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1. Introduction

Let G be a group and let Q(G) denote the semigroup of all mappings
of G into G with the usual composition of mappings as multiplication,

With each element x e G w e associate two mappings p(x) and X{x) of
G into G defined as follows:

p{x) '• g -*• g"1*"1^. H*) • g ->• x^^xg.

Let P{G) denote the subsemigroup of Q{G) generated by all p's and let
A(G) denote the corresponding subsemigroup generated by all X's. These
semigroups are called the commutation semigroups of G. Clearly a word of
length n in P(G)[A(G)] maps an element g e G to a left-normed [right-
normed] commutator of weight n-\-1 with first entry g.

The operations p(x) and X{x) are important tools of group theory.
The difference of behaviour of these two operations is probably widely
known. But while certain aspect of it and specific examples can be found
in the literature (e.g. Heineken [3]), no connected account seems to exist.
It has been shown in [2] that the commutation semigroups of a group
are not in general isomorphic; not even for groups which are both metabelian
and nilpotent.

In addition to the multiplication of mappings of G into G, we also
define an operation of "addition" by the rule g{di+S2) = g^i'g^2> s o

that the algebraic system Q(G) becomes a group (not necessarily abelian)
under addition, in which zero and negatives are given by gO = 1 and
g{—0) = (gfl)"1 respectively. The multiplication is associative and the left-
distributive law S1(62+03) = flifljj-l-^Sg holds. In virtue of these properties
Q(G) becomes a left-distributive near-ring which we denote by 9i(G) (c.f.
Blackett [1]).

Let 9Ji(G) denote the sub near-ring of ^(G) generated by all p's and
A's. Then each element of 2R(G) is a certain word in p's and A's. Since
X{x) = p(x~1)-\-p(x-'1)p(x) by (9), each such word may be written in terms
of p's only. Consequently the algebraic system 9t(G), generated by all
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mappings p(x) arid closed with respect to the operations of addition and
multiplication, is also closed with respect to subtraction and it coincides
with the near-ring 3Jl(G). In this connection we prove,

THEOREM 1. There exists a group G such that S(G) is not a sub near-ring
of ^(G); and if for a particular group G, £(G) is also a sub near-ring of <K(G),
then £(G) = 9t(G). [S(G) is generated by all mappings X{x).]

While a complete characterization of groups for which S(G) is a near-
ring is not known, we prove

THEOREM 2. / / either
(i) all elements of G are left-Engel elements, or
(ii) the derived group G' has finite exponent, then S(G) = 3ft (G).1

Two other theorems proved in this paper are

THEOREM 3. SOl(G) is a ring if and only if G is Z-metabelian.2

THEOREM 4. Multiplication in £(G) [or in 9t(G)] is commutative if and
only if G is nilpotent of class 2.

2. Proofs of the theorems

Some further notation is needed. As usual we write

x* = yrxxy, \x, y) = xr^y-^xy, [x, y, z] = [[x, y], z].
Thus

[x, y] = xp(y) = yk{x).

The standard commutator identities

(1) b/.x][x,y] = l,

(2) [xy, z] = [x, z]» \y, z] = [as, z] [x, z, y] [y, z],

(3) [z, xy] = [z, y] [z, as]' = [z, y] [z, x] [x, x, y],

(4) [x, y] = [y, or1]* = [y, a ; - 1 ]^ , ar1, x], and

(5) {y, x] = [x~\ y]' = [x~\ y] \ar\ y, x]

give respectively

(6) P(x)+X(x) = 0,
(7)

1 x is a left-Engel element of G if pn(x) = 0 for some integer n. The identities
[*. y] = br1, * ] * = [ y 1 . «•] give p(y) = Adr1)^) = tohtWir1), where ga{y) -» g". Hence
pn(x) = Xn{x-l)o>n(x) and so pn{x) = 0 is equivalent to An(!t-1) = 0. Heineken [4] and some
others call x left-Engel if Xn(x) = 0 for some n.

1 G is tt-metabelian if every n-generator subgroup is metabelian. Macdonald [6] has
shown that G is 3-metabelian if and only if p(x) + p(y) = p(y) + p(x) holds for all x, y e G.
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(8) p{xy) = p{y)+P{x)+P(x)P(y),

(9) X(x) = P{x-i)+p{xri)p{x), and

(10) p{x) = X(x-*)+X{x-i)p(x).

Further if d1, 02 e 9?(G), then for all g, x e G,

(by (2)) which gives

(11)

and taking negatives

(12) Pi

PROOF OF THEOREM 1. Let G be the infinite dihedral group generated
by a and b, b inducing the inverting automorphism on {a}. The proof of
the first part consists in showing that X(b) has no additive inverse in
Let f be an arbitrary element of 2{G). Using

aX{a{) = «» and aX(a'b) = a*

we deduce easily that

a£ = a*, where t 2> 0.

Thus if £ is an additive inverse of X(b), we have

= a* • a* = a'+2

which is a contradiction since {a} is an infinite cycle.
To prove the second part we assume that fi(G) is a sub near-ring of

3l(G) and we note by (9) that S(G) C9t(G). The proof consists in showing
that p(a) e S(G) for all a € G. Since S(G) is a near-ring we have

e.+X(a-*)X{a) = 0

for some f a e fi(G). Thus we have

Ma) by (10)

Since the choice of a is arbitrary we have the required result.

PROOF OF THEOREM 2. It suffices in each case to prove X(a) eS(G)
for all a 6 G.

(i) Since a is a left-Engel element of G we have A^ar1) = 0 for some n.
By (10),
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p(a) = X(a

1 ^ - 1 ) eZ(G).

(ii) If n is the exponent of G', then

nX(a) = 0 and we have

P(a) =-k[a)
= (n-l)X(a)e£{G).

PROOF OF THEOREM 3. If 3Jl(G) is a ring then SR(G) is a ring and

P(a)+p(b) = P(b)+P(a)

holds for all a, b e G and it follows that G is 3-metabelian. Therefore it
remains to prove, conversely, that if G is 3-metabelian, then W(G) is a ring.
From the hypothesis it follows that

(13) a(a)+a(6) = a(

holds for all a, beG where a(«) = p(a) or X(a) and ct(b) = p(b) or
Let @(G) denote the set of all sums Zx(at), where a(atf) = />(«<) or
By (13) @(G) is an abelian group under addition.

For all b e G, we have by (7) and (8) that (*(«,)/>(&) and hence <z
are in <&(G). Therefore, by (11),

By above and by left-distributivity we get

Hence (g(G) is closed under multiplication and the right-distributive
law holds; so @(G) is a ring. Since <B(G) contains all mappings p(a),
@(G) = jR(C) = W(G) and thus 3R(G) is a ring.

PROOF OF THEOREM 4. Levin [5] has proved:
If z is an element of a group G such that [z, x, y] = [z, y, x] for all x,

y eG, then [z, [x, y]] = 1 for all x, y e G.
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Under these conditions 2 is a 2nd left-Engel element of G : [z, x, z]
— [z, z, x] = 1 for all x e G. Thus the following result generalizes Levin's:

LEMMA. Let x, y be elements of a group G and let z be a 2nd left-Engel
element of G. Then each of the conditions

(14) [z, x, y] = [z, y , x]

(15) [y, [x, z]] = [x, [y, z]]

implies

(16) [x-\ y~\ z] = 1.

PROOF. Since z is 2nd left-Engel element, its normal closure < > is
abelian. If (14) holds,

[z, yx] = [z, x][z, y][z, y, x] by (3)
= [z, y][z, x][z, y, x] as <^> is abelian
= [z, y][z, x][z, x, y] by (14)
= [*, xy] by (3)
= [z, [x-1, y-^yx]

= [z,yx][z, [ar^.ir1]]*" by (3)

and so [ar1, y~x, z] = 1. The other part is similarly proved.
To complete the proof of Theorem 4, we first observe that if G is nil-

potent of class 2, p(a)p(b) = 0 = X{a)X(b) for all a,b eG; hence multi-
plication in SR(G) and in 2,(G) is commutative.

Conversely, if multiplication in 2(G) is commutative, then

(17) X{a)X{b) = X{b)X{a) for all a, b e G.

This implies that every element a of G is 2nd left-Engel element:
[a, [b, a] = [b, [a, a]] = 1 for all b e G. It follows from the second part of
the above lemma that G is nilpotent of class 2. The other part is similarly
proved by using the first part of the above lemma.

I am indebted to Professor B. H. Neumann for suggesting the study
of commutation algebras and for his continued encouragement. I thank
the referee for suggesting a re-arrangement of the original version of this
paper which in particular has resulted in shortening considerably the proof
of Theorem 3.
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