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WEAK CONVERGENCE OF TENSOR PRODUCTS OF VECTOR
MEASURES WITH VALUES IN NUCLEAR SPACES

JUN KAWABE

We study weak convergence of tensor products of vector measures with values in
nuclear spaces, such as the space of all rapidly decreasing, infinitely differentiable
functions, the space of all test functions, and the strong duals of those spaces. It
is shown that the weak convergence of a net of tensor products of vector measures
follows from that of the corresponding net of real product measures.

1. INTRODUCTION

The notion of tensor product of vector measures was introduced by Duchon and
Kluvének [4] in 1967: Let X and Y be real locally convex Hausdorff spaces. Let u be a
vector measure on a measurable space (§2, A) with values in X and v a vector measure on
a measurable space (I, B) with values in Y. Then there exists a unique vector measure
p®v:AxB = X®.Y, which is called a tensor product of u and v, such that the

relation

p@®U(AxB)=u(A)®v(B), A€ A BeB

holds, where X &, Y denotes the completion of the tensor product of X and Y under the
e-topology.

On the other hand, Dekiert [2] recently introduced the notion of weak convergence
of vector measures with values in a Banach space, which is a natural generalisation of
the weak convergence of real measures, and studied its properties (see also Marz and
Shortt [11]).

In this paper, we study weak convergence of tensor products of vector measures
with values in nuclear spaces, such as the space & of all rapidly decreasing, infinitely
differentiable functions, the space D of all test functions, and the strong duals_ of those
spaces. After preparing necessary notation and results, in Section 3 we study uniform
boundedness of a set of tensor products of vector measures. In Section 4, using the results
of Section 3, we show that the weak convergence of a net of tensor products of vector
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measures with values in nuclear spaces follows from that of the corresponding net of real
product measures.

All the topological spaces and topological linear spaces in this paper are Hausdorff,
and the scalar fields of topological linear spaces are taken to be the field R of real numbers.

2. NOTATION AND PRELIMINARIES

Let (E, F) be a dual system over R with the canonical bilinear form (z,y) € ExF
{(z,y), and 7 a locally convex topology on E which is consistent with this duality, that
is, the dual of (E, ) is identical with F'. The weak (respectively, strong) topology on E
means the o(E, F') (respectively B(E, F))-topology on F, and E,, E, and Es denote the
space E with the topologies 7, o(E, F'} and B(E, F), respectively. f y € F and pis a
seminorm on E, we write y € p whenever |{ l T y), pl(z) for all z € E.

Let (§2, A) be a measurable space and y : A — E be a finitely additive set function.
We say that p is a vector measure if it is o- a.dditive, that is, for any disjoint sequence
{Ac}2, in A with A = U Ak, we have E #(Ag) = p(A) for the topology 7 on E.

Denote by M({2; E) the set of all vector mea,sures p:A— E. When E = R, we write
M(£2) instead of M(2;R). If p is a vector measure, then (yu)(A) = (u(A),y), A € 4,
is a real measure for each y € F. Conversely, a theorem of Orlicz and Pettis ensures that
a finitely additive set function u : A — FE is o-additive if yu is o-additive for each y € F.

Let u: A — E be a finitely additive set function and p be a seminorm on E. Then
the p-semivariation of u is the set function ||g||, : A — [0, 0o] defined by

lello(A) = sup Jyul(A), A€ A,

134
where |yu|(-) is the total variation of the real measure yu. See Diestel and Uhr [3] and
Lewis [10] for some properties of semivariations.
Let V C M(12; E). We say that V is uniformly bounded if sup ||p||p(£2) < oo for each
3%

7-continuous seminorm p on E. Put R(V) = {u(A): A€ A, p € V} C E. Then, we
have a number of alternative characterisations of uniform boundedness.
PROPOSITION 1. LetV C M(§2;E). Then the following conditions (a)-(d) are
equivalent:
(2) V is uniformly bounded.
(b) For each y € F, we have sup lyu|(£2) < oo.
(c) R(V) is bounded for U(E:‘;)
(d) R(V) is bounded for 7.
PRroOF: (a)=(b)=(c) are easy, and (c)&(d) follows from [12, IV.3.3]. (a)<(d) can
be proved by the following inequality

sup{p(,u(B)) :ADBe A} < lullo(4) < 2- sup{p(u(B)) :ADBEe A},
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Consequently, by (4)-(7), we have
X;8.Y; =(X®Y),

and the proof is complete. 0

We now consider tensor products of vector measures with values in dual spaces.
Since X3 is nuclear (see (7, Corollary 13 of 1.7.B] and [14, Propositions 50.1 and 50.6]),
for p € M(£2;X;) and v € M(I';Yy), there exists a tensor product u ® v € M(2 x
I'; X5 ®x Yy) such that the relation (1) holds (see [4, Corollary 1]). For V C M(£2; X3)
and W C M(T;Y;), weput VAW ={u@u:p €V, v € W} C M(2 x I X; 8, ;).
Then we have the following

PROPOSITION 4. IfV C M(2;Xj)and W C M(T';Y;) are uniformly bounded,
then sois V@ W C M(2 x I'; X;®. Y;).

PROOF: Since X} is nuclear, the 7 and ¢ topologies coincide on X; ® Y5, and thus
the result follows from Proposition 2. 0

ExampLE 1. (1) Let S(R™) and S(R") be the spaces of all rapidly decreasing, infinitely
differentiable functions on Euclidean spaces R™ and R™ respectively. These are examples
of nuclear Fréchet spaces. The strong dual spaces S*(R™) and S*(R"™) are called the
spaces of all slowly increasing distributions. We have the canonical isomorphisms (see [14,
Theorem 51.6 and its Corollary]):

S(R™) &, S(R™) = S(R™™) and S*(R™)&,S*(R") = S*(R™™).

Consequently, for g € M(£2;S(R™)) and v € M(I'; S(R™)), the tensor product 4 @ v
exists and takes values in S(R™*"). When y € M(£2;5*(R™)) and v € M(I';S*(R")),
then ¢ ® v also exists and takes values in S*(R™*").

(2) Let U C R™ and V C R" be open sets. Denote by D(U), D(V) and DU x V)
the spaces of all test functions on U, V and U x V, respectively. These are examples
of locally convex Hausdorff spaces whose type is a strict inductive limit of an increasing
sequence of nuclear Fréchet spaces. The strong dual spaces D*(U), D*(V), and D*(U x V)
are called the spaces of all distributions. We have the canonical isomorphisms (see [14,
Theorem 51.7] and Grothendieck [6, Chapter II, Section 3, n°3, p.84]):

DUYED(V)=DWU x V) and DU x V) =D (U)&, D(V).

Consequently, for p € M(£2;D(U)) and v € M(I'; D(V)), the tensor product u ® v
exists and takes values in D(U x V). When p € M(§2;D*(U)) and v € M(I; D*(V)),
then p @ v also exists and takes values in D*(U x V).
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4. WEAK CONVERGENCE OF TENSOR PRODUCT

In this section, we first introduce the notion of weak convergence of vector measures
with values in a sequentially complete IcHs. Let X be a sequentially complete IcHs with
a topology 7. Let S be a completely regular space and B(S) the o-field of all Borel
subsets of S. Denote by C(S) the Banach space of all bounded, continuous, real valued
functions on S with the norm ||f]| = sug|f(s)|. Let {uq} be a net in M(S; X) and

s€

@ € M(S; X). The following definition of the weak convergence of vector measures is a
natural generalisation of the weak convergence of real measures, and it is reduced to that
of [15] in case that X = R and is reduced to that of [2] in case that X is a Banach space.
We say that {u.} converges weakly to p for 7 if, for each f € C(S5), we have

lim/ fdu, = /fd,u for the topology 7 on X.
@ Js s

See Lewis [10] for definition and basic properties of the integral above. We remark that
every bounded, measurable, real valued functions on an arbitrary measurable space is
integrable with respect to any vector measure with values in a sequentially complete
IcHs.

In the rest of this paper, as in Section 3, we assume that X is a strict inductive limit
of an iﬁcreasing sequence {X,} of nuclear Fréchet spaces, Y is a strict inductive limit of
an increasing sequence {Y,} of Fréchet spaces, and Z = X @Y is a strict inductive limit
of the increasing sequence {X, ®x Y.} of the completion of the tensor product of X, and
Y,, under the projective topology (see Section 3 for topological linear properties of these
spaces).

In the following, let S and T' be completely regular spaces which satisfy B(S x T) =
B(S) x B(T) (this condition is satisfied, for instance, both S and T are (1) separable
metric spaces and (2) Suslin spaces; see Schwartz [13, p.105]). The following theorem
shows that the weak convergence of a net of tensor products of vector measures with values
in nuclear spaces follows from that of the corresponding net of real product measures.
We recall that for p € M(S; X) and v € M(T;Y), the tensor product u ® v exists and
takes values in Z = X®Y, and Z; can be identified with X} R Y; as a topological
linear space.

THEOREM 5. Let {u.} C M(S;X) and {v,} C M(T;Y) be uniformly bounded
nets. Let p € M(S;X) and v € M(T;Y). Assume that, for each z* € X* and y* € Y=,
the net {z s X y~vo} of real product measures converges weakly to the real product
measure z°u X y'v. Then {ga ® vo} C M(S x T;Z) converges weakly to p @ v €
M(S x T;Z) for 6(Z,Z*). Further, if Y is nuclear, it also converges weakly for the
inductive limit topology on Z.

We first show Theorem 5 in the case that X and Y are Fréchet spaces and X is

nuclear.
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THEOREM 6. Let X be a nuclear Fréchet space and Y a Fréchet space. Let
{#a} € M(S; X) and {vo} C M(T;Y) be uniformly bounded nets. Let p € M(S;X)
and v € M(T;Y). Assume that, for each z* € X* and y* € Y*, {z°pa X y*vu} converges
weakly to z°p X y"v. Then {fta @ va} C M(S x T; X ®,Y) converges weakly to p Qv €
M(SxT; X8, Y) for 6(X & Y,(X & Y)*). Further, if Y is nuclear, it also converges
weakly for the projective topology on X ®.Y.

PROOF: Since X is nuclear, X @, Y = X ®, Y (see [14, Theorem 50.1]), and hence
by Proposition 2 and uniform boundedness of {g.} and {v,}, we have that {u, ® v,} C
M(S x T; X ®, Y) is uniformly bounded. Therefore, we can easily show that the set

W=LQJ{/SXThd(pa®u,,)—/SXThd(u®u) LRl <1, hEC(SxT)}

is bounded in X ®, Y.
Fixe >0, 2" € (X®, Y)*, and h € C(S x T) with [|h]| < 1. For each a, we put

20 = hd(pa ® va) — hd(p®v),
SxT SxT
and put
V.= {z‘ € (X ®-Y)" : sup|(z,2°)| < 5}.
zEW
Then, V, is a neighbourhood of 0 for the strong topology on (X &, Y)*. Since (X &, Y)a
can be identified with X3 R Y7 by [14, Proposition 50.7], there exists an element z5 =

S z; Q@ yp (21 € X*, y; € Y*) such that z* — z5 € V.. Then, we have
k=1

(8) sup|(za, 2" — 23)| < sup|(z, 2" — 23)| <,
a zeW
since zo € W for all a. On the other hand, by assumption, for each k = 1,2,... ,m, we
have
(ot ®30) = [ hd(ain xuive) = [ hd(ainx i) 5 0.
SxT SxT

Consequently, by (8) and the above, we have

< lim sup](za,z‘ - z(';)l + limsupl(za,25)|
[« a

limsup
o

m
< e+ Z limsupl(zml/: ® yi)
=1 @

=€’

and this implies that {u, @ va} converges weakly to u ® v for the weak topology on
X®.Y.
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Assume that Y is nuclear. Then X &, Y is a nuclear Fréchet space, and hence it is a
Montel space. Since {z,} is contained in the bounded subset W of X ®, Y, noticing that
the weak topology and the original topology coincide on bounded subsets of a Montel
space (see [8, p.229]), {z.} converges to 0 for the projective topology on X &, Y. 0

PROOF OF THEOREM 5: By Proposition 1, [14, Proposition 14.6] and uniform
boundedness of {¢.} and {v,}, we can find ny € N such that p,,p € M(S; X,,)
and v,,v € M(T;Yy,), and {p.} and {v.} are uniformly bounded in M(S; X,,,) and
M(T;Y,,), respectively. On the other hand, it is obvious that for each zg € X and
Y5 € Yo, {Z5Ha XYgva } converges weakly to zgu xygr. Therefore, by Theorem 6, {po®va }
converges weakly to p ® v for o(Xy, Or Yags (Xng O Y,,)*). Since the weak topology on
Xy ®r Ya, is the topology induced on X, ®, Yy, by the weak topology o(Z, Z*), we can
show that {u, ® va.} converges weakly to 4 ® v for ¢(Z, Z*). The weak convergence for
the inductive limit topology on Z is shown in the same way as in Theorem 6. 1]

Next we study weak convergence of tensor products of vector measures with values
in dual spaces. We recall that the strong dual of Z = X ®Y can be identified with
X5 On Y; as a topological linear space.

THEOREM 7. Let {us} C M(S;Xj;) and {vo} C M(T;Yy) be uniformly
bounded nets. Let u € M(S; X3) and v € M(T;Yy). Assume that, for each z € X and
y € Y, {Zpo X yva} converges weakly to zu x yv. Then {pa ® va} C M(S x T Zjp)
converges weakly to p @ v € M(S x T; Z3) for 0(Z*, Z). Further, if Y is nuclear, it also
converges weakly for 3(Z*, 7).

PROOF: From Proposition 4 and uniform boundedness of {u,} and {v,} it follows
that {pue ® va} C M(S x T; Z3) is uniformly bounded. Therefore, we can easily show
that the set

H=U{/SXThd(pa®ua)-/SXThd(y®u) RIS 1, heC(SxT)}

is weakly bounded in Z*. Since Z is barrelled, H is an equicontinuous subset of Z*.

Fix e >0,z € Z and h € C(S x T) with ||h|| € 1. Then z is contained in some
Xno Bn Y,,.- Since H is equicontinuous, there exists a neighbourhood W of 0 for the
inductive limit topology on Z such that z € W implies

(9) Iz, 2%)
and then W N (X,, ®» Ya,) is a neighbourhood of 0 for the projective topology on

e forall z2* € H,

X &= Y- Since X,, ® Y, is dense in X, . Y,,, we can find an element z, =
m

S 2k ® Yk (Tk € Xng, Yk € Yn,) such that z — 20 € W.

k=1

For each a, we put

z;=/ hd(,u°®u,,)—/ hd(p @ v).
SxT SxT
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Then 2z, € H for all a. On the other hand, for each k = 1,2,... ,m, we have (z; ®
Yk, z,) — 0 by assumption. Consequently, by (9) and the above, we have

<Z’ SxT hdle ®ve) - /S‘xT hdln® V)>

< limsup|(z — 20, z3)| + lim sup|(zo, 27}
[ ] 24

lim sup
o

< e+ Zlimsupl(zk Qur, z)| =¢,
k=1 ¢
and this implies that {u, ® v,} converges weakly to u ® v for o(Z*, Z).

Assume that Y is nuclear. Then Z is a Montel space. Since {27} is contained in
the bounded subset H of Z*, noticing that the weak topology and the strong topology
coincide on bounded subsets of the dual of a Montel space (see [14, Proposition 34.6]),
we see that {2} converges to 0 for 8(Z", Z). 0

A subset M of M(S) is said to be uniformly tight if for each € > 0, there exists a
compact subset K, of S such that [m|(S — K.) < € for all m € M. By the definition of
uniform tightness and the Stone-Weierstrass theorem, it is readily seen that if {m,} C
M(S) and {n,} C M(T) are uniformly bounded and uniformly tight nets, and if {m,}
and {n,} converge weakly to m € M(S) and n € M(T) respectively, then {m, x n,}
converges weakly to m X n. By this fact and Theorems 5 and 7, we have

CoROLLORY 8. Let {u,} C M(S;X) and {vo} C M(T;Y) be uniformly
bounded nets. Let p € M(S;X) and v € M(T;Y). Assume the following two con-
ditions:

() Foreachz” € X* and y* € Y*, {z°pua} and {y*va} are uniformly tight.
(b) Foreachz" € X" andy” € Y*, {z°pa} and {y"va} converge weakly to z*u
and y*v, respectively.
Then, {pa ® va} converges weakly to u @ v for o(Z,Z*). Further, if Y is nuclear, it also
converges weakly for the inductive limit topology on Z.

COROLLORY 9. Let {pa} C M(S;Xp) and {vo} C M(T;Yy) be uniformly
bounded nets. Let p € M(S; X3) and v € M(T;Yy). Assume the following two condi-
tions:

() Foreachze X andy €Y, {zua} and {yva} are uniformly tight.
(b) Foreachz € X andy €Y, {zu.} and {yv,} converge weakly to Ty and
yv, respectively.
Then, {pa ® va} converges weakly to p @ v for 6(Z*, Z). Further, if Y is nuclear, it also
converges weakly for B(2*, Z).
REMARK 1. By Dalecky and Fomin [1, Theorem 111.2.2}, every weakly convergent se-
quence of real Radon measures on an R-space is uniformly tight. Hence, if we assume
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that both S and T are R-spaces, then Corollaries 8 and 9 hold for the sequences {u,}
and {v,} without the assumption (a) of uniform tightness. See 111.2.2-2.4 of [1] for the
definition and examples of an R-space. We note here that every o-compact space and

complete metric space is an R-space.
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