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AWl rings considered are to be associative. For definitions not included in
this paper see [2].

Let R be a ring and S a subring of R. We say that S is accessible through
zero extensions if there exists

S=A4Ad,<A;<s--<aA,=R

such that (4;/4;_,)> = (0),i = 1,2, - n.
We require the following lemma due to S. E. Dickson.

LemMma. [1,p.447]. Let R, be a homomorphically closed class of rings containing
the zero rings and having the additional property that if I € R, is an ideal of A with
(4/I)* = (0), it follows that A e R, (i.e., R, is closed under extensions by zero
rings), then R, = {A| each non-zero homomorphic image of A contains a nonzero
ideafrom R, } is the lower radical class containing R, .

Let P be a non-empty, homomorphically closed class of rings. Define the
class P, by,

P, = {A] A has a subring S accessible through zero extensions, where S € P}.

THEOREM 1. With P, as defined above P, is homomorphically closed, contains
the class of all zero rings and is closed under extensions by zero rings.

PRrROOF. Let 4 € P, and let ¢ be any homomorphism of 4. Then there exists
Apg<as Ay<a-+<14,=A
where 4, € Pand (4,/4;_,)* = (0). Hence,
Agp <t Ayp<a < A, = A9,

Ay e Pand (4,0/4;_1¢)* = (0) so Ap € P, and P, is homomorphically closed.
If A is a zero ring, (0) < 4, (0) € P and (4/(0))* = (0)so A€ P,.
Finally, let 4 be a ring such that there exists <1 A4, I P, and (4/1)* = (0).
Since I € P, there exists
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Lhalj<--r<al,=I< A,
IyeP, (I/l,_y)* = (0), i=1,2,---n and (4/I)* = (0). Hence, A€ P,.

Let L(P) denote the Kurosh lower radical class determined by 2. Define
P, = {A| each nonzero homomorphic image of A4 contains a nonzero ideal
from Py .}

COROLLARY 1. P, is a radical class containing P and L(P) < P,.

Proor. That P, is a radical class follows from the Lemma and Theorem 1.
Since L(P) is the smallest radical class containing P, L(P) < P,.

COROLLARY 2. If L(P) (in particular if P) contains the class of zero rings, then
P 2= L(P ).

PROOF. Since L(P) contains all zero rings and is closed under extensions
(1€ L(P), R/I e L(P) implies R € L(P)) [4, p. 13], we have that P, = L(P). Since
L(P)is a radical class P, = L(P). Hence, P, = L(P).

REMARK. It is not true, in general, that P, = L(P). For example, let P be the
class of nontrivial simple rings plus the zero ring. Then L(P) contains no simple
zero rings but P, contains all zero rings. Hence in this case L(P) # P,.

THEOREM 2. If the class P is hereditary then P, is hereditary.
PrOOF. Let A € P, and let 7 be an ideal of A. Since 4 € P, there exists
A<t A, <1<t 4, = A,
where 4, € P and (4,/4;_,)* = (0). Now
(Adon DA nD)<--<ad,nl)=1

Since P is hereditary and since (4o " I)<a 4,, Ag " I€P.
Moreover,

((4; nD)[(Ai—y 0 I)Y? = (0)

so € P,. Thus P, is hereditary. Leavitt [3, p. 29] has shown that if P, is hered-
itary, then P, is hereditary.

REMARK. It is known that a radical class of associative rings contains all
zero rings if and only if it contains all nilpotent rings [4, p. 18]. Since the lower
Baer radical class, B, is the smallest radical class containing the nilpotent rings
[2, p. 59], we have that B = P,.

THEOREM 3. If P contains no complete matrix rings over division rings then
P, contains none. Hence, if A is a ring with descending chain condition (d.c.c.) on
left ideals and W(A) denotes the classical Wedderburn radical of A, then W(A) =
Py(4).
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Proor. If P contains no complete matrix ring over a division ring, then from
the definition of P, it is clear that P, contains none. From the definition of P, it
is then clear that P, contains no complete matrix rings over division rings. It then

follows from [4, p. 19] that if 4 is a ring with d.c.c. on left ideals, then W(4) =
Py(4).
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