition
HYU, L) ® HY(U, L), namely

HYU,L)=HNnHYU,L)® H* nHYU, L),

and similarly for H*(U, L). The polarization is the skew-symmetric bilinear
form

Q:(H (U L)® H (U, L)) ® (H'(U,L)® H'(U,L)) — C,
where

HYU,L)® HY(U,L) — 0, HYWU,L)® HY(U,L) — 0
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and HY(U, L) @ HY (U, L) — C is the pairing

HYU,L)® H'(U,L) — C

. YA P
(Y, ¢) — i L Tul?

)

where Y, ¢ are certain representatives for which the integral converges. (Via
the isomorphism L it is compatible with the pairing H (U, L)@ HY (U, £) —
C up to the factor of i.)

We apply Theorem 2.1 for S = U, S = P! and M = L& L. Let us briefly
see that £ @ L is a polarized variation of R-hodge structure of weight 0:

1) Complex conjugation £ — L is given by v — . The real structure
Mg is the fixed part of M under the complex conjugation. This is a 2-
dimensional R-local system; indeed, its local monodromy around the point
x; is given by

v+ - cos2may  sin2may v+v
i(v—7) —sin2ma;  cos2moy i(v—1) )"

2) Let us define a C-bilinear form
Q:(Lel)®(LeLl) — Cy

by
(aw + V) ® (yv + 60) — ad + By, «,B,7,6 € C.

This is induced by the natural pairing £® £ — C through the isomorphism
L = L above. One can readily check that this is well-defined (i.e., single-
valued), defined over R (i.e., Q(Z,7) = Q(z,y)), and Q(z,T) > 0,z # 0.

The other conditions for M to be a polarized variation of Hodge struc-
ture are just trivial. Thus Theorem 2.1 tells us that H (P!, j,(£ @ £)) has
a polarized Hodge structure of weight 1, where j : U — P! is the inclusion.

Under the condition a; ¢ Z, by Proposition 2.2 we have the isomor-
phism

H' P j.(L®L)=H ULDL).

We verify the last statement about the polarization. Suppose F' is a
Hermitian vector bundle over a Riemann surface, ¢ and 1 are 1-forms with
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values in F' and a Kéhler matric on the base is given. Let {uj,...,u,} be a
local frame of F' and write

6= ¢iQu,

=) i @u,
where ¢;, ¥; are 1-forms. Then the bilinear pairing is given by
0.6) =i 3 [ oiniyunu)
i,J

where (u;, u;) is the bilinear form giving the Hermitian metric. In particular
it is independent of the choice of a Kahler matric. From this it is clear that
the paring among H'(U, £)’s and H*(U, L)’s are zero. If 1 € H'(U, L) and
¢ € HY(U, L), then writing them locally

p=yv'®v, ¢=9¢v '®m,

since Q(v,v) = 1, one has

Q) —z’/ww\v\?-

§3. Lo-harmonic basis

Let
(' 00 H\UL) =) H'U,L&T) = B & B”

be the Hodge decomposition of the cohomology group in question.

Let us represent a cohomology class of H'(U, £) by a form ¢ € I'(U, EY).
Then ¢ is harmonic if and only if ¢ is holomorphic when ¢ € £°, and ¢u—!
is anti-holomorphic, i.e., ¢|u| =2 is anti-holomorphic when ¢ € £°1. Moreover
¢ is Lo if and only if

Int .=

Jul?

is convergent. That is, we have the isomorphisms

HNHYU, L) = {[¢] ‘ ¢ is a 1-form holomorphic on U, and
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meromorphic on P!, such that / %Pa converges},
HYnHY U, L) = { [a\uﬂ ‘ ¢ is a 1-form holomorphic on U, and
meromorphic on P!, such that / dAG|ul? converges}.

Indeed, it can be easily seen that if one of the above integrals converges, ¢
can not have an essential singularity at x;.

Let us examine the convergence conditions above. Let z be a local
coordinate around the point z;, and express ¢ as f(z)dz. Let n be the
order of zeros of f; the order of |u| is cj. The integral Int converges locally
at z; if and only if 2n — 2a; > —2,ie., n > a; — 1.

We rename the points x; as follows: For ¢ € Z, if there are p; exponents
oy, in the interval (i,7 + 1), we name them as

4, jzla"'vp’iv

and call the corresponding points xy, as x;;. By the definition of the a;; and
the p;, we have

1P < Zai]’ < (’L + 1)pi-
J
Thus the identity 3, ; ai; = 0 (recall the assumption ) a; = 0) leads to

LEMmMA 3.1.

N ipi—1>0, Y (i+1)p—1>0.

Let n;; be the order of zeros of ¢ = f(t) dt at x;;. Then the integral Int
converges if and only if n;; > a;; — 1, i.e., n;; > 7. Since we assumed that
non of the x;; is at infinity, the 1-form ¢ is regular at infinity, i.e., f has at
least double zero at infinity. So we have the expression

DPi
¢=TI1I— ) Pt

i j=1

where P is a polynomial of degree not greater than — > ip; — 2. Thus we
have
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PRrRoOPOSITION 3.2.

HYNnHY(U, L) {[HH t—xi) Pdt}

i j=1

deg P < —Zipi - 2}.
In particular,
dim H' N H'(U,£) = =) ipi — 1.

Now we turn to (01)-type. Let ¢|u|? represents a class of H'NHY(U, L),
where ¢ is a holomorphic 1-form on U. Let n;; be the order of zero of ¢ at
xi; as before. Then $|u\2 is of Lo-class, i.e.,

2 2

is finite if and only if n;; > —a;; — 1, that is, n;; > —i¢ — 1. Thus we have

ProrosiTION 3.3.

Pi
H(t - xij)iiilp dt,
1 j=1

degP <> (i+1)p; — 2}.

HYNHY(U,L) = { [EW]

In particular,
dim H' N H'(U,£) =) (i+1)p; — 1.
Remark. The propositions above yield the well known fact
dim H (U, L) = n — 2,
where n is the number of points z;.

64. Generalization to Riemann surfaces of arbitrary genus

Let X be a compact Riemann surface of genus g, z1,...,z, distinct
points in X and U = X — {x1,...,z,}. Let 0 e R—Z (j =1,...,n) be
exponents such that > a; = 0. Suppose given a multivalued holomorphic
function u on U such that du/u has only logarithmic singularities at x;’s
and Res,; du/u = a; (the reader may verify such u exists uniquely up to
multiples by nowhere vanishing multi-valued homomorphic functions on X).

Denote by £ the local system determined by w; similarly for £ and L.
There is a canonical isomorphism £ — L. The first half of the following
theorem is proved as for the case X = P!,
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THEOREM 4.1.  The C-vector space HY(U, L)® H (U, L) has polarized
R-Hodge structure of weight 1.

We have
HYNnHYU,L) = H° (X, 0l <_ Z zx”>>
i,
where {x;1,...,%;p,} are the singular points with exponents in the interval

(i,i +1), and
dim HY N H (U, L) =g—1-) ipi.

Similarly

H'nH (U, L) = HO (X7 Q! (Z(i + 1)%,]'))
i,J
and

dim H"NH'(U,L) =g~ 14> (i+ 1)p;.
In particular diim HY (U, L) = 29 — 2 + n.
Proof. By the same argument as in §3, we have
HYnHYU,L) = {[gf)] ‘ ¢ holomorphic on U and ord(¢) > a; — 1}
z;
~ 0 (X, 0L <_ sz”)) .
1]

Since deg(_ —ix; j) > 0 by Lemma 3.1 in §3 one has H' (X, Ql(—zm ;)
=0 and

dim H°n HY(U, £) = X(X, Q' (— Z mw))
ij

:1—g+(2g—2)—2ipi

by Riemann-Roch formula.
Similarly

H'NH (U, L) = HO (X, Ol (Z(Z - 1)xi7j)>

i?j
and again by using deg(d (7 + 1)z; ;) > 0 and Riemann-Roch, we get the
result.
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§5. Period relations and Riemann’s (in)equalities

In this section we discuss period relations and Riemann’s (in)equalities.
The former has nothing to do with Hodge structure, and (with obvious
modifications) the argument goes through if o; ¢ R.

To formulate the period relations in a general form, let V be a finite
dimensional C-vector space equipped with a non-degenerate bilinear pairing
(not necessarily symmetric or skew-symmetric)

Q: VeV —C.
If V* denotes the dual of V, there is an isomorphism
f:v—v

such that f(v)(w) = Q(v,w). Denote by Q* : V*®V* — C the pairing that
() induces via the isomorphism f.

Let {a1,a2,...,0,} (r =dim V) be a basis of V* and v,w € V. Then
one has

Joy @

(/alv,/azv,...,/%v> t(ai-aj)_l : w = Qv w).

Jou @

Here [ v = a(v). To derive this write ({o}} is the dual basis of {a})

o= ([ w)et w=32([ v)a

and use (o - 35) = "(a; - B;) L.
We apply this to

V=H'(UL)® H(UL), V*=H(UCL)e H(UZL),

and the basis {§;,7;} of V*. (dimV = 2(n — 2).) The matrix *(a; - ;)7

equals
( 0 (%‘ﬁj))_l_( 0 tlh_l)
i - %5) 0 =1, 0

where by (1.2)
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For [¢] € HY(U, L) and [¢)] € H' (U, L) we have

([ o[ o) (L0 %) f;d) oLl

namely the period relations
kv
1) ([ o [o)n| ¢ | =auoLm,
71 Ir
v
This is the twisted Riemann’s equality in [CM]. (Precisely speaking the
result in [CM] — which holds without the assumption «; € R — is obtained
by the above argument applied to V = H'(U, L)@ H*(U, £).) Tt has nothing
to do with Hodge structure.)
There is another equality resulting from Hodge structure: if [¢] € H'°N
HYU, L) and [¢] € HON HY(U, L) then Q([¢],[¢]) = 0.
If [¢] € HY(U, L) then fﬁa = m by (1.3). Thus we obtain twisted
Riemann’s inequality: ’

THEOREM 5.1.  For any non-zero [¢] € H N HY(U, L),
T, o
\/—1</ ¢/ qb)tlh_l : > 0.
¥ el —
[
§6. Applications
We follow the argument in the preceding section by setting
V=HYUL)® H(UL)= H o H", r=2(n-2),
6; € HY(U, L), basis dual to 5; € H (U, L),

and [¢] € H N HY(U, £). Then there is an Ly-harmonic element ¢q € [4],
and we have

VEIQUAL B = v [ 209 <,

|uf?
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If we write

then the above inequality becomes
g pa— p—
V=1 AQ(6,65) > 0.
i—1

ExXAMPLE 1. We consider four points x1,..., x4, exponents aq,as €
(0,1), ag,aq4 € (=1,0) —sopp =p1 =2,n =4 — and

u=(t—ax)* - (t —34)".

We have
' A HY (U, L) = C— .
(t — .Cl?g)(t — .21?4)
Take
dt 01 1
¢ = EeH"NH(UL)

(t —x3)(t — x4)

and the twisted cycles v; (j = 1,2) with supports on the edge joining x;
and z;j11 as in [Y, p. 94], and put

The inverse matrix of the intersection matrix ((Q(;,d;)) is given ([Y,
p. 102]) as

caf/dy  dy2/dids

where d; = ¢j—1,d;; = cjcp—1,¢; = exp 2mia;. Then we have the inequality

H:——<d23/d2d3 1/d2 )’

V—=1(A1,A2)H (A1, X2) > 0.
If one normalizes, for example, 1 = 0,20 = 1,23 = 00, x4 = x, and put

a1 = —a,a3 = a —c,a3 = b,ay = c— b, then \; can be expressed by the
hypergeometric series F'(a, b, c; ).
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EXAMPLE 2. If one specializes further by putting ay = ag = 1/2, a3 =

0 i
ay = —1/2, then H = (—i 0
of the elliptic curve defined as the double cover of P! branching at the four

), and A1 and Ay turn out to be two periods

points x;. The inequality obtained implies that the imaginary part of the
ratio of the two periods is positive; this is a classical fact.
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