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Abstract

Recently, Pollack and Shevelev [‘On perfect and near-perfect numbers’, J. Number Theory 132 (2012),
3037-3046] introduced the concept of near-perfect numbers. A positive integer n is called near-perfect
if it is the sum of all but one of its proper divisors. In this paper, we determine all near-perfect numbers
with two distinct prime factors.
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1. Introduction

A positive integer is called a perfect number if it is the sum of all of its proper divisors.
It is well known that Euler proved that an even perfect number can be written as
2r=1(27 — 1), where both p and 27 — 1 are primes. Primes of the form 27 — 1 are called
Mersenne primes. Lenstra, Pomerance, and Wagstaff have conjectured that there are
infinitely many Mersenne primes (see the discussion in [1]).

Following Pollack and Shevelev [2], a positive integer n is called a near-perfect
number if it is the sum of all but one of its proper divisors. The missing divisor d is
called redundant. That is, n is near-perfect with redundant divisor d if and only if d
is a proper divisor of n and o(n) = 2n + d. Pollack and Shevelev [2] constructed the
following three types of near-perfect numbers.

Type 1. n=2"1(2" = 2% - 1), where 2’ —2f — 1 is prime, and 2* is the redundant
divisor.

Type 2. n=2?"1(27 — 1), where both p and 27 — 1 are prime numbers, and 27(27 — 1)
is the redundant divisor.

Type 3. n=27"'(2” - 1)?, where both p and 27 — 1 are prime numbers, and 27 — 1 is
the redundant divisor.
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RemMark 1.1. If p and 27 — 1 are prime numbers, then
n=2°PQ20 —1)=2°2"" =27 - 1)

is a near-perfect number with redundant divisor 2”. In this case, n =2m, where
m =2P"1(27 — 1) is an even perfect number. Pollack and Shevelev [2, Proposition 3]
proved that if n = 2/m is a near-perfect number, where m is an even perfect number,
then either n = 27(2” — 1) or n =2?’"1(2” — 1), where both p and 27 — 1 are prime
numbers. It is clear that if the Lenstra—Pomerance—Wagstaff conjecture is true, then
there are infinitely many near-perfect numbers.

We observe that near-perfect numbers of types 1, 2 and 3 have two distinct prime
factors. It is easy to see that 40 is a near-perfect number with redundant divisor 10,
and 40 is not of type 1, 2 or 3.

In this paper, we determine all near-perfect numbers with two distinct prime factors.

THeorREM 1.2. All near-perfect numbers with two distinct prime factors are of types 1,
2 and 3, together with 40.

Among the first 39 near-perfect numbers which are listed in A181595 in [3], except
for the number 40, 21 (12, 20, 56, 88, 104, 368, 464, 992, 1504, 1888, 1952, 16256,
24448, 28544, 30592, 32128, 98048, 122624, 128768, 130304, 507392) are of type 1;
three (24, 224, 15872) are of type 2; three (18, 196, 15376) are of type 3, and 11 (234,
650, 3724, 5624, 9112, 11096, 13736, 17816, 77744, 174592, 396896) have three
distinct prime factors. D. Johnson has found that 173369889 = 3* x 72 x 112 x 192
the smallest odd near-perfect number and P. Moses has verified that this is the only
odd near-perfect number up to 1.4 x 10" (see A181595 in [3]). (From the definition
of near-perfect numbers, one may see that all odd near-perfect numbers are squares.)

We pose the following conjecture.

ConsecTurk 1.3. For any integer k>3, there are only finitely many near-perfect
numbers with k distinct prime factors.

2. Preliminary lemmas
To prove Theorem 1.2, we first give the following two lemmas.

Lemma 2.1. If n = 2%q is a near-perfect number with redundant divisor d = 2°q, where
q is an odd prime, then either n = 40 or n is of type 2.

Proor. Since n=2% is a near-perfect number with redundant divisor d = 2%, it
follows that (2°*! — 1)(g + 1) =2%*'g +2%q. That is, (2°+ 1)¢=2%'—1. This
implies that s > 1.

Let k and r be two integers with 0 <7 < s — 1 such that @ + 1 = ks + r. Then

20t _ =28t _ 1= (=1) 2" =1 (mod 2° + 1).
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Since (2° + 1)g = 2%*! — 1, it follows that 2° + 1 | (=1)¥2" — 1. Thus, by
(=2 — 1] <27+ 1<2° +1,

we have (=1)¥2" — 1 = 0. This implies that k is even and r = 0. Let k = 2m. Thus, by
(25 + l)q — 2(1+1 —1= 22sm _ 1’

22.\'m -1

22s _1°

Since ¢ is an odd prime, it follows that either 2° — 1 = 1 or 22" — 1 =2%° — 1. Thus,
either s=1orm=1.

If s=1, then @+ 1=2m. Thus (2°+ 1)g =2%*! — 1 becomes 3g= (2" - 1) x
2™+ 1). Since 2" - 1,2"+1)=1and ¢ > 3, it follows that m =2, g =5 and a = 3.

qg=@2"-1)

Thus n = 40.

If m =1, then g = 2° — 1 is an odd prime and a = 25 — 1. Hence n =2%"1(2* - 1) is
of type 2.

This completes the proof of Lemma 2.1. O

Lemma 2.2. Let g be an odd prime, a and B positive integers with 8> 2. If n = 2%¢P is
a near-perfect number with redundant divisor d, then ¢ 1 d.

Proor. Suppose that d = 2°¢® with 0 < s < @ — 1. We will derive a contradiction.
Since o(n) = 2n + d, it follows that

Q' -DA+g+---+¢) =" +25. 2.1
If Biseven, then 1 + g+ - - - + ¢# is odd. Thus s = 0. Since
QM —1,2"" s =1, (Q+g+ --+F. P =1,
it follows from (2.1) that
27 _1=gf, l4qg+--+4F =241

Thus
2% 1 =2 14 2=F+2<l+qg+-- +F =241,

a contradiction.
Now we assume that 3 is odd. Then the left-hand side of (2.1) is even. Thus s > 1.

From (2.1),
2 1+qg+---+4° (2.2)
and
QM -DA+g+--+¢FH=2"+ D (2.3)
By 2.3)and (¢, 1+g+---+¢F =1,
l+g+---+47"12°+ 1. (2.4)

We distinguish two cases according to the value of S.
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Case I: B=1 (mod 4). Since

l+g+ -+ =0+ +F +¢"+- -+

and
1
1+q2+q4+...+q5_15'8%$0 (mod 2),

it follows from (2.2) that 2° | 1 + g. Thus, by 8>3, wehave 2° + 1 <g+2<1+¢g+
.-« +¢%!, a contradiction with (2.4).

Case 2: B=3 (mod 4). Since

l+g+ -+ =0+PU+q+qd" +F +- -+ P+ £

and 411+ ¢, it follows from (2.2) that 25! [1+g+g*+¢ +- -+ 3 + 2
Thus, by (2.4) and 8 > 3,

qzsflSq(l+q+q4+q5+...+q373+q372)§25+1—1:2S,

a contradiction with g being an odd prime. This completes the proof of Lemma 2.2. O

3. Proof of Theorem 1.2

Let n = p®¢” be a near-perfect number with redundant divisor d, where p and ¢
are two primes with p < ¢, and a, 8 are two positive integers. Then o(n) =2n + d. If
p =3, then

pa+1_1qﬂ+1_1<pa+1 q,8+1_ p q <3X5

= <2n.
-1 q-1 p_lg-1 "p-1g-1"2x4" 7"

o(n) =

Hence p=2. Letd =2°¢' withO < s <a and 0 < ¢ < B. Thus, o-(n) = 2n + d becomes
QM DU +g+--+¢) =21 +2°¢". (3.1)

We distinguish three cases according to the value of .

Case I1: B=1. Thente{0,1}. If t =0, then, by (3.1), g =2%*! = 2% — 1 is an odd
prime and d = 2%, Thus n=2%Q2%! -2~ 1)isof type 1. If t=1, then n=2% is a
near-perfect number with redundant divisor d = 2°q. By Lemma 2.1, either n = 40 or
n is of type 2.

Case 2: B=2. By Lemma 2.2, ¢*>td. Thus t€{0,1}. By (3.1), s=0. If
t =0, then, by (3.1), 2%*! —¢)(1 + g) =2, a contradiction. Hence r=1. By (3.1),
g =2"" — 1is an odd prime. Therefore, n = 27(2%*! — 1)? is of type 3.
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Case 3: [>3. By Lemma 2.2, 0 <t <f — 1. The equality (3.1) can be rewritten
as
Q' -l +qg+---+¢H=1+2. (3.2)

If ¢ < 22, then the left-hand side of (3.2) is more than 2%(1 + g + - - - + ¢°!). Noting
that 8 > 3, the right-hand side of (3.2) does not exceed 1 +2%¢*! <2°(1 + g+ --- +
¢%*1), a contradiction. Hence ¢ > 2¢. Since the left-hand side of (3.2) is at least

l+g+-—+ ' >1+¢>21+2%>1+2%,

we have ¢ > 2. By (3.1), ¢ | 2%*! — 1, a contradiction with ¢ > 2.

This completes the proof of Theorem 1.2.
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