ON PRODUCTS OF SETS OF GROUP ELEMENTS

HENRY B. MANN

LET A = {Al, R ,As}, B = {B,, . ,Bt} be sets of elements of a group &
of finite order g. We define

C =AY = {4,B;}.

By (), (9), . . . we shall denote the number of elements in %, B, . .. respec-
tively and by U, B, . . . the sets of elements of ® not in A,B, . ...

THEOREM 1. Either B = G or g 2> (N) + (V).
Proof. Let C be an element not in € = AB. Let 4, B, ... be a generic

notation for elements in 2, B, . .. respectively. All 4 are different from all
CB™! for otherwise C = AB. Thus there are at least (¥) + (B) elements in
.

THEOREM 2. Let N, B be sets of elements of an Abelian group & and let
C C UAB. Then there exists a B* D B such that

i) C* = AV* = HC, where  is a subgroup of ©,
i) (AB*) — (AYB) = (B*) — (B).

We shall give the proof by induction on the number of elements in G.
Clearly Theorem 2 holds with § = I the identity if € consists only of one
element C. Now let € consist of the elements C = Co, Cy, ..., Cs. Form
the products C C;! = D; and let § be the subgroup generated by the D..
Two cases arise.

First case. For every ¢ and k we have for some m
C:Dy™! = Chn.
Since C; = CD;7! it then follows that for every H C § we have for some m
CH = Cn.
Since CDy,t = Cm, so that C,, = CH for every m, it follows that € = C$.
Second case. There exist an 2 and a % such that
C:Dy' = AE, ECS.

We then form the set B; consisting of all elements of the form ED; which
satisfy an equation

(1) AED; = C,
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for some ¢.  Equation (1) implies also
(1) AED, = C,.
We shall prove:

ProrosITION 1. No element of By is in B. This follows easily since no
clement in Y can satisfy an equation of the form (1).

PROPOSITION 2. Let B\J By = By* then € = AB,* D C. Otherwise we
should have AED; = C, AE = C;jwhich is impossible since Z C B but C; Z UAB.

Proposrtion 3. (AB*) — (AY) = (B1*) — (B) = (By).

Equations (1) and (1’) show that £D; is in 8, if and only if C; C C; = AB*
which proves Proposition 3.

_Since__((_&l) < (G) there exists by induction a set $*D B1* DB such that
AB* = CH where P is a subgroup of ® and such that

(AB*) — (AB1*) = (B*) — (Br¥).
Adding this equation to Proposition 3 we obtain Theorem 2.

CororLLARY (Davenport and Chowla). Let & be the additive group of resi-
dues mod N. Let U = {ao =0,ay,... ,am}, B = {bl, - ,bm} be sets of
residues mod N such that (a;, N) = 1 for 1 > 0. Let € = UB. Then either
C=0or
2) ©2m+n=Q2)+®® -1

Proof. By Theorems 1 and 2 it is sufficient to prove the Corollary for the
case that € = C9 where 9 is a subgroup of ®. Consider the factor group

®/9. Let A, B’ be the sets of cosets mod H that contain elements of ¥ and
B respectively. Let ¢ be the index and /% the order of $. By Theorem 1,

t2 )+ (®).

Hence
3) N =ht 2 hA') + r(B).
Since a¢ C 9, a; C O for < > 0, we have
WA) —h 2 m, K(B) 2 n.
Substituting this in (3) we obtain
N>m+n+h Q) =N—-—%2>2m-+n

The Corollary to Theorem 2 was proved by Davenport [2] for the case that
N is a prime. Chowla [1] used Davenport’s methods to obtain the Corollary
in its general form. Davenport later discovered that for the case when N is a
prime the Corollary was already known to Cauchy [3].
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It is interesting to note that the proof of Theorem 2 is closely related to the
author’s proof of the fundamental theorem on the density of sums of sets of
positive integers [4]. Thus the similarity between this theorem and the
theorem of Davenport and Chowla is not as superficial as might have appeared.
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