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Abstract

‘We characterise finite unitary rings R such that all Sylow subgroups of the group of units R* are cyclic.
To be precise, we show that, up to isomorphism, R is one of the three types of rings in {O, E, O ® E},
where O € {GF(q),Z-} is aring of odd cardinality and E is a ring of cardinality 2" which is one of seven
explicitly described types.
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1. Introduction

In this paper, we examine the properties of finite rings in which every Sylow subgroup
of the group of units is cyclic. In 1966, Erickson [3] showed that the order of a finite
noncommutative ring (without unity) is squarefree. In 1968, Eldridge [2] extended this
result and proved that if R is a finite ring with unity of order m such that m is cubefree,
then R is a commutative ring. In 1989, Groza [5] showed that if R is a finite ring and
at most one simple component of the semi-simple ring R/J(R) is a field of order 2,
then R* (the group of units of R) is a nilpotent group if and only if R is a direct sum of
two-sided ideals that are homomorphic images of group algebras of type SP, where §
is a particular commutative finite ring and P is a finite p-group for a prime number p.
More recently, in 2009, Dolzan [1] improved this result and described the structure of
finite rings in which the group of units is nilpotent. Here we characterise the structure
of all finite unitary rings R, in which every Sylow subgroup of the group of units R*
is cyclic. Let F be a field and let M,,(F) and T,(F) be respectively the set of all n X n
square and upper triangle matrices over F. Also, let GF(q) be the Galois field of finite
order ¢g. The main result of this paper is the following theorem.
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TueoreM 1.1. Let R be a unitary ring of finite cardinality 2"m, where n is a positive
integer and m is a positive odd number. If all Sylow subgroups of R* are cyclic,
then, up to isomorphism, R is one of the three types of rings in {O, E, O & E}, where
O € {GF(q),Zy : p a prime number} is a ring of cardinality m and E is a ring of
cardinality 2" which is one of the following seven explicitly described types:

k
E € {May(GF ), T:(GF @), T GFO) (D GFM),

i=1
k k
2,z P Gren. @ eren),
i=1 i=1

where gcd(n;,n;) =1 for 1 <i,j<kandi# j or

k
E = MyGF(2)) (D GF2"),
i=1
where gcd(n;,nj) = 1 = gcd(2,n;) for 1 <i, j<kandi# j. Furthermore, if R=0® E,
then gcd(|O*|,|E*]) = 1.

In the proof of the theorem, we use the following concepts and notations. Let R be
a ring with identity 1 # 0. We denote by char(R) the characteristic of R, by J(R) the
Jacobson radical of R, by R* the set of all unit elements of R (or the group of units of
R), and by Ry the prime subring of R (the subring generated by the identity element 1).
The cardinality of a set X is denoted by |X|. For a given prime number p, the set of
all Sylow p-subgroups of R* is denoted by Syl ,(R*). For g € R*, the smallest positive
integer m such that g” = 1 is called the order of g in R* and is denoted by o(g). The
subgroup generated by g in R* is denoted by (g). For a subset S of R, we denote by
Ro[S] the subring generated by {S U Ry} or equivalently by {S U {1}}. The ring of all
n X n matrices over R is denoted by M,,(R) and the ring of integers modulo m is denoted
by Z,,. For a pair of elements a, b € R, the Lie bracket of a and b is [a, b] = ab — ba.
Finally, GF(p™) denotes the unique finite field of characteristic p and order p™.

2. Proof of Theorem 1.1
We begin with two elementary lemmas.

Lemma 2.1. Let R be a ring and I an ideal of R such that I C J(R). If all Sylow
subgroups of R* are cyclic, then all Sylow subgroups of (R/I)" are cyclic. In addition,
R/D" =R+ D/I

Proor. The canonical epimorphism f : R* — (R/I)* defined by f(a) = a + H shows
that every Sylow subgroup of (R/I)* is cyclic. Clearly, (R* +1I)/I C (R/I)*. For
the reverse inclusion, let x + I € (R/I)*. Then there exists y + I € (R/I)* such that
xy+1=1+1. Itfollows that xy — 1 € I. Since I C J(R), we have xy = xy— 1 + 1 € R*,
soxeR andx+1€ (R +1D/I. O
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Lemma 2.2. Suppose that R is a unitary finite local ring with a nontrivial minimal ideal
I and J(R) is commutative. Then J(R) = Anng([).

Proor. By [4, Theorem 2.4], there is an integer m such that J(R)" = 0. Suppose
I"=0 and I"' £ 0, where 2 <n <m. It is clear that "' = I. Since 2n -2 > n,
we see that I = (I""')> = 0. Therefore n =2. Let u € I and h € J(R). If hu # 0, then
RhuR =1=RuR and u = 3}, .. thus, for some r, s € R. By commutativity of J(R),

finitg

"= Z(rh)(us) = Z(us)(rh) = Z u(srh) = Z srhu,

finite finite finite finite

and hence u(}, . srh—1)=0. Since (3, srh)— 1€ R", clearly u =0, which is a
contradiction. Consequently hu = 0 for all & € J(R), that is, J(R) = (I). O

REmArk 2.3. Let R = A ® B be a finite ring, where A and B are two ideals of R. Then
R*=A"®B* and 1 = 14 + 1p, where 1,4 and 13 are the identity elements of A and
B, respectively. It is also clear that A* + 15 < R* and A* + 15 = A*. In addition, if
p | ged(JA*|, |B*|) for some prime number p, then by Cauchy’s Theorem, R* has two
elements a + 15 and 14 + b with the same order p. Clearly, (a + 1) # (14 + b), and this
implies that the Sylow p-subgroups of R* are not cyclic. This idea can be generalised
for any similar finite decomposition of R.

We need the following lemma, which is a direct consequence of [5, Lemma 1.1].
Lemmva 2.4. If R is a finite unitary ring of odd cardinality, then R = Ry[R"].

The first step in the proof of the theorem is to characterise all finite unitary rings R
of odd cardinality with a specific assumption.

ProposiTION 2.5. Let R be a unitary ring of finite odd cardinality m. If every Sylow
subgroup of R* is cyclic, then, up to isomorphism, R is either a finite field or Z, for a
positive integer t.

Proor. Let |R| =m = p{" - pZ" be the canonical prime factorisation. Then
R=R ®R,® ---®Ry,

where each R; is an ideal of order p". If k > 1, then Remark 2.3 shows that 2-Sylow
subgroups of R* are not cyclic. Hence either k = 1 or |R| = p®, for a prime number p
and positive integer @. We continue the proof by induction on «@. First suppose that
IR| = p*>. From [2], every unitary ring of order p® with a < 3 is commutative. Hence
R is either a field of order p? or one of the rings Z,» and Z, ® Z,. Again, Remark 2.3
removes the case Z, ® Z,, and the ring R is as desired. Now let |R| = p®, where a > 2
and consider the following two cases depending on the Jacobson radical: J(R) = 0 or
J(R) #0.

Case 1. If J(R) =0, then R is a semi-simple Artinian ring and by the structure theorem
of Artin—Wedderburn R = @;:1 M, (D;), where all D; are finite fields (see [6, page 33]
and [7]). By Remark 2.3 we may consider 1 = 1 or R = M,(D), where D is a finite
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field and n is a positive integer. If n = 1, then R = D is a finite field, as desired. So
suppose that n > 1. Since R has odd cardinality, char(D) # 2, and hence —1 # 1 and the
two diagonal matrices diag(—1, 1,...,1) and diag(-1,—1,...,—1) belong to the same
Sylow 2-subgroup of GL,(D) (the general linear group). This shows that the Sylow
2-subgroups of GL,(D) are not cyclic, which is a contradiction.

Case 2. Suppose J(R) # 0. An induction argument guarantees that every proper
subring of R is commutative. Suppose that R is noncommutative.

If R* is a nilpotent group, then it is a direct product of its Sylow subgroups which
are all cyclic, so R* is an abelian group. Therefore, by Lemma 2.4, R is commutative,
which contradicts our assumption. Hence R* is not a nilpotent group.

Let H be an ideal of R with 0 # H € J(R). By Lemma 2.1, every Sylow subgroup
of (R/H)" is cyclic. By induction, the ring R/H is commutative and the additive
commutator subgroup of R is contained in H, that is, [R,R] C H. Let M be a
maximal ideal of R. Then R/M is a simple commutative ring and so is a finite
field. By [5, Lemma 1.2], 1 + J(R) is a p-group and o(—1) = 2. Therefore Sylp(R*)
and Syl,(R*) are nonempty. Let {Mi,..., M} be the set of all maximal ideals of
R. Then R/J(R) =R/(M; N ---N M) =R/M; X ---XR/M, from which (R/J(R))* =
(R/M)* X -+ X (R/My)*. Lemma 2.1 and Remark 2.3 guarantee that k = 1 and so
R is a local ring. Let |[R/M,| = p¥ with y < @. Clearly J(R) = M. So (R/J(R))" =
(x+ J(R)) = p¥ — 1. Since |R| = p”|J(R)|, we have |[R| = (p” — 1 + 1)|J(R)| and then
IR~ lJR)| = [R*] = (p” = DR = o(x + JRDIJ(R)|. Also, since ged(p? — 1, p) = 1
and 1 + J(R) is a normal p-subgroup of R*,

VR =1+ JR)|<|Pl<|J(R)].

Thus 1 + J(R) = P. Since [{(x)P| = |[{x)||P|/|{x) N P| = |R*|, we have R* = (x)P. Since
R = Ry[R*] and R is not commutative, the equality R* = (x)P shows that x ¢ Z(R").
Since J(R) is commutative and R/J(R) is a finite field, J(R) is not a central ideal
(otherwise R would be a commutative ring, which is a contradiction). So there exists
w € J(R) such that wx # xw. Consequently, R = Ro[w, x]. Let I be a minimal ideal of
R. We consider two subcases: Z(R)NI#0orZ(R)NI=0.

Subcase 1. Suppose 0 £ a € Z(R) N 1. By Lemma 2.2, J(R) = Anng([). It follows that
I=Ra=(R"UJR)a={}, mna:n €R} LetyeR". Theny+ J(R) = x' + J(R) for
some integer i with 0 <i < p¥ — 1, thatis, y = x' + s for some element s € J(R). Hence
ya =x'a+sa=xaandsol={0,xa,...,x"'a} C J(R). Since xx'a = x'ax, w(x'a) =
(x‘a)w and R = Ry[x, w], we have x'a € Z(R), and so I C Z(R). Also, for all u, v € R*,
we have uv — vu € I and so uvu~'v! = 1 € I C Z(R). Therefore uvu~'v=' € Z(R*) and
the multiplicative derived subgroup of R* is a central subgroup of R*. It follows that
R* is nilpotent and so abelian, which implies that R is commutative and contradicts our
assumption.

Subcase 2. Let ZR)NI=0. If 0#bel, then bw = wb and [b, x] # 0. Hence
R = Ry[b, x] and we may consider w=>b € 1. Let mj,my € J(R). Since J(R) is a
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commutative ring and xm;, myx € J(R),
(xmy)my = mp(xmy) = (Max)my = mymoXx.

Since R = Ry[w, x], we conclude that m;m, € Z(R) and so J(R)?> C Z(R). If J(R)*> # 0,
then by the induction hypothesis R/J(R)? is a commutative ring, and so 0 # [R, R] C
J(R)*> N 1. Since [ is a minimal ideal and J(R)? is an ideal, I C J(R)> C Z(R), which is
a contradiction.

Hence J(R)*> =0. By considering R as a local ring, for all s € J(R), we find
Anng(s) = J(R). We claim that I = J(R). Otherwise consider [/ € J(R) \ I. Since R =
Ro[w, x], we have [ = (¥, n;x') + ¢, where ¢ € I and n; € Ry. Since [ — ¢ € J(R), we
havea =}, nix' € J(R). Then aw = wa and ax = xa. It follows that a € Z(R) N J(R).
Let H = Ra. Since Anng(a) = J(R),

H=Ra=R" UJR))a= {Z nia: n; € R*} ={0,xa, ..., x""'a} C J(R).
finite

If H # 0, we reach a contradiction by an argument similar to that in Subcase 1. If H = 0,
then [ = ¢ € I, which is again a contradiction. Therefore / = J(R). Since R/J(R) is a
finite field, we deduce that char(R/J(R)) = p # 0. Hence p + J(R) = J(R) and p € J(R).
Let L=pR. If L #0, then J(R) =L and p € Z(R) N J(R), which is a contradiction.
Therefore L = pR =0, so char(R) = p. Let h € J(R). Since (1 + h)? =17 + h? =1, we
see that P = 1 + J(R) is an elementary abelian p-group and since P is a cyclic group,
we have |P| = p. Thus [J(R)| = |P| = p. Since [J(R)| = {0, w, xw, ..., x*"'w}| < p,
there exists an integer i such that 1 <i < p—1 and x'w = x’w. Since w # 0, we
have x*~ — 1 € J(R) \ {0}. Since J(R) is a commutative ideal, we have (x*~ — 1)w =
w(xP~' = 1). Also, (x*F — )x = x(x’* = 1), and so x** — 1 € Z(R) N J(R) = 0. Hence
o(x+JR) <p-1 and |(R/JR))|=p—-1. Therefore |R| =|J(R)|p = p*>. This
contradicts our first assumption that |R| ¢ {p, p*}.

To sum up, the two subcases show that R is a commutative ring. Now, let /
be the minimal ideal contained in J(R) with char(/) = p’. If i > 1, then Ip is a
nontrivial ideal of R, so [ = Ip. Let s € I. Then s = }, vp for some v € I. It follows
that sp~! = Y vp' = 0, and so char(I) = p"~!, which is a contradiction. Therefore
char() = p. Clearly, I = 0. For all s € I, we have (1 + 5)? = 1. Therefore 1 + I is
an elementary abelian p-group. Since Sylow p-subgroups of R* are cyclic, we have
|1+ 1| =|I| = p. Therefore I ={0,a,2a,3a,...,(p — 1)a} for any nonzero element a € I.
By the first part of the proof of Case 2, R is a local ring. By the induction hypothesis,
R/I is a finite field or R/I = Z, where v is a positive integer.

First, suppose R/ is a finite field. Then 7 = J(R) and |R/I| = p¥ for some positive
integer v (v < f). Therefore (R/I)" is a cyclic group. Let w be a generator for this
group. A similar argument to that given in the first part of this case shows that
I=1{0,a,wa,...,wP'a} where p* — 1 =o(w+1). If wa=wlafori<j<p’ -1,
then w/ — 1 € Anng(a) = 1. Thenw/ +I=1+Tandsoow+1)<j—i<p’'—1,
which is a contradiction. If v > 1, then |I| > p, which is a contradiction. If v =1,
then |R| = p?, which is again a contradiction. Now, let R/ = Zp. If v=1, then
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IR| = p?, a contradiction. Hence v > 1. Clearly, either char(R) = p**! or char(R) = p".
If char(R) = p**!, then R = Zy+1, as desired. So suppose that char(R) = p*. Since
o(1 + p*1) = p, we deduce that I = Rp*~! = {(jp*~': j=0,1,...,p—1}. Leto(x + I)
= p"~! for some x € R. Since R/I = Z,» and o(x + I) = p"~!, we have x — j € J(R) for
some integer j. Since o(1 + p"~'(x — j)) = p, we have p"~!(x — j) € I. So there is an
integer 1 < f < p — 1 such that p*~!(x — j) = p*~! f. Therefore p"'(x — j— f) = 0.
If x—j— feJR), then f € J(R), which is a contradiction. If x — j — f € R*, then
p"~! = 0, which is also a contradiction. O

In the following three propositions, we characterise the rings of order 2", all of
whose Sylow subgroups are cyclic. Since in this case 2 | |R|, Proposition 2.5 may
no longer be true. As an example, let R be the set of all 2 X 2 matrices over the
finite field GF(2). Then R* = S3, where S3 is the symmetric group of order 6 and
all its Sylow subgroups are cyclic, but R is noncommutative, is not a finite field
and is not isomorphic with Z, for any integer ¢. For simplicity, we denote by A
the set of all rings R with R = M>(GF(2)) or R = M,(GF(2)) @le GF(2"), where
ged(n,nj) =1 =ged(2,n;) forall i, jwith 1 <i, j<kandi# j.

ProrosiTiON 2.6. Let R be a unitary ring of finite cardinality 2", such that R = Ry[R*].
If every Sylow subgroup of R* is cyclic, then either R is commutative or R € A.

Proor. Let R be a noncommutative ring with minimal cardinality satisfying the
assumptions stated in the proposition. We aim to show that R € A. We consider two
cases depending on the Jacobson radical: either J(R) = 0 or J(R) # 0.

Case 1. If J(R) =0, then R is a semi-simple Artinian ring and by the Artin—
Wedderburn structure theorem, R = @;zl M, (D;), where all the D; are finite fields.
If t = 1, the only possible case is R = M>(GF(2)) € A. Lett> 1. If n; =1 for all i,
then R is a commutative ring, a contradiction. It follows that there is some n; with
n; > 1 and, as above, this implies that n; = 2 and D; = GF(2). If there are two distinct
indices i and j such that n; > 1 and n; > 1, then M, (D;) = M, (D;) = M>(GF(2)) and
the Sylow 2—subgroups of R* are not cyclic, a contradiction. Therefore n; = 1 for all
j#iand gcd(lD’j‘.l, |ID;[) =1for1 < j# s<t, thatis, R € A, as desired.

Case 2. Suppose J(R) # 0. We show that this case always leads to a contradiction.

Let / be a minimal ideal of R with 0 # I C J(R). Arguing as in the proof of
Proposition 2.5, char(/) = 2, I? =0 and [ is an elementary abelian 2-group. Since
a Sylow 2-subgroup of R* is cyclic, |I| = 2 or I = {0, a} for the unique nonzero element
a€cl. Since 1 +1<R*, we have 1 +1 < Z(R") and, from R = Ry[R*], it follows
that Anng(/) is a two-sided ideal. By Lemma 2.2, (R/I)* = (R* + I)/I. Moreover
every Sylow subgroup of (R/I)* is cyclic. By the minimality of R, either R/ is a
commutative ring or R/I € A.

First, suppose R/I is a commutative ring. Then [R, R] C I. Since R = Ry[R*] and
R is noncommutative, there are two elements x,y € R*, such that xy # yx, and at
least one of them, say x, has odd order. Then xyx™'y ' +I=1+1=1+{0,a} and
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yx 2y M+ I=1+1=1+1{0,a}, so xyx"'y! =1 +a=x*yx2y~!, which implies
yx = xy, a contradiction. Now suppose that R/I € A. Either R/I = M,(GF(2)) or
R/I = M>(GF(2)) @le GF(2"), where ged(n;,n;) =1 = ged(2,n;) for 1 <i,j<k
and i # j. Let A be an ideal of R containing / such that R/A = M,(GF(2)) and let
z+Ae(R/A) witho(z+ A) > 1. Thenaz e I ={0,a}, so az=a and z — 1 € Anng(l).
Since R/A is a simple ring and Anng(/) = Ra = aR is a two-sided ideal, it follows that
Anng(I) C A, from which z — 1 € A and o(z + A) = 1, a contradiction. O

Let I" be the set of all finite rings R such that R = Z,  or R = 695;1 GF(2") or
R =7y EBL GF(2"), where gcd(n;,nj) = 1fori# jand v =1,2. Let m be a positive
integer and let C,, be a cyclic group of order m. We recall that for v > 3 the group
(Zyv)* = Cyp-2 X Cy is not cyclic.

ProposiTioN 2.7. Let R be a unitary commutative ring of finite cardinality 2", such that
R = Ry[R*]. If every Sylow subgroup of R* is cyclic, then R € T

Proor. We proceed by induction on n. The case |R| = 2° has already been discussed.
Let n > 2. We consider two cases depending on the Jacobson radical: J(R) =0 or
J(R) #0.

Case 1. Let J(R) = 0. Then R is a semi-simple ring and by the Wedderburn structure
theorem, R = @le R; is a direct product of matrix rings over division rings. Since R is
a commutative ring, all the R; are finite fields and, by Remark 2.3, gcd(|(R)*[, |(R;)*])
=1for1 <i# j<k. Consequently, Rel.

Case 2. Suppose J(R) # 0 and let I € J(R) be a minimal ideal of R. Arguing as in
the proof of Proposition 2.5, char(/) = 2, I> = 0 and I is an elementary abelian 2-
group. Since a Sylow 2-subgroup of R* is cyclic, |I| =2 or I = {0, a}, for a unique
nonzero element a € I. Let y € R\ Anng(a). Since ya € I, we have (y — 1)a = 0 and
y — 1 € Anng(a). Hence the group index [(R, +) : (Anng(a), +)] = 2. By induction,
R/I =7y or R/I = EBL GFQ™) or R/I = Zy @f:l GF(2"), where ged(n;, nj) =1
fori# jandv=1,2.

If R/I = Zy», we claim that R = Z,., where ¢ = 1, 2. Let char(R) = 2'. First suppose
that r=v. If 27 =0, then (1 + 2""")> =1 and 2"~! = a € I, a contradiction (because
R/I = Z,). Hence char(R) = 2"*! and R = Z,w+1, where v+ 1 =2,3. If v =2, then
R* = C, X C;, which is impossible. Hence R/I # Z,+. Now, suppose that R/I = GF(2").
By the earlier arguments, we may consider v > 1. Let (R/I)* = (z + I). Then there
exists y € R such that y(z— 1)+ 1 =1+ 1. Since z ¢ Anng(a), we have z -1 €
Anng(a). But then y(z — 1) — 1 € I C Anng(a) and —1 € Anng(a), a contradiction.
Therefore R/I # GF(2') and R/I ¢ Z,-. It follows that either R/l = @L GF(2")
orR/I =7Zy @;:11 GF(2"), where k > 1,v =1,2 and gcd(n;,n;) = 1 for i # j. Clearly
[J(R)| < 4. Let {M,..., M} be the set of all maximal ideals of R. By the previous
arguments, we may consider k > 1. We may assume that M; = Anng(a). Then
f:RIMi®R/My®---®R/M; = R/J(R). Let f((1 + My, My, Ms,...,M))=x+J(R).
It is clear that |(Anng(x) + J(R))/J(R)| = |R|/2|J(R)|, so |Rx| = |R/Anng(x)| = 2|J(R)|.
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Since ax # 0, we have a ¢ Anng(x). Since [ is the unique minimal ideal of R and
a ¢ Anng(x), we have Anng(x) N J(R) =0. If I =J(R), then clearly / € Rx. So
suppose that I # J(R). Then J(R) = {0,b,b*> = a,b*}. Since J(R) N Anng(x) = 0,
we have bx # 0. Then J(R)x C Rx. If J(R)x # J(R), then xb' = 0 for some positive
integer i and so xb* = xa = 0, a contradiction. It follows that J(R) C Rx and so
R = Anng(x) ® Rx. By the induction hypothesis, Anng(x) and Rx belong to the set
I'. Clearly ged(|(Anng(x))*|, [(Rx)*]) = 1 and so R € T, as desired. O

ProposiTioN 2.8. Let R be a unitary ring of finite cardinality 2" and H = Ry[R*] and
suppose that every Sylow subgroup of R* is a cyclic group. If H is a commutative ring
and R is noncommutative, then either R = T>o(GF(2)) or R = T,(GF(2)) ® A where
A el and gcd(|A*],2) = 1.

Proor. Let R be a finite noncommutative ring with minimal cardinality 2", such that
every Sylow subgroup of R is cyclic. Let I € J(R) be a minimal ideal of R. From
[3], every unitary noncommutative ring of order 8 is isomorphic to T>(GF(2)), so we
may assume that |R| > 8. By the minimality of R, either R/ is a commutative ring or
R/I =Ty(GF(2))or R/l = T,(GF(2)) ® A where A € I" and gcd(|A*[,2) = 1.

First suppose that R/l is noncommutative. Suppose that f : R/l = T>(GF(2)) @ A.
Let T/I be a subring of R/, such that T/I = T,(GF(2))/I. 1t is clear that T,,[T*] # T
and |J(T)| =4. By induction T = T>(GF(2)) or T,(GF(2)) ® B where B €I and
gcd(|B*[,2) = 1. Hence |J(T)| =2, a contradiction. Therefore R/l = T>(GF(2)),
|R| = 16, char(R) <4, R is a local ring and J(R) = {0,a, b,a + b} where a € I \ {0}.
If b*> =0, then o(1 +b) =2, and so a Sylow 2-subgroup of R* is not cyclic, a
contradiction. If 5% # 0, then ab = a(a + b) = 0 and b(a + b) = b*> = (a + b)b, so J(R)
is a commutative ideal. Choose z € R with f(z+ 1) = 1. Then z -1 € J(R), since
fz—1+1) € J(T2(GF(2)). Therefore z € Cr(J(R)). Since the ring generated by z and
J(R) is R, it follows that R is a commutative ring, a contradiction.

Now suppose that R/I is commutative. Let {M, ..., M;} be the set of all maximal
ideals of R and let a € I \ {0}. If k =1, then J(R) = M, = Anng(a), because R/I
is commutative. Since [R : Anng(a)] = 2, we have R = Ro[(1 + J(R))] = Ry[R*], a
contradiction. So k> 1 and we may assume that M; = Anng(a). We have f :
R/IMi®R/My & ---®R/My = R/J(R). Let f((1+ M, My, M5,..., M) =x+J(R)
where x € R. It is clear that Anng(x) 2 R/M, @ - -- ® R/M,, € I' is a commutative ring,
so |(Anng(x) + J(R))/J(R)| = |R|/2|J(R)|. Since ax # 0, we have a ¢ Anng(x). Since
is the unique minimal ideal of R and a ¢ Anng(x), we have Anng(x) N J(R) = 0. Then
|[Rx| = |R/Anng(x)| = 2|J(R)|. If I = J(R), then I C Rx. So suppose that [ # J(R). Then
J(R) ={0, b, b*> = a,b*}. Since J(R) N Anng(x) = 0, we have bx # 0 and J(R)x C Rx.
If J(R)x # J(R), then xb' = 0 for some positive integer i and so xb* = xa =0, a
contradiction. It follows that J(R) C Rx, and hence that R = Anng(x) ® Rx. Since
R is not commutative, neither is Rx. By the induction hypothesis, either Rx =
T>(GF(2)) or Rx = Th(GF(2)) ® B where B €T and gcd(|B*|,2) = 1. Hence either
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R = Anng(x) ® TH(GF(2)) or R = Anng(x) @ To(GF(2)) ® B for some positive integer
k, where gcd(|B*|,2) = 1. Clearly, Anng(x) ® B=A €T. O

Proor or TueorEm 1.1. Let [R| = p{" --- p;* be the canonical factorisation of |R| into
prime powers. Then R = R; @ R, @ - - ® Ry, where each R; is an ideal of order p}"
containing 1g,. We may assume that p; is a the smallest prime divisor of |R|. Let E = 1
and O=Rifp;>2,and E=R;and O =R, ®--- ® R, if p; = 2. By Proposition 2.5,
O is either a finite field or Z,,, for a positive integer ¢.

First suppose that E is noncommutative. If £ = Ey[E*], then by Proposition 2.6,
E e A. If E # Ey[E™], then by Proposition 2.8, E € T.

Now suppose that E is a commutative ring. If J(E) = 0, then by the Wedderburn
structure theorem E € I. Therefore suppose that J(E) # 0. Let I be a minimal
ideal of E contained in J(E) and T = Ey[E*]. By Proposition 2.7, T = Z or
T =Zy P,  GF(2"), where ged(n;,nj) = 1 for i # j. If T = E, then clearly, E € T.
Suppose that T # E. Then 2 1 |[(E/D*| = |(T* + D)/I| and J(E) = I. Let {M,..., M}
be the set of all maximal ideals of E and let a € I\ {0}. If g =1, then J(E) =
M, = Anng(a). Since [E : Anng(a)] = 2, we have E = Ey[(1 + J(E))] = Eo[E*] =T,
a contradiction. So g > 1. We may assume that M| = Anng(a). Then f: E/M, &
EM,®---@E/M, = E/J(E). Let f((1 +M,M>,Ms,...,M,)) =x+ J(E), where
x € E. By a similar argument to that in Proposition 2.8, E = Anng(x) @ Ex and
J(E) € Ex. Clearly gcd((Anng(x))*,2) =1, because Anng(x) N J(E) =0. Since
J(E) C Ex and |Ex| = 4, we have Ex = Z,» and it follows that E € I". The rest of
the proof is clear. O
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