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Abstract

A monoenergetic point-source solution of the steady-state cosmic-ray
equation of transport for cosmic-rays in the interplanetary region in which
monoenergetic particles are released isotropically and continuously from a
fixed heliocentric position is derived by Lie Theory. A spherically-symmetric
model of the propagation region is assumed incorporating anisotropic
diffusion with a diffusion tensor symmetric about the radial direction, and
the solar wind velocity is radial and of constant speed V. Because of the point
release the solution is non-spherically-symmetric.

1. Introduction

The equation of transport for cosmic-rays in the interplanetary region, including
convection diffusion and energy changes, was obtained initially by Parker [18)],
and later by Gleeson and Axford [9], and by Dolginov and Toptygin [5, 6].

Steady-state analytic solutions of the equation have been given by Parker
[18, 19], Dolginov and Toptygin [S, 6], Fisk and Axford [8], Toptygin [21], Webb
and Gleeson [25, 26], Gleeson and Webb [13] and Webb [23, 24], and numerical
solutions have been obtained following Fisk [7] and Urch [22]. In addition, two
useful approximate analytic solutions have been obtained by Gleeson and Axford
[10, 11] and improved upon by Gleeson and Urch [12].

Probably the most fundamental analytic solution at present is the monoenergetic-
source or Green'’s function solution given by Webb and Gleeson [25], without proof,
and also by Toptygin [21], who derived it by a Laplace transform method. In
this solution monoenergetic particles are released isotropically and at a steady
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rate from a spherical shell at a fixed heliocentric radius, and the resultant redistri-
bution of particles in momentum p, is determined as a function of heliocentric
radius r. The solution was obtained for a model of the interplanetary region in
which the effective radial diffusion coefficient « = k(p)r®, with b a constant,
xg(p) an arbitrary function of p, and the solar wind velocity was assumed radial
and of constant speed V.

In this paper, a monoenergetic point-source solution of the equation of transport
is derived by using Lie Theory (Lie [16], Bluman and Cole [3, 4], Bluman [2],
Ovsjannikov [17], Harrison and Estabrook [14]) and the results of Webb [24].
The solution is obtained for a spherically-symmetric model of the interplanetary
region incorporating anisotropic diffusion, in which monoenergetic particles are
released isotropically and at a steady rate from a fixed point within the region.
The solution for the momentum average distribution function Fy(r, 0,¢,p) is a
function of particle momentum p, heliocentric position (r, 8,¢) where (r, 8, ¢)
are spherical polar coordinates centred on the sun with polar axis along the
sun’s rotation axis.

The interplanetary magnetic field is assumed radial with a diffusion tensor
symmetric about the magnetic field and the solar wind velocity is assumed radial
and of constant speed V.

The point-source solution is obtained by determining the groups of continuous
transformations which map the equation of transport with a monoenergetic-source
term onto itself.

In Section 2, the steady-state equation of transport is expressed in a separable
form, with separation variables (x, t, u, $), where x is a function of r and p, tis a
function of p and p = cos 6.

In Section 3, we use the results of Ovsjannikov [17] to write down the infinitesimal
transformations admitted by the equation of transport and we note the auxiliary
conditions which arise when a monoenergetic source term is included.

In Section 4, the point-source solution is obtained by using the infinitesimal
generators of Section 3, in conjunction with the similarity solutions of Webb [24].
For completeness we give the spherically-symmetric monoenergetic-source solution
of Webb and Gleeson [25] and of Toptygin [21] which may also be derived by
group methods.

2. Separation of the cosmic-ray equation of transport

With a source of monoenergetic particles of momentum p, released at helio-
centric position r,, the steady-state cosmic-ray equation of transport is (Parker [18],
Gleeson and Axford [9], Jokipii and Parker [15}, Dolginov and Toptygin [5, 6])

1 9 N, 8(c—15) 5(p—
V- (VR VR) =35V Vo () = ;;)1,3(” LOMeR)
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(3] Cosmic-ray equation of transport 167

where Fy(r,p) is the mean distribution function with respect to momentum p at
heliocentric position r; V is the solar wind velocity;  the diffusion tensor; and the
right-hand side of equation (2.1) is the source term with N, the injection rate.

The interplanetary magnetic field is assumed radial with diffusion coefficients
k, along and «, perpendicular to the magnetic field given by

ky = ko(pP)r% «, /x, = e = constant. 2.2)

By introducing new independent variables (x, ¢, ¢, ¢) where

2| 1 —bl‘l (,palz)u—b)/z ifb#1, 23)
T =3n@r2pd) ifb=1, )
-3 f ? ol2) 2902 dz 2V, 2.4)

and p = cos 0, the equation of transport (2.1) may be written as
?2F, [(a o0F, OF, a, N OF, 1 @&*F,
s () a0 G- a g e o
= —Z8(x—xg) 8(t —to) 8(1— po) (¢ — o),
(2.5a)

where
() if b#1, kg = ro(p) 1% K, /x; = e, then

n=0b+1)/1-b), ag=2n+1, a,=0,
a,=en+1)2, a=0, (2.5b)

Z = 3N, xo/8nVpiré|n+1|)
and
(ii) if b = 1 so that x; = k(p) 1, K, /K, = ¢,

a=a=0, a=-2, a=e¢,

Z = 3N,/8xViird). (2.50)

3. The group of the transport equation

Using the notation (x,¢,u, ¢, F)=(x, x%, x% x4, u) we consider the group of
continuous infinitesimal transformations

xXt=xireli(x; u), o =u+eU(x;u), i=1(1)4, 3.1

which leave the transport equation (2.5a) invariant. Writing the equation of

https://doi.org/10.1017/50334270000001545 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000001545

168 G. M. Webb 4]

transport as M [u] = 0, with M the appropriate differential operator, we require
M'[u']- M [u] = eMx) M [u] + O(e?), 3.2

where M'[u’] is obtained from M [u] by replacing (x,u) by (x’,u’), and A is a
function of x only (Ovsjannikov [17], Chapter 6).

The determining equations for the infinitesimal generators (&%, U), i =1(1)4,
admitted by the transport equation may be obtained from the results of Ovsjannikov
([17], Chapter 6) or alternatively by the technique of Bluman and Cole [3]. We note,
for later reference, that the generators (&, U), i = 1 (1) 4, for the Green’s function
solution of the transport equation (2.5a) are the subset of the homogeneous
equation generators, satisfying the auxiliary conditions

B(xg) =0, i=1(1)4, (3.3a)

corresponding to invariance of the source point x, and

3 2850 )y = o, (3:3b)
i=1 OX
corresponding to invariance of the source term.

The infinitesimal generators (£, U), i =1 (1) 4, of (3.1) depend on the radial
dependence of the diffusion tensor according as (i) «, = xy(p)r?, b#1, or (ii)
1y = Ko(p)r, and these are given below as Case (i) and Case (ii) respectively.

Case (i) k, = k(p)r?, b#1, x,[x, = e#0 has generators

& =yx(t—t), & =yl(t—t)*+a],

£ = Asinfsin 0, sin (¢, — ), 3.3)
£ = A [cot Osin O,cos (¢ — ;) —cos ],
U=ou+Q(x), o=y[—ix*—(m+1)t+36], (3.9

where €)(x) is an arbitrary solution of the homogeneous transport equation
(2.53) and ¥, t, a,, A, O, ¢, O are arbitrary parameters. The function A(x) o
equation (3.2) is given by

A= y[—kx—(n+ 1)1+ 8] 2y(1—1). (3.5)

It is of interest to note that the vector field corresponding to the infinitesimal
generators (3.4) has the decomposition

&0+ U, = — Adg+y(t2+a,) ,—yt(x0,+2t 0)
+ylxt0,+ 120, +u(—3x2—nt—1) 0,)+ydu d,+Qa,, (3.6)
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where ® is the azimuthal angle in a coordinate system with polar axis in the
direction (8,,#,). Thus the parameter A represents a rotation about this polar
axis; y(t2+a,) corresponds to a translation in ¢; yt, and y3 correspond to stretches.

With a monoenergetic source term in (2.5a) the generators (3.4) satisfy the
auxiliary conditions (3.3) so that if 4,y#0,

=1y, a,=0, b; = 6, b = b0, 8= ixg'*'(n'*' 1)1, (3.7

The operator — A 0 in (3.6) and (3.7) show that the monoenergetic point-source
solution with source at (ry, 8y, $) is invariant under rotations about an axis through
(B,, ¢o)- Since the solution is independent of the arbitrary parameter 4, we find
(see equations (4.6), (4.7)) that the point-source solution is independent of the
azimuthal angle ® about (8, ¢,).

Case (i) «y = ko(p)1, &, /6, = e # 0.
In this case the transport equation admits the operator
yl(t—1)0,+(t—34x)ud, ]+ 80,—Ady+kuo,+Qd,; (3.8
and the function A(x) of equation (3.2) is given by
A=yt—3yx+k.

Here Q(x) is an arbitrary solution of the homogeneous equation of transport;
v, t,, 8, A, k are arbitrary parameters and — 9, corresponds to an infinitesimal
rotation about an axis through (8,, ¢,) as in equation (3.6).

With a monoenergetic source located at (xg, ¢y, pg, ), conditions (3.3) give

8=0, t,=1, 0,=06), d=d k=y([Ex,—1) (3.10)

as the parameter values in (3.8) for the point-source solution.
Again the remarks following (3.7) apply.

4. The monoenergetic point-source solution

The form of the monoenergetic point-source solution depends on the radial
dependence of «,. We consider the case «; = xo(p)r® b#1, k /x; = e, in detail
and sketch the derivation for «; = «y(p)r.

Case (i) 1, = k(P2 b#1.
To obtain the point-source solution one first integrates the group trajectories
dxt* du
T i=1(1)4, @é4n

to obtain the invariants of the group (Bluman and Cole (3, 4]). Using angular
variables (0, ®) relative to an axis through (6, ¢,) and integrating the trajectories
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for (3.6) with Q = 0, one obtains the invariants (7, p*, w,):

x % A (T dy
e =co0s 0, =04+= | ——,
T e—ty+ap * ¥ +~/f ¥+a,
— 27 1 ) T dy
g =uexp|In?T+im+ ) In(T?*+a)~x | ——|, 4.2
yita,
where
T=t—t, x=38-(m+1)t, 4.3

From (4.2) the invariant group solutions of (2.5a) are of the form

]f(w W), (44

T
u=exp[ 1 T—3n+1)In(T%+aq )+xf F+a

where f'is an arbitrary function of 7, u*, w. Substitution of the solution form (4.4)
into the transport equation (2.5a) yields a partial differential equation for f(», u*, w):

Lt 2 Lk a0 -5 5

+e(n+1)

n 2f o 1 9
* — | =
|a-wy 2w S T | =0 @.5)
To obtain the point-source solution we note that the parameter values (3.7)
apply. From the uniqueness of the solution it follows that f(x, u*, w) must be
independent of the arbitrary parameter A/y, and hence independent of w (i.e. of
®) by (4.2). Upon solving (4.5) for f and using (4.4) we obtain

u = exp[—1n* T—~(n+ DInT—{x§/T]p"[Cl(3x,m) + DK((3x4m)]
x[a Au*)+d0w")], (4.6

where
{=[m+ell+1)(n+1]}, n=0b+1)(1-b),

n= X/(t’—to), T= t—1,, (4.7)
p* = cos 0 cos 8y-+sin 8sin G, cos (¢ — )

as the form of the point-source solution. Here I(z) and K(z) are modified Bessel
functions of the first and second kind, and P(u*), O)(u*) are standard solutions
of Legendre’s equation (Abramowitz and Stegun [1], Sections 9.6, 8.1). Note that
the similarity form (4.6) has been given previously in Webb ([24], equations (6.4),
(6.6)).

Since we require the solution to be finite at heliocentric radii -0, and F,—~0
as r—>o0 the coefficient D in (4.6) must be set equal to zero. Furthermore, as
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Ofp*) has a singularity at p* = 1, we set d;= 0 in to obtain a physically realistic
solution. Hence we obtain

—n x2
Fy= ¢ exp (-8 8 1(28) a pw), @8

as the form of the solution with x given by Equation (2.3) with b # 1.
The coefficients ¢; in the solution (4.8) are determined by the condition

3N, 8(x— xp) 8 — p) (b~ by)

Fy—~ SV +1] as T->0(p—p,) : 4.9
implicit in equations (2.5). Noting that
1) °° "
(41— o) 86— o) = 3o P, (4.10)
and using the orthogonality relations
2
f P(x) P, (x)dx—21+18 @.11)
(Sneddon [20], p. 60), we find
= (2/+1) B(1)/d4m = QI+ 1)/4. 4.12)

Finally by normalizing the solution according to (4.9) we obtain the mono-
energetic point-source solution

_ 3N, x2 x\" 1 X2+ x3 21+l @ 1 (X%o
Rt 00 = gt (3) 790 ()& e 70 k(3r)
(4.13)

where

X =

= b) (rp¥B)a-b2 T = _f Ko(2) 21302 gz,

p* = cos ® = cos 8 cos 0+ sin O sin 8, cos (¢ — ¢,), 4.14)
{=[rm+el(l+1)(n+1)2]Y2, n=(0b+1)/(1-b), b#1.

The spherically symmetric component of (4.13) is the monoenergetic-source
solution of Webb and Gleeson [25] and of Toptygin [21] (that is, the term with

1=0).1tis
3NxZ x\" 1 X2+ x3\ . [xx,
Fo=gam Vp3r§|n+1]( ) °"p( aT )Im(ﬁ)’ “.13)
where the effective radial diffusion coefficient is x = «y(p)r?, b#1; 4nrg N is the
injection rate; and m = |n).
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This solution is also obtained by specifying a uniform distribution of point
sources over a spherical shell at radius r,, putting N, = N/4x in the point-source
solution (4.13) and integrating over the solid angle element dQ) = 27 sin @ d© from
©@=0to ®=m.

Case (ii) ky = k(P r, k /r, =e.

The point-source solution for this case can be obtained in a completely analogous
way to Case (i). The appropriate similarity solution form has been given in Webb
([24], 6.12), namely

c x? (t—-t,+a)x da° ]
F,= exp| — + g - —t+t
0 Je-1) p[ d—t) (—t) 14 ’

X écl P(p*)exp[—el(l+1)(t—1)], (4.16)

where
a=kfy+t, 4.17)

and the parameters k, y and ¢, are those of (3.8).

The point-source solution is obtained by substituting the parameter values (3.10)
into the similarity form (4.16), using the values (4.12) for ¢, and appropriately
normalizing the solution according to the source strength. It is

3N, 1 (x—xo)?
Fo("s 0, ‘l’:l’) = m}gmexp [x—xo—T— 4T0 ]
y §_22+1 Bu*exp[—el(+1)T], (4.18)
1=0 47
where
x=—%InQ2r?p?), T= 53171 po"o(z) z7ldz. (4.19)
»

The spherically-symmetric component of the solution (4.18) gives the spherically-
symmetric monoenergetic source solution of Webb and Gleeson [25] and of
Toptygin [21]. It is

3N 1

Fo=gamm VRrz T

(x—xp)?
exp [x—xo—T— ar ], 4.20)
where the variables x, T are those of equation (4.19) and 4=rg N is the injection rate.
The solution (4.20) can be obtained by group methods, by a Laplace transform
technique, or from a superposition of point source solutions with sources uniformly
distributed over a spherical shell at radius r,. Compare with equation (4.15) and
its following remarks.
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Concluding remarks

The main aim of this paper has been to derive a monoenergetic point-source
solution of the steady-state cosmic-ray equation of transport for a spherically-
-symmetric model with anisotropic diffusion. The solution is a natural extension of
the spherically-symmetric monoenergetic-source or Green’s function solution of
Webb and Gleeson [25] and of Toptygin [21]. The solution is of two forms, (4.13)
or (4.18), according as the diffusion tensor is of the form (i) «; = «(p)r? b#1,
K, /iy = e, or (i) k&, = ky(p)r, K, fr, = e.

The corresponding spherically-symmetric monoenergetic-source solution forms
are (4.15) or (4.20), and are for a model with an effective radial diffusion coefficient
K = ko(p)r® and we note the results are independent of the transverse diffusion
parameter e.

The monoenergetic-source solutions are very useful in displaying the physics of
cosmic-ray propagation processes. Solutions in which more complex source or
boundary conditions are specified (for example, continuous distributions at the
boundary) do not show the physics so clearly since the resultant redistribution
of particles in momentum and position is the combined result of the boundary
and source conditions.

Finally, it is noted that the spherically-symmetric Green’s function (4.15) has
been used together with an appropriate Green’s formula by Webb and Gleeson
[26, 27] to construct solutions in which the momentum distribution F, is specified

at infinity.
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