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BOUNDS FOR HARDY DIFFERENCES
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Abstract

Bounds for Hardy differences, that is, improvements and reverses of the well-known
Hardy inequality, are obtained.
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1. Introduction

Hardy [3] announced and then proved [4] a highly important classical integral

inequality,
f(—ff(t)dt) dxs( P )f[f(x)]pdx, (1.1
o \xJo p=1/ Jo

the so-called Hardy inequality, where p > 1 and f € LP(0, o0) is a nonnegative function.
There are many extensions of (1.1) [1, 5, 6]. Boas [2] (see also Pecari¢ et al. [7, p. 225])
proved the following result.

THeEOREM 1.1. Let ¢ be a continuous convex function. Let f be a measurable and
nonnegative function, A an increasing and bounded function, and let L = A(c0) — A(0).
Then

f NS (L‘1 f " fa) d/l(u)) dx < f " e e(F) dx. (1.2)
0 0 0

If ¢ is a continuous concave function, then the inequality (1.2) holds in reverse order.
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As a special case, Boas obtained the following extension of (1.1) (as well as some
inequalities similar to (1.1)) [7, p. 230]:

fo ) x—k(fox 8() dt)p dx < (k%l)p fom g d,

where k> 1,p>1lork<1, p<0;

fo ) x*k( f " g0 dt)p dx < (%{)p fo " gl d.

where k< 1,p>1lork>1, p<0;

fo h x—k( fo o0 dt)p dx > (%{)p j; TG d,

where 0 < p<1land k < 1;

fo ) x-k( f " g0 d;)” dx > (kf;l)" fo " gl d.

where 0 < p < 1 and k > 1. Here g € L?(0, o) is a nonnegative function.
In this paper we derive some improvements and reverses of these results.

2. Log-convexity of Boas differences

Lemma 2.1. Define the function

xX

fors+0,1
s(s—1)
s(X) = —logx fors=0

xlogx  fors=1.

Then @4(x) is convex for x > 0.
The following lemma is equivalent to the definition of convex function [7, p. 2].

Lemma 2.2. If ¢ is continuous and convex for all sy, sy, s3 in an open interval I such
that 51 < 5, < s3, then

P(s1)(s3 = 52) + P(52)(51 — 83) + P(s53)(52 — 51) 2 0.
We quote another useful lemma from log-convexity theory.

Lemwma 2.3 (Simic [8]). A positive function f is log-convex in the Jensen sense on an
open interval I, that is, for each s, t € I,

foro= A7)
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if and only if the relation

WL f(s) + 2uwf(ST+t) +wlf(6)= 0

holds for each real u,w and s,t € I.

We now prove log-convexity of the Boas difference, that is, the difference between
the expressions on either side of (1.2).

THEOREM 2.4. Let the conditions of Theorem 1.1 be satisfied and let F : R — R, be a
function defined by

F(s) = f T o (F) dx — f ) x_lgos(L_l f " ) d/l(u)) dx. 1)
0 0 0
Then F(s) is log-convex, that is,
[F(P)I"™ <[FOIP[F(9)]™F (2.2)

for —co < s < p<r<oo.

Proor. Let us consider the function ¢ defined by

+
P and u, w € R.

o(x) = uztps(x) + 2uwe,(x) + wztp,,(x) where r = al
Then
" (x) =P x 72+ 2uwx 2 + w2 = (ux* !+ waP?PY? >0 forx> 0.
The function ¢ is convex for x > 0; therefore (1.2) is equivalent to
W2F(s) + 2uwF(r) + w?F(p) >0,

that is, by Lemma 2.3,
[F(N)* < F(s)F(p).

So F is log-convex in the Jensen sense. Since
lir% F(s)=F(@©) and linll F(s)=FQ),

F is continuous for s € R and therefore log F is convex.
Lemma 2.2 for —oo < 5 < p < r < o0 yields

(r=s)log F(p) < (r = p)log F(s) + (p = 5) log F(r),

which is equivalent to (2.2). O
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3. Improvement and reverse of the Hardy inequality

We obtain an improvement and reverse of the Hardy inequality and of its dual
inequality.

THeoreM 3.1. Let ¢, and F be given by Lemma 2.1 and Theorem 2.4, respectively. Let
g € L(0, o) be a nonnegative function. Then, for p € R\{0, 1},

p(pl— D (%) fom g0 dx - fom x_k(fox s ai] as)

< (k—Ll)p [H(S)](r*p)/(rﬂ) [H(r)](P*S)/(FS) (3.1)

for —co < s < p<r<oco, and

p(pl— 1){(%)]7 fo‘” Mg dx - fom x‘k(j: 10 dt)p dx}

> (kf;l)p [H(s)](rfp)/(rﬂ) [H(r)](P*S)/(V*S) (3.2)

for —co<r<s<p<ooand —co < p<r<s<oo, where

H(r) = f x Lo (X PREDIPo(x)) dx
0

00 k _ 1 X
- f X! t,Dr( x\1=Rp f g(®) dt) dx.
0 p 0

Proor. For a > 0, let A(x) be defined by

alu® forO<u<l
/l(u)={

a’! foru> 1.

In this case (2.1) becomes

00 00 1 e
Fuls) = f o, (f()) dx - f oo f fax) d( %)) ax
0 0 0 a
00 00 1
=f x_lgos(f(x))dx—f x_lgos(af Flux)u®" du)dx.
0 0 0

Put ¢ = ux, so that df = x du. For 0 < u <1 we have 0 <1 < x, that is,

= = x a1y
Fuls) = f oy (F(0) dx - f oo f fo(2) <)ax
0 0 0 X X
= f‘” x oy (f(x)) dx — f‘” x_lgos(a'x_“ fx 17 () dt) dx.
0 0 0
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For this function, inequality (2.2) becomes

[Fo(P)]™ < [Fa(MI " [Fa(D]7, (3.3)

that is, F,(p) is log-convex.
Now put @ = (k — 1)/p (for p # 0) and f(t) = t'=?g(¢) in (3.3) to obtain

* * k-1 x
f x_l(pp(x(p_k”)/pg(x)) dx — f X 90 ( x{1=R/p f g(®) dt) dx
0 0 p 0

< [H(s)](’—P)/(V—S) [H(r)]([’—s)/(”—s) (34)

for —oo < 5§ < p < r < co. From (3.4) for p € R\{0, 1} we obtain (3.1).
Ifin(33)s—>r,pos,ro>pands— p, p—>r,r— s then

[Fo(P))" 2 [Fo(D)] P[Fo()]P".
Put @ = (k — 1)/p and f(¢) = 1*~' g(¢) to obtain

* * k-1 ¥
f x_lgpp(x(p_k+l)/pg(x)) dx — f x—1¢p(_x(l—k)/P f g(®) dt) dx
0 0 p 0

> [H()]" P/ I[H()] 0, (3.5)
from which for p € R\{0, 1} we obtain (3.2). ]

RemMark 3.2. We have in fact proved a more general result, namely that (3.4) is valid
for—co<s<p<r<oo,and (3.5) for—co<r<s<p<ooand —co<p<r<s<oo.

The following result is the dual to Theorem 3.1.

TueorEM 3.3. Let ¢, and F be given by Lemma 2.1 and Theorem 2.4, respectively. Let
g € LY(0, o) be a nonnegative function. Then, for p € R\{0, 1},

- (pl_ 5 {(L)p fo " M e dx fo ) A f " g0 dz)” a

<(1 — ) [H(S)](r p)/(r= S)[H(r)](P $)/(r—s) (3.6)

for —co < s < p<r<oo, and

o llize) [, o oras [Fo([aoaf as

> (%{ )p [I:I(S)](V—F)/(F—S) [[:I(r)](P—S)/(V—S) (3.7)

for —o<r<s<p<ooand—oco < p<r<s<oo, where

A = fo g (g0 di

—f X cp,(l k ! k)/”f g(t)dt)dx
0 p X
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Proor. For 8> 0, let A(«) be defined by

0 forO<u<l1
=4
(1 —u?) foru>1.

In this case (2.1) becomes

Fa(s) = f " () dx - f ) x*‘gos( f " f di - M) dx
0 0 1

= f‘” x_1<ps(f(x)) dx — f“’ x_lgos(ﬁ foo f(ux)u_'g_1 du) dx.
0 0 1

Put ¢t = ux, so that dt = x du. For u > 1 we have ¢ > x, that is,

co 00 00 1+,3d
F(s) = f ¥y (f(x)) dix - f x"%(ﬂ f f(t)(f) l)dx
0 0 x X X
_ f X lou(f(x)) dox — f x_lgas(ﬁxﬁ f 5 £ (1) dt)dx.
0 0 X

For this function, inequality (2.2) becomes

[Fp(p)) ™ < [Fp(D)" [Fp()]™?, (3.8)

that is, Fg(p) is log-convex.
Now put 8= (1 —k)/p (for p # 0) and f(¢) = t'*#g(¢) in (3.8) to obtain

* *° 1-k o0
f x—l(pp(x(p—kﬂ)/ﬂg(x)) dx — f x_lgop(—x(l_k)/p f g(l‘) dt) dx
0 0 p x

< [I:I(s)](r—p)/(r—S) [[fl(r)](p—S)/(r—S) (3.9)

for —oo < 5 < p < r < co. From (3.9) for p € R\{0, 1} we obtain (3.6).
Ifin(38)s—>r,p—os,ro>pands— p, p—r,r— s, then

[Fp(p)I*" 2 [Fp(r)) P [Fp(s)]7™".
Put = (1 - k)/p and f(1) = 1'*g(1) to obtain
fo T g PRI () dx - fo ) x_lgop(%x(l_k)/p f " g0) dr) dx
> [H(s)](r—ﬂ)/(r—s) [[:I(r)](l)—b‘)/(r—x)’ (3.10)
from which for p € R\{0, 1} we obtain (3.7). 0

RemMark 3.4. We have in fact proved a more general result, namely that (3.9) is valid
for —co<s<p<r<oo,and (3.10) for —-co<r<s<p<ooand —c0 < p<r<s<oo0,
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