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SUMMARY

In the case of an allele which is going to become fixed in & population,
the average number of generations for which the population assumes par-
ticular gene frequencies is investigated, using the diffusion approxima-
tion. Explicit formulas were obtained and they were checked by com-
puter simulations. As a particular case, it is shown that if & new mutant
that is selectively neutral is eventually fixed in a population of size N,
it spends two generations on average at each of the intermediate fre-
quencies (1/2N, 2/2N, ..., (2N—1)/2N), and the variance at each
frequency is four generations.

The number of generations until a mutant gene becomes fixed (excluding the
case of eventual loss) by random genetic drift and the selection was given by
Kimura & Ohta (1969, b). For the case of a selectively neutral gene, the distribu-
tion density of the fixation time was also obtained by Kimura (1970). The above
investigations were based on the diffusion model. Narain (1970) obtained the
variance of the fixation time for the neutral case also based on the diffusion model,
and compared the results with those obtained by the matrix method for the dis-
crete generation model with small population size.

These investigations, however, give no information on the ‘sojourn time’ at a
particular gene frequency in the course of gene fixation. In other words, if a par-
ticular allele starting from initial frequency x becomes fixed, then how long does
the gene frequency stay (or visit) at particular frequency y? This problem of so-
journ time in the cases of both eventual fixation and eventual loss was solved by
Kimura (1969). In this note, I shall solve this problem in the eventually fixed
cases for two allele situations of panmictic finite populations.

Let us denote the alleles by A, and 4, and let the relative fitnesses of 4,4,, 4,4,
and A, 4, be 1+s, 1+ sh and 1 respectively. We denote by z or y the frequency of
A, and denote by N the number of diploid individuals in the population. Let
®,(z, y) dy be the number of generations for which the population assumes the
gene frequency in range (y — 3dy, ¥ + 4dy), provided its initial frequency is x and
its destination is the fixation of 4,. Let p(¢, z, y) be the transition probability that
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the gene frequency of a population moves from « to y in time interval ¢, and let
u(x) be the ultimate fixation probability of A, if its initial frequency is x. A
population assumes the gene frequency y at time ¢ with probability p(¢, =, y)
and then its conditional fixation probability is #(y). This means that a population
starting from 2 goes to y at time ¢ and to fixation with probability p(¢, =, ¥) u(y).
Therefore we have

W(z, ) = u(@) Oz, ) = f it %, y) uty) dt. (1)

Since the transition probability satisfies

opt, x,y) Vi O*p(t, 2, y) op(t, z, y)
7 2 o e g @)
with ¥, = 2(1—=z)/2N and M,, = z(1—=z){(1—2x) sh—sx}, substituting the
Wiz, ) in (1) in this equation, we have

V. ¥ (@, :
be T80 D) 1 3, LD ) s (3)

where 8(-) is Dirac’s delta function. The boundary condition that ¥(x, y) must
satisfy is ¥'(0, ) = ¥(1, y) = 0. (For the differential equation (2), see Crow &
Kimura, 1970, Ch. 8.) A general treatment of this kind of analysis is given in
Maruyama & Kimura (1971).
The differential equation (3) with the above boundary condition can be im-
mediately integrated :
2u(y) 9(0, ) g(y, 1)
@Y = =G0) Vragl0, 1)

2u(y) {9(0, z) gy, 1)

fory > =

dne) o <

TGVl 900D
where G(z) = exp{—f: 2;”“(1& } and g¢(a, b) = fb G(z) dx,
14 a
IF 3
and Dz, y) = %)y)’
where u(z) = ¢(0, 2)/9(0, 1) (Kimura, 1962). If s = 0 (neutral case)
D)(z,y) = 4N for y > 2 (4)
1—
= 4N Zgl-—-;; for y < x;
andifs + 0Oand 2 = }§,
Dz, y) = %—S((iy)_s—y()lgg; for y>=
_ _28(y) [S(1-y) S(z—y)
- sy(l—y){ 81 8@ } for y<= ®)

where S(y) = 1—exp (—2Nsy).
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The quantity ®,(z, y)/2N gives the average number of generations spent at
gene frequency y (= 1/2N, 2/2N, ..., (2N —1)/2N) by the mutant allele, provided
that it starts with frequency x and is eventually fixed in the population. As a
particular case, if & new mutant that is selectively neutral is fixed by random
genetic drift, it spends two generations on average at each of the intermediate
frequencies (formula (4) with & = 1/2N), and it takes altogether 4N generations
to reach fixation, which agrees with the result of Kimura & Ohta (1969). It is worth
noting that in the case of no dominance (A = }), formula ®,(z, ¥) is symmetrical
in y and 1—y and assumes its minimum at y = §, provided ¥ > z. It is also inter-
esting to notice that the formula in this case (2 = }) does not depend on the sign
of s and the sojourn time depends only on the value of |s].

We shall next consider the second moment of the sojourn time. Let ®P(z, v)
be the second moment of the number of generations for which a population start-
ing from z and destined for fixation of 4, stays at y. Let ¥®(z, y) = u(z) OP(z, y).
Then ¥®(z, ) is the solution of the differential equation

Vse ¥z, y) d¥(z, y)

o dar Mg

with boundary condition ¥®(0, y) = W@(1, y) = 0, where W(z, y) is the function
defined in (1) (¢f. Dynkin, 1965, Chapters 10 and 13). The solution of this equation
can be immediately integrated:

4¥(y, y) 9(y, 1) g(0, x)

+20@x —y) ¥(z,y) = 0 (6)

@) =
‘F2(x: ?/) G(y) Vb’y g(O, 1) for Yy >x (7)
_ ¥, 9)[9(y, 1) 9(0, x)
T Gy) Vay{ 9(0, 1) -9y, x)} for y < =z,
_ Y%z, y)
and P (x, y) = N
Ifh = 4,
_ 88(1—y)* 8
(D;(l2)(x: y) - szyz(l_y)z S(1)2 for Yy >z
_ 8892 S(l—y) [S(1—y) S(x)
T 2y (1—y)ES(1)? S(x){ 331) —8(1) S(x—y)} for y <z,
andifs = 0,

OP(x,y) = 32N2  for y >z
= 32N2% for y < =

The quantity ®P(z, y)/(2N)?gives the second moment of the sojourn time at gene
frequency y (= 1/2N, 2/2N, ..., (2N —1)/2N), provided that the allele starts with
frequency z and is eventually fixed. In the case of a neutral mutant, the average
sojourn time in generations at each of the intermediate frequencies is two and its
variance is four. If A = 1, formula ®®(z, y) is symmetrical in 4 and 1 —y, and does
not depend on the sign of s, as in @,(z, y). In this case it is also interesting to note
that the variance of the sojourn time at each intermediate frequency is exactly
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Fig. 1 Fig. 2

Fig. 1. The relationship between the initial frequency x and the sojourn time at y
provided that the allele is eventually fixed in the population. Curves indicate the
theoretical expectations and points (circles, triangles or squares) indicate the simu-
lation results. The ordinate is ®,(x, ¥)/2N. In all the three cases, N = 50, and each
dot indicates the average of about 1000 repetitions.

Fig. 2. The second moment of the sojourn time taken from the same simulations
presented in Fig. 1.

the square of the mean provided y > z. In other words, the mean and the standard
deviation are the same.
Incidentally, if we replace the ¥(z, y) in (6) by the solution of

Vo O*Y (@, ) d¥(z, y)
2 da? dx
we have the second moment of the sojourn time for populations of both kinds (i.e.
eventual fixation or loss of 4,), and the solution is given by (7) with

_ 29(0, ) g(y, 1)
Y@ 9) = Gy V90, 1)

In particular, if b = %,
8S(y) S(1-y)2 8
¥ (x, y) = ng)(] (_y)g/zg(1)(2x) for y >«

_ 88(y)S(1—y) {S(l—y) S(x)

—S(fv—y)} for y < z;

CosyA(1-y 8L S
ifs =10
2
YO(z, y) = 325 < for y>=x
_ 32N%(1—2) ,
=15 for y < =
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In order to show the validity of the above formulae, I have carried out several
computer simulations based on the discrete generation model of finite size. The
agreement of the results with theoretical expectations was satisfactory. Three
examples are presented in Figs. 1 and 2. In the figures, the curves indicate the
theoretical expectations and the dots indicate the simulation results. Fig. 1 presents
the mean ®,(z, y)/2N with initial frequencies z = 0-1, z = 0-5 and z = 0-9, and
the corresponding second moments @ (z, y)/(2N)? are presented in Fig. 2.

I would like to thank Dr M. Kimura who suggested me to investigate the subject of this
paper, and the referee for helpful comments and suggestions.
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