
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This depar tment welcomes short notes and problems 
believed to be new. Contributors should include solutions 
where known, or background mate r ia l in case the problem is 
unsolved. Send all communications concerning this depar tment 
to I. G. Connell, Department of Mathematics , McGill Universi ty, 
Montreal , P. Q. 

ON THE BOUNDARY AND TENSOR PRODUCT 
OF FUNCTION ALGEBRAS 

A. S. Fox 

Introduction. Let J* be an a r b i t r a r y family of continuous 
complex-valued functions defined on a compact Hausdorff space X. 
A closed subset B C X is called a boundary for ^ if every 
f € c^ at tains its maximum modulus at some point of B. 
A boundary, B, is said to be minimal if there exis ts no 
boundary for J^ proper ly contained in B . It can be shown 
that minimal boundaries exist r ega rd les s of the algebraic 
s t ructure which ^ may possess . Under cer tain conditions 
on the family J^ , it can be shown that a unique minimal 
boundary for ^ ex i s t s . In par t icular , this is the case if & 
is a subalgebra or subspace of C(X) where X is compact 
and Hausdorff (see for example [2]). This unique min imal 
boundary for an algebra 3* of functions is called the Silov 
boundary of J5, . 

It is well known (see [4] for example), that in the special 
case of C(X), a boundary for a uniformly dense subalgebra 
A C C(X) is a boundary for C(X). It is in both cases the space 
X itself. Section 1 of this note shows that the boundaries a lso 
coincide when C(X) is replaced by an a rb i t r a ry family J^, 

This note forms par t of the author1 s M. Se. thes is submitted 
at McGill Universi ty, August 1965. The author would like 
to acknowledge the very generous ass is tance given by 
Dr. J. C. Taylor who supervised the thes i s . 

103 

https://doi.org/10.4153/CMB-1966-014-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-014-5


and A is a uniform,, uense subfamily of 3*. This resu l t is 
used to show that if A and B a r e function a lgebras on X and 
Y respect ively , the Silov boundary of the tensor product, 
A & B, of A and B is the product of the Silov boundaries 
of A and B-

1. Uniformly dense subfamilies of J^. We shall without 
loss of generali ty assume that the functions under discuss ion 
are rea l valued and non-negative. 

PROPOSITION i . Let J? be a family of continuous rea l 
valued functions on a compact Hausdorff space X and let B 
be a boundary for a uniformly dense subfamily A of *7r. 
Then B is also a boundary for J^. 

Proof. Let F be the uniform limit of a sequence (f ) 
n 

of functions, f € A for all n, and let D C X be closed and 
n — 

such that all the functions f attain thei r maximum values on D. 
n 

We show F at ta ins its maximum on D. Let M denote 
Max F(x). Then it is c lear that F at ta ins i ts max imum on D 
xe X 
if and only if for al l e > 0, { x /F(x) > M - e } Ç) D / 0 . We 
must therefore show that for e > 0 there exis ts an x € D 
with F(x) ^ M - £ . Let F at tain i ts maximum at x € X 
and let f attain i ts maximum at x « D, where n is chosen 

n 0 
so that If (x) - F(x) I < e/2 for all x € X. Then we have 1 n 
-e/2 < f (x ) - F(x ) < e / 2 and -e/2 < f (x ) - F(x ) < e/2 . 

n o o n i l 
Consequently F(x ) > f (x ) - e/2, and, since f (x ) > f (x ) , 

o n o n o — n i 
we have F(x ) > f (x ) - e/2 . Fur the r , F(x ) - e < f (x ) - e/2. 

o n 1 1 n 1 
Hence we have F(x ) > F(x ) - e = M - e . 

o — 1 

2. The tensor product of function a lgebras . In this 
section X and Y will always denote compact Hausdorff 
topological spaces. Let A and B be point separat ing uniformly 
closed a lgebras of continuous complex valued functions defined 
on X and Y respect ively. In addition, let A and B both 
contain the constant function 1. 
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Let f € A , g € B . For ( x . y M X X Y , define £ 0 g ( x , y ) 
to be f(x)g(y). Denote by L the Linear span of 
{ f 0 g / f € A , g * B} - I- is a l inear sub s pace of C(X X Y) 
and is in fact closed under maltipLication since f X g 
f ® g o f ® g (x.y) =f.(x)g (y)f (x)g (y) =f t © g .g , (x ,y ) . 
i 1 2 2 1 1 2 2 1 2 1 2 

Hence L is a subalgebra of C(XXY). 

DEFINITION. The tensor product A ® B of A and B 
is the uniform closure of L in C(X X Y) . 

By [2], the Silov boundaries of A, 3 and A ® 3 exist . 
Denote these by 3 (X), 9_(Y) and 3 (X X Y) respect ively . 

A B . x-% ̂  
A ® B 

THEOREM. Let A and B be given as above. Then 

a ( X X Y ) = a (x) x3 (Y) . 
A ® B A B 

Proof. 3 ( X X Y ) exists by [Z], and hence as a conse-
————— j ^ 

quence of the proposition proved above it suffices to show chat 

* L ( X X Y) = 3A(X) X 3 B ( Y ) . 

Let (x , y ) be any point at which the function E f ® g 
o o i i 

a t tains its maximum modulus. Then the function I f (x )g 
i o i 

at tains its maximum modulus also at some y ' € 3 (Y) and 
o B 

therefore | S f . ( x )g.(yr ) I = | 2 f . ( x )g.(y ) | ; s imi lar ly , there 
i o i o ' i o i o ' 

ex is ts an x' € 3 (X) at which the function S g (y' )f at tains 
o A "i o i 

its maximum modulus and hence |Z f (x' )g (y' ) I = j Z f (x }g (y ) \ 
i o i o i o i o ' 

Thus S f. ® g. also takes on its maximum modulus at the point 
(xf , y' ) in 3 (X) X 3 (Y) which shows that 

o o A B 
3 ( X X Y ) C 3 (X)X 3 (Y). On the other hand let 

L — A B 
(x ,y )'c 3 ( X ) x 3 (Y), and let U(x ) and V(y ) be 

o o A B o o 
neighbourhoods of x and y respect ively. By Theorem Z in 

o o 
[3] we may choose an f € A and a g € B such that 
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Max |f(x)g(y)| is attained on U(x ) X V(y ) and not 
o o 

(x,y)€ XX Y 
outside it. Hence by the same theorem 3 ( X ) x 3 ( Y ) C 3 (XXY) 

.A JD JL» 

and therefore we have the des i red resul t . 

Example. Let X = Y = { z |z | < 1} and let A = B be 
the disc a lgebra , that is the family of continuous functions on 
the closed unit disc analytic on the open unit disc . It can be 
shown that the tensor product A & A is the a lgebra of 
continuous functions on the polydisc X X Y which a r e analytic 
on its in ter ior . 

v 
The Silov boundary of A ® A exis ts and by the theorem 

it is 3 (X) X 3 (X) . Using the Maximum Modulus Pr inc ip le , 
J\ A 

it is easily shown that 3 (X) = { z / |z | = 1} and hence we have 

3 (XXX) = S 1 X S 1 . 
A ® A 

This is the well known Bergmann Distinguished Boundary of the 
polydisc X X Y . 
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