
A NOTE ON CAYLEY LOOPS 

A. GINZBURG 

I n t r o d u c t i o n . In § 1 the existence of two non-isotopic loops satisfying 
the same system of relations is proved: C\ is isomorphic to the well-known 
Cayley loop (see 1 or 6 ) ; C2 seems not to have been mentioned in the litera
ture. In § 2 a characterization of the second type is given in terms of Tamar i ' s 
generalized normal multiplication table (7; 8) as a complete symmetric quasi-
regular partition, i.e., a quasi-associative loop (4, 5) , or a so-called near-group 
(9). In § 3 these distinctions are followed by comparing the corresponding 
algebras. 

1. The Cayley numbers can be writ ten in the form x = a + be, where a 
and b are real quaternions and e is an indeterminate (3, p. 237). These num
bers are combined according to the rules: 

(1) (a + be) + (c + de) = a + c + (b + d)e, 

(2) (a + be) (c + de) = ac - db + (da + bc)e. 

Here â denotes the conjugate of the quaternion a. 
The 16 elements 

(3) { ± 1 , ±i, ±j, ±k, ±e, ±ie, ±je, ±ke} 

form, by (2), a multiplicative loop, called in (6) the Cayley loop. This loop 
is diassociative (i.e. every two of its elements generate a subgroup) and has 
three generators Xi, x2, x^ (e.g., ie, je, ke), which satisfy (6; 1, p. 88) : 

,., jxa
4 = 1, Xa

2 = X(32 5* 1, XaXp = Xp*Xa (a T^ 13), 

\xaxp-xy = xJ-XpXy (a, 13, y = 1, 2, 3 all different). 

We shall refer to a diassociative loop of order 16 generated by three elements 
satisfying (4) as a C-loop. 

PROPOSITION 1. There exist two non-isotopic C-loops, which will be denoted by 
Ci and Co. Every C-loop is isomorphic either to Ci or to C2. 

Proof. T h e above-mentioned C-loop will be denoted by C±. As a subloop 
of the multiplicative loop of non-zero Cayley numbers, which const i tute an 
al ternat ive algebra (i.e. an algebra in which for any two elements a, b t he 
equalities (aa)b — a(ab) and (ba)a = b(aa) hold), Ci satisfies the Moufang 
ident i ty (xy)(zx) = [x(yz)]x (2, Lemma 2.2). 
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We consider now a modification of (2) given by 

(5) (a + be) (c + de) = ac — bd + (ad + cb)e. 

T h e three elements ie, je, ke multiplied according to (5) satisfy the conditions 
(4) and generate a diassociative loop C2, consisting of the same 16 elements (3) 
as Cx. This can be verified by direct inspection. 

The loop C2 does not satisfy Moufang's ident i ty , since, for example, 

(i'j)(e-i) — k( — ie) = —je and [i(j-e)]i = (i'Je)i = ke"i = Je-

Every loop isotopic to a Moufang loop is Moufang (1 , p. 58) ; hence C\ 
and C2 are not isotopic. 

Now using (4) one can construct the C-loops by building their multiplication 
tables. T h e whole construction is unique, except for one step, where two 
possibilities arise: one leading to a loop isomorphic to C\, the other to one 
isomorphic to C2. (I wish to thank Professor R. Artzy, who presented me with 
the multiplication table of this loop.) 

Indeed, let ie, je, ke be chosen as generators. Denote {me)~l = —me and 
(me)2 = —1 (m = i,j,k). Then (by diassociativity and (4)) ( — l ) 2 = 1, 
(me)(—\) = ( — \)(me) = — me and ( — \)( — me) = ( — me)( — l) = me. Pu t 
t ing ie-je (or ie-ke, etc.) equal to one of the already introduced elements 
leads to a contradict ion. Denote ie-je = k, ie-ke — —j, ie(-je) — — k, 
ie(-ke) = j . Now je-ke cannot equal one of the above 12 elements. Denote 
it by i c\nd je{ — ke) by —i. Using the diassociativity and (4) one can proceed 
to fill up the multiplication table, bu t for k-ke one must set a new symbol, 
say —e. Denote also k( — ke) = e and proceed as above. All products except 
the 24 of the form mn, where m,n = dti, d=7, ±&, and m ^ zLn, are now 
uniquely defined. T h e multiplication table must be a latin square ; conse
quent ly ki, for example, can equal j or —j only. On the other hand ki = (ie-je) 
(je-ke) and the parentheses cannot be el iminated; (4) does not provide such 
a si tuation and diassociativity cannot be used, because there are three different 
generators in this product . Both decisions ki = j or ki — — j are allowed and 
result immediately in a complete filling of the multiplication table. 

P R O P O S I T I O N 2. A C-loop is isomorphic to Ci if and only if its generators 
Xi, x2, x3 satisfy: 

/ / is isomorphic to C2 if and only if its generators satisfy 

Proof. When mult ipl ied according to (2), the generators ie, je, ke satisfy 
(6), bu t not (7), and when multiplied according to (5), they satisfy (7), bu t 
not (6). This fact, together with the previous proposition, proves the present 
one. 
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2. Together with the ordinary multiplication tables, also the so-called 
generalized normal multiplication tables (g.n.m.t.) (7; 8) can be used to 
describe multiplicative systems. 

For example, the quaternion group with the elements {dzl, =bi, ± / \ db&} 
is represented by the g.n.m.t. shown in Table I (4). Such a table represents 

TABLE I 

-k k ~3 3 1 

— i i - 1 1 ~3 

i — i 1 - 1 3 

- 1 1 i —i -k 

1 - 1 — i i k 

1 2 3 4 5 

a family R — {ra, r$, . . .} of binary relations over a set N (here N = {1, 2, 
3, 4, 5}), being in one-to-one correspondence with the elements of the multi
plicative system. The relations are combined by so-called generalized multi
plication: 

ra-rp = ry^ryZ) rar^ ^ 0 (7; 8). 

Accordingly, the multiplication in the table is performed using the rule 
a>mnP>np = amp, where amn is the element on the intersection of the wth column 
(from left to right) and the nth row (upwards). Note, that there are products, 
such as i-i, i- ( — 1), and others, which can be found in the table more than 
once. Nevertheless, this table has only 25 entries, while the ordinary multi
plication table of this group has 64 entries. 

The just given g.n.m.t. has the following three special properties: 
(a) Any two elements appearing in it can be multiplied. In other words, 

it describes a groupoid in the sense used in (1, p. 1). 

(c) Each place in the table is occupied. 
A g.n.m.t. satisfying (a), (b), and (c) is called a complete symmetric quasi-
regular partition (4; 5) and is denoted by Psc. 

The groupoid represented by a Psc is an IP-loop (i.e. a loop with the in
verse property). On the other hand, not every IP-loop can be represented by 
a Psc. An IP-loop for which this can be done is called a QA-loop (quasi-
associative loop (4; 5) or near-group (9)). Thus every group is a QA-loop. 

PROPOSITION 3. C2 is a QA-loop, but d is not a QA-loop. 

Proof. The Psc shown in Table II is a g.n.m.t. of C^. Hence C2 is a QA-loop. 

5 

4 

3 

2 

1 
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TABLE II 

— ke ke -je je ie — ie — e e 1 

-k k -3 3 i — i - 1 1 — e 

k -k 3 ~3 — i i 1 - 1 e 

~j 3 k -k - 1 1 — i i ie 

J ~3 -k k 1 - 1 i — i — ie \ 

— i i - 1 1 -k k 3 ~3 ~je 

i — i 1 - 1 k -k -3 3 je 

- 1 1 i — i 3 ~3 k -k — ke 

1 - 1 — i i -3 3 -k k ke 

Now the elements ie and je of C\ generate a subgroup II of order 8 and 
{ie-je)b ^ ie(je-b) for any b G Ci which is not in this subgroup. 

Suppose t ha t there exists a Psc representing C\. ie-je have to be multiplied 
in i t ; hence there are m, n, p G N such t h a t amn = ie and anp —je. Bu t 
(amnanp)apq = amn(anpapg) (both products equal to amq) ; hence the whole p 
column in the above Psc mus t be occupied by elements b G Ci such t h a t 
(ie-je)b = ie(je-b), i.e. by elements of H. This implies t ha t any element in 
the Psc belongs to ijTand it cannot represent Ch which, thus , is not a QA-loop. \ 

3. T h e set A = {x | x = a + be] (a and b real quaternions and e an in
determinate) with the addit ion (1) and multiplication (5) forms clearly an 
algebra of order 8 over the field of the real numbers . 

Wri te x = a + be = â — be. Then 

(a) xy = yx, 

(b) N(x) = xx = xx = aa + bb is a positive number for any x ^ 0. 

These properties are common to A and to the algebra of Cayley numbers . 
However, in A, we have in general N(xy) y^ N(x)N(y): if 

x = a + be = a0 + iax + ja2 + kdz + (b0 + ib± + jb2 + kbs)e, 
y = c + de = Co + ici + jc2 + kc$ + (d0 + idx + jd2 + kdz)e, 

and if db is denoted by UQ + iu\ + ju2 + ku%, then 

Nixy) = N(x)N(y) 
ai a2 az 

Ui U2 Uz 

Ci C2 Cz 

T h e equali ty N(yx) = N(xy) is satisfied in A. 
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A is simple, flexible (i.e. (ab)a = a{ba) for every a, b Ç A) and power-
associative (i.e. every a £ A generates an associative subalgebra), as can be 
checked directly, but A is not alternative (otherwise C2 would be a Moufang 
loop). 

By the generalization of (5) to 

(a + be) (c + de) = ac + fibd + (ad + c&)e, 

where /x is real, a class of flexible power-associative algebras is obtained. 
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