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0. Let T denote a group of real linear fractional transformations (the con
stants defining any element of Y are real numbers) ; see (3, § 2, p. 10). Then it is 
known that T is discontinuous if and only if it is discrete (3, Theorem 2F, p. 13). 

Now T may also be regarded, equivalently, as a group of homeomorphisms 
of a disc D onto itself; and if V is discrete, then, except for elements of finite 
order, each element of V is either of type 1 or type 2 (see Definitions 0.1 and 0.2 
below). 

We wish to generalize the result quoted above in purely topological 
terms. Thus, throughout this paper we denote by X a compact metric 
space with metric d, and by G a topological transformation group on X 
each element of which, except the identity e, is either of type 1 or type 2. Let 
L = {a G X: g(a) = a for some g in G — e}, and O = X — L. We assume 
furthermore that 0 is non-empty. 

Let g be a homeomorphism of X onto itself. 

Definition 0.1. g is said to be of type 2 if there exist distinct points p, q in X 
such that g{p) = p, g(q) = q, and, furthermore, one of the points, say p, has 
the property that for any compact set C C X — {q}, L i m ^ ^ gn(C) = p, and 
the other q that for any compact set C C X — {p}, Lim^.^ g~n(C) = q. 

Definition 0.2. g is said to be of type 1 if there exists a single pointy in X such 
that g(p) = p, and for any compact set C C X — {p}, Limw^œgn(C) = p 
and Lining g~n(C) = p. 

For these definitions see also (2). 

Definition 0.3. G is said to be discontinuous if for each x in 0 all the accumula
tion points of G(x) = {g(x) : g G G} lie in L. G is said to be discrete if there does 
not exist any sequence of distinct elements in G converging pointwise to the 
identity e in G. 

Remark 1. Suppose that V is discrete or equivalently discontinuous (in the 
sense of (3) ). Then from (3, p. 18, Theorem 3A), for any limit point (3, p. 10) X, 
there is for any given ordinary point (3, p. 10) z, a sequence {vn} of distinct 
elements of Y such that [vn(z)} converges to X. Since z is an ordinary point, in 
the proof of (3, p. 18, Theorem 3B), case 2 cannot occur and {vn(co)} converges 
to X. Consequently, for any other ordinary point zr, the sequence {vn(z')} must 
also converge to X. For if this is not the case, then for some subsequence {vni} 
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the sequence {vni(z')} converges to a point X' o ther than X, and by the same 
reasoning as above, {vni (oo )} converges to X' (s^X). However, this is impossible. 

Remark 2. Y may be regarded equivalent ly as a group of homeomorphisms of 
a disc D onto itself. I t is well known t h a t under the hyperbolic metric on the 
interior D° of D, each element of r is an isometry. Hence, T is regular on D° 
(see Definition 1.1). If, however, V is discrete, then V has proper ty K (see 
Definition 1.1) a t each ordinary point of T from Remark 1. Hence, from 
Theorem 1.1, it is regular on the set of all ordinary points of T, with respect to 
a n y metr ic consistent with the topology on D. Thus , for the so-called groups of 
the second kind (3, § 3E, p . 21), T is regular on a set t h a t properly contains D°. 

Definition 0.4. W e say t h a t G is quasi-discrete if for no sequence {gn\ of 
dist inct elements of G does the sequence {gn\0},oî gn's restricted to 0, converges 
toe\0. 

W e shall prove the following result. 

T H E O R E M A. Suppose that G has property K on 0, and 0 is connected and 
locally connected. If G is quasi-discrete, then it is discontinuous. 

Remark 3. Of course, the converse of Theorem A is a lways t rue . Actually, it is 
easy to see t h a t if G is discontinuous, then it is discrete. Theorem A does indeed 
give the classical result for T quoted in the first paragraph. T o see this, it is 
enough to check t h a t if V is discrete, then it is quasi-discrete: 

Suppose, on the contrary , t h a t V is discrete b u t t h a t there exists a sequence 
{vn} of dist inct elements of T such t h a t {z>w|0} converges to e\0. Since T is 
discrete, the set of its ordinary points contains the upper half plane (3, p . 13, 
Theorem 2F) . Thus , from (4, p . 73, Theorem 9H) we see t h a t {g} converges 
to a linear fractional t ransformation which, being the ident i ty on the upper half 
plane, is the ident i ty t ransformation. However, this contradic ts t h a t T is 
discrete. 

Definition 0.5. G is said to be properly discontinuous if for any x Ç 0 there 
exists an open set [ /conta in ing x such t h a t g[U] P\ U = 0 for any g G G — e. 
G is said to satisfy Sperner 's condition (see 1) if for any compact subset C of 0 
the set {g e G: g[C] C\ C ^ 0} is finite. 

T H E O R E M B. If G is regular on 0 (see Definition 1.1), then the following are 
equivalent: 

(a) G is discontinuous, 
(b) G satisfies Sperner's condition, 
(c) G is properly discontinuous. 

1. Before proceeding with the problem a t hand we prove a result, in a 
slightly more general sett ing, which m a y be of interest in itself. 

Definition 1.1. Le t F and Z be metric spaces, and, for a positive real number r 
and a point x of a metric space, let U(x, r) denote the open r-sphere abou t x. 
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Let F be a family of continuous functions from Z to Y. F is said to be regular a t 
a point p of Z if given any e > 0 there exists a <5 > 0 such t ha t 

f[U(p,6))C U(f(p),e) 

for each / in F. F is said to be regular on A Ç Z if it is regular a t each point 
of A. W e say t h a t F has property K a t a point p in Z if for any sequence {/n} 
of dist inct elements of F such t ha t \fn(P)} converges to, say, a in F, given any 
open set V containing q, there exists an open set U containing p such t h a t for 
any z G U,fn{z) G F for w ^ iV(z) for some positive integer N(z) depending 
upon z. F has proper ty K on Z if it has the property K a t each point of Z. 

I t is clear from the definition of regulari ty t h a t if F is regular a t some point, 
then it has proper ty K a t t ha t point. We give sufficient conditions for the 
converse. 

T H E O R E M 1.1. Suppose that Z is locally compact and locally connected, Y is 
compact and each member of F is an open map. If F has property K at a point, 
then it is regular at that point. 

Proof. Suppose t h a t F has p roper ty K a t a point p b u t is no t regular a t p 
Then there exists an e > 0 such t ha t for any 8 > 0 there exists an infinite 
subset F(8) of F such t h a t for a n y / in F(8), diam/[ £/(/>, 8)] > e, where diam 
denotes diameter . Since F(n~x) is infinite for each n = 1 , 2 , . . . , there exists a 
sequence {fn} of distinct elements of F such t ha t fn G F(n~l). Since Y is 
compact we may assume, wi thout loss of generality, t h a t the sequence \fn(p)} 
converges to, say, q. Assume also, for convenience, that fn(p) G U(q, e) for 
all n. Since F satisfies proper ty K and X is locally compact , there exists a 8 > 0 
such t h a t for any z G U(p, 8) = D there exists an N(z) such t h a t for 
n^N(z)Jn(z) £ U(q,e). 

Consider the subspace D. For each n} fn~
l\bàryU(q, e)] = Bn is a closed set 

in Z, where bdry denotes the boundary. We claim t h a t for n = 1 , 2 , . . . , the 
closed set An = D C\ Bn does not contain an interior point with respect to D. 
Suppose the contrary. Let U be an open set in D contained in An. If £7 does not 
lie in U(p, 8), then it contains a non-empty open set W which does. Bu t then W 
is open in Z, and therefore, since/w is an open m a p , / J I F ] is open in F. However, 
since IF C ^w»/»[TF| (^ bdry[U(q, e)], which is impossible. This establishes the 
claim t h a t the An's are nowhere dense in D. Since D is a compact Hausdorff 
space, by Baire 's theorem 

œ oo 

D - U An = H (D -An) = E 

is an open, everywhere dense subset of D. By the assumption tha t / w (p) G U(q, e) 
for all n, p G E. Hence, there exists an rj > 0 such t h a t U(p, rj) C E. Since Z is 
locally connected, there exists a connected open set F such t h a t p G F C U{p,ii). 
From the choice of fn (G F(n~1)), there exists a positive integer N such t h a t 
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Uipyfi'1) C Vîorn ^ N. Hence, diam/n[F] > eîorn ^ iV. But then, since F 
is connected and fn[V] Pi J7(g, e) •£ 0,fn[V] Pi bdry[[7(g, e)] ^ 0. Hence, 
V C\ An?^ 0. However, this is a contradiction, since V C E> Thus, the assump
tion that .Fis not regular leads to a contradiction, and this completes the proof. 

Remark 4. In view of the Baire theorem for complete metric spaces, 
Theorem 1.1 is still true if we assume X to be complete instead of locally 
compact. 

2. Let A and B be two functions, taking G — e into X, defined as follows: 
Let g G G — e; if g is of type 1, then A (g) = B(g) = p, where p is the fixed 
point of g. If g is of type 2, then A(g) = p and B (p) = q, where p and q are as 
in Definition 0.2. That is, A(g) is the fixed point of g to which {gn(C)\ con
verges for any compact subset C of X not containing the other fixed point of g 
and B (g) is the fixed point of g to which {(g~l)n (C)} converges for any compact 
subset C of X not containing the other fixed point, # = 1 , 2 , . . . . Clearly then 
A (g) = B(g-i) for any g G G - e. 

LEMMA2.1. Le*g, ft G G. ThenAQighr1) = h{A(g)) andBQighr1) = h(B(g)). 

Proof. I t is easy to see that the only fixed points of ftgft-1 are ft (A (g)) and 
h{B(g)), and since ft is a homeomorphism, the fixed points are distinct if and 
only if A (g) ^ B(g). Let C Q X - ft (5(g)) be compact. Then 

Lim (hgh^TiC) = Lim (ftgwft_1)(C) 

= h Lim gH(hr\C)) 
n-$oo 

= h[A (g)], since hr\C] C I - 5(g) . 

Hence, A (ftgft-1) = ft|yl (g)]. Similarly, one can show that B(ftgft-1) = h[B(g)]. 

LEMMA 2.2. If g G G, then g[L] = L. Consequently, g[L] = L awdg[0] = 0. 

Proof. To prove the lemma it is enough to show that for any g Ç G, g[L] C £• 
Let a £ L. Then there exists an ft G G such that A[h] = a or B[h] = a. From 
Lemma 2.1, g (a) = ^4(gftg-1) or 5(gftg-1). Since ghg~l G G, g (a) G L. Hence, 
g[Z] C L- This completes the proof. 

THEOREM 2.1. If C satisfies Sperner's condition, then G is discontinuous. 

Proof. Suppose that G is not discontinuous. Then there exists a point x G 0 
and a sequence {gn} of distinct elements of G such that Limw^œ gn(#) = y G O. 
From Lemma 2.2, C = {g»(x): w = 1, 2, . . .} U {x, y} is contained in 0. 
Clearly, C is compact and the set {g (z G: g[C] r\ C ^ 0} contains {gn}, 
contradicting that G satisfies Sperner's condition. Hence, G is discontinuous. 

LEMMA 2.3. Le/ {xw} and {yn} be sequences in 0 converging to points x and y in 
0, respectively, and let {gn} be a sequence in G such thatgn{xn) = yn, n = 1 ,2 , . . . . 
If G is regular on 0, then Lim^.^ gn(x) = y. 
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Proof. Since G is regular on 0 and x G 0, given an e > 0 there exists a 
ô > 0 such that if d(#, 2) < 8, then for any g £ G, d(g(x), g(z)) < e/2. Since 
Lim^oo xw = x, there exists an Ni such that d(x, xn) < ô for n ^ iVi. Again, 
since Lim^.^ 3^ = 3;, there exists an N2 such that d(y, yn) < e/2 for n è ^2 . 
Thus, if « ^ max(iVi, iV2), then 

d(gn(x), y) ^ rf(gfflW, &(*,,)) + d(gn(xn), y) 
< e/2 + e/2 
= e. 

Hence, Limn_^œ gn(x) = y. 

LEMMA 2.4. Let x G 0, Ze£ {gre} &£ a?ry sequence in G, and let {gn(x)} converge to 
y G 0. If Gis regular on 0, then for any given e > 0 there exists a positive integer N 
such that d(gm~l • gn(%), x) < efor any m, n > N. 

Proof. Since G is regular, given e > 0 there exists a 8 > 0 such that d(x, z) < 5 
implies that d (g (x), g(z)) < e/2 for any g in G. From Lemma 2.3 we can deduce 
that Limw_>œ gn{x) = y implies that L i m ^ ^ gn~

l(y) = x. Hence, there exists a 
positive integer N± such that d(x, grTliy)) < e/2 for n ^ iVi. Let N2 be such 
that, for n ^ N2,d(gn(x)1y) < 8. This yields (since gn(x) G 0, from Lemma 2.2): 
dignT1 ' gnW,gm"1 (y)) < e/2 for n ^ iV2andanyw. lin, m > N = max(iVi, iV2), 
then 

^ ( ^ m - 1 ' £[»(*), * ) g digrrT1 ' gn(x), g i n ^ G O ) + <*(&»"1 ( ? ) » *0 

< e/2 + e/2 
= e. 

This completes the proof. 

THEOREM 2.2. If G is regular on 0 and properly discontinuous, then G is 
discontinuous. 

Proof. Suppose that G is not discontinuous. Then there exists an x G 0 and a 
sequence {gn} of distinct elements of G such that {gnW} converges to, say, 
y G 0. Applying Lemma 2.3 with for each n, and yn = gn(x), we obtain 
Limw^œ^w(x) = y. Thus, from Lemma 2.4, we see that for any open set U 
containing x there exists an infinite number of distinct elements gm~l • gn in G 
for which gm

-1 • gn[U] P\ U 9e 0, contradicting the fact that G is properly 
discontinuous. This completes the proof. 

THEOREM 2.3. Suppose that X is locally connected and G satisfies property K 
on 0, then G is regular on 0. 

Proof. The proof follows directly from Theorem 1.1. 

THEOREM 2.4. If G is discontinuous and regular on 0, then G satisfies Sperner's 
condition. 

Proof. If G does not satisfy Sperner's condition, then there exists a compact 
set C C 0 such that the set {g G G: g[C] n C ^ 0 j is infinite. This implies 
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that there exist sequences {xn) and {yn} in C, converging to say x and y, 
respectively, in C, and a sequence {gn} of distinct elements of G such that 
gn(%n) = Jn- From Lemma 2.3, Limn_+œ gn(x) = y. This contradicts the 
hypothesis that G is discontinuous and completes the proof. 

Proof of Theorem B. Since G is regular on 0, from Theorem 2.4 we see that 
(a) implies (b). 

If G is not properly discontinuous, then for some x in 0 and any open set U 
containing x, the set {g G G: g[U] H [7 ^ 0} is infinite. Let £7 be an open set 
containing x such that Û C 0. Then {g G G: g[Û] H £7 ^ 0} is infinite and G 
does not satisfy Sperner's condition. Hence, (b) implies (c). 

From Theorem 2.3 we see that (c) implies (a). This completes the proof. 

3. Assume, for the purposes of this section, that G is regular on 0. 

LEMMA 3.1. Let x G 0 and let \gn) be a sequence in G such that 

Lim sup gn(x) Q 0. 
W->oo 

Then there exists a 8 > 0 such that if d(x, y) < <5, then 

Lim sup gn(y) C 0. 
n^co 

Proof. Let Lim s u p ^ ^ gn(x) = F. Then F is closed (7). Since F C 0 and 0 
is open, there exists an e > 0 such that for any p G F, U(p, e) C 0. Since G is 
regular on 0, given x G 0 and e > 0 there exists a <5 > 0 such that if y G U(x, <5), 
then g (y) G £7(g(x), e/4) for any g G G. 

Suppose that y G 0 and d(x, y) < ô. If Lim s u p ^ ^ gre(;y) P\ L ^ 0, then 
there exists a subsequence {hn} of {gw} such that Limw^œ &w(;y) = a G L. But 
then /^(x) G U(a, e/2) for all except a finite number of n's. Hence, there 
exists a pointy G ^such that d (a, p) < e, contradicting the choice of e. Hence, 
Lim supw^œ gn(y) C\ L — 0. This completes the proof. 

The proof of the following lemma is trivial. 

LEMMA 3.2. Letx^ 0, {gn} (ZGandL'min^gnix) —a^_L and Limw^œgw
_1(rt) =/;. 

Then there exist subsequences \gn(k)} and {gm(k)}, k = 1, 2, . . . , of {gn}, such 
that L i m ^ œ g^1 • £»(*)(*) = &. 

THEOREM 3.1. Suppose that 0 is connected. If for some x G 0 there exists a 
sequence {gn\ in G such that Lim supw_>œ gn(x) C 0, then for any y G O, 

Lim sup g„(y) C 0. 
w->oo 

Proof. From Lemma 3.1 the set Of = {z G 0: Lim supw_»œ gw(s) C O j is open. 
I t is non-empty since x lies in it. We shall show that 0' is closed in 0. Suppose 
t h a t ^ G 0 — 0' is an accumulation point of 0f, and Lim supn^œ gn(p) C\ L 9e 0. 
Then there exists a subsequence {hn} of {gn} such that L i m ^ ^ hn(p) = a G L. 
We may assume, without loss of generality, that {hn~

1(a)} converges to b G L 
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since hn~
l(a) Ç L for all n [Lemma 2.2] and L is compact . Since p 5e b, there 

exists an e > 0 such t ha t U(p, e) H U(b, e) = 0 and £/(/>, e) C 0. Now from 
Lemma 3.2 there exist subsequences {/v&)i a n d {hm(k)\, k = 1, 2, . . . , of [hn\ 
such t ha t L i m ^ ^ hm^k)~

l • Aw(A;) (£>) = b. Since £ is an accumulation point of 0' 
and G is regular on O, there exists a z £ O' such t ha t hm^~l • /&„(*) (z) € £7(&, e) 
for all ̂  ^ A7" for some positive integer N. However, this contradicts Lemma 2.4. 
Hence, 0' is closed in 0. Since 0 is connected, 0' = 0 and the proof is complete. 

Using the regulari ty of G on 0, it is easy to prove the following result. 

LEMMA 3.3. Let {xn} C 0 be a sequence converging to x in 0, and let [gn\ C G 

be such that Limw_>œ gm(ocn) = xnfor each n = 1 , 2 , . . . ; then LimWH>00 gn(x) = x. 

Proof of Theorem A. Since G has property K on 0 and 0 is locally connected 
and locally compact and X is compact from Theorem 1.1, G is regular on 0. 
Suppose t ha t G is not discontinuous. Then there exists an x G 0 and a sequence 
{gn} of distinct elements of G such tha t Limw^0 0gn(x) G 0. Thus , from 
Theorem 3.1, Lim supn_^œ gn{y) C 0 for any y Ç 0. Since X is separable, there 
exists a countable set {pi), i = 1, 2, . . . , in 0 which is dense in X. For each i, 
let Ri be the closure of the set {gn(pi)- n = 1, 2, . . . } . Then by the above 
observation Rt CZ 0 for each i = 1 , 2 , . . . and is compact . Hence, by Cantor ' s 
diagonal process, there exists an increasing sequence n(k), k = 1, 2, . . . , of 
natura l numbers , such t h a t for each i, the sequence \gn(/c) (pi)} converges in i ^ ; 
see (5, p. 45, Theorem 9) . From Lemma 2.4 the sequence 

iZnà+i) ' gn{k)(Pi)), k = 1,2, . . . , 

converges topif i = 1, 2, . . . . Since {pi} is dense in 0 , by Lemma 3.3, if y G 0 , 
then g-J 1} • gnwGO = y- Hence, Lim*_>œ g-(£+1) • gnm\0 = e\0, where e is the 
ident i ty in G. However, this is a contradiction, since G is quasidiscrete. Hence, 
G is discontinuous on 0 , and the proof is complete. 

This work was motivated by some problems suggested in (1). 
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