COHOMOLOGY THEORY FOR NON-NORMAL SUBGROUPS
AND NON-NORMAL FIELDS *

by TAIN T. ADAMSON
(Received 20th September, 1953)

1. Introduction. Let G be a finite group, H an arbitrary subgroup (i.e., not necessarily
normal) ; we decompose @ as a union of left cosets modulo H :

G=UziH,
choosing fixed coset representatives ,. In this paper we construct a “ coset space complex ”
and assign cohomology groups, H7([G : H], 4), to it for all coefficient modules 4 and all
dimensions, —co<r<o0. We show that if

0>A">A4A—->A" -0

is an exact sequence of coefficient modules such that H (U, 4') =0 for all subgroups U of H,
then a cohomology group sequence

~H([G: H), A') > H([G : H], A) — H"([G : H], A") - HrY([G : H], 4’) -

may be defined and is exact for —co<<r<<c0. We also provide a link between the cohomology
groups H7([G : H], A) and the cohomology groups of G' and H ; namely, we prove that if
HY(U, 4) =0 for all subgroups U of H and for v =1, 2, ..., n —1, then the sequence

0 Hn([G : H], A) — HYQ, 4) — H7(H, A)

is exact, where the homomorphisms of the sequence are those induced by injection, inflation
and restriction respectively. :

These results are then applied in defining cohomology groups for the coefficient groups
which are associated in class field theory with an arbitrary field extension (i.e., the groups of
ideles, idéle classes and the multiplicative group of non-zero elements of the field). These
groups are defined by introducing an auxiliary normal extension ; but are independent of
the normal extension used. In the case of normal extensions, the groups here defined coincide
with those used by Hochschild and Nakayama (5), and by Artin and Tate (1, 8). If 4 is
either the multiplicative group of non-zero elements of a local field E, or the group of idéle
classes of a global field B, we shall show that H(4) =0, and that H%*(4) is cyclic of order
equal to the degree of E over the ground field, and is generated by a canonical cohomology
class. We shall also discuss an attempt to generalise to the non-normal case Tate’s theorem
(6) linking the cohomology groups of 4 with those of the integers.

I wish to thank Professor Artin for his help and encouragement during the preparation
of this paper, Dr. J. T. Tate for a number of fruitful discussions, and Mr. R. J. Semple for
checking the laborious cocycle computations in an earlier proof of Theorem 7.3.

2. G-complexes. Let G be a group, & its group ring with integer coefficients. A
G-complex K is a collection of left G-modules, C, (K) ( —oo<r<o0), called the chain groups of K,

* This paper is based on a dissertation presented to the Faculty of Princeton University in partial
fulfilment of the requirements for the degree of Doctor of Philosophy, June 1952.
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and a collection of G-homomorphisms, 9, ( —c0<r<0), called the boundary operators of K,
0,: 0 (K) =,y (K),

such that 9,d,,, is the zero homomorphism.

For —oo<r<oo we define the group of r-cycles, Z,(K), to be the kernel in C,(K) under
9, ; the group of r-boundaries, B, (K), to be the image of C,,; (K) under 9,.., ; and the r-dimen-
sional homology group, H,(K)=%,(K)/B,(K). A G-complex K is said to be acyclic if all the
homology groups H,(K) =0, ( —o<<r<o).

Now let A be a left G-module. Then an r-cockain of K with coefficients in 4 is a G-homo-
morphism of C,(K) into 4. These cochains form an additive group, C7 (K, 4), under the
addition defined by setting

(f+9)e) =f(c) +g(c), [, geCT(K, A), ceC.(K).
Coboundary operators, 8, ( —c0<<r<),
8, :C"(K, A) ~Cr*Y(K, A)
are defined by setting
(Grf)(0) =f(0r410), feCT(K, A), ceCryy(K).
These coboundary operators are clearly homomorphisms and satisfy the conditions §,85,_, =0.
We define the group of r-cocycles, Z* (K, A), to be the kernel in C7(K, A) under §, ; the group

of r-coboundaries, B (K, 4), to be the image of C"-1(K, 4) under §,_, ; and the r-dimensional
cohomology group, H™(K, A) =Z" (K, A)/B"(K, A).

Let 4 and B be left G-modules, 8 a G-homomorphism of 4 into B. Then the homo-
morphisms :
6 .C"(K,A)—~C"(K, B)
defined by
(O7f)(c) =0(f(c)), feCr(K,A4), ceCr(K),

cloarly satisfy the condition §78,_, =8,_,0"1, and hence induce homomorphisms of the cor-
responding cohomology groups,

8r : H'(K, A) > H" (K, B).

3. Coset Space Complexes. Let G be a group, H an arbitrary subgroup of finite index in
G. We denote the left cosets H of @ modulo H by A4,, A,, ... ; if 4, is one of these cosets,
z an element of G, then x4, is also one of the cosets.

We now construct a G-complex K =K([@: H]). For r=0 the chain groups C,(K) are
the free abelian groups generated by the (r +1)-tuples of cosets, (4, ..., 4,); for r=1, the
chain groups C_, (K) are the free abelian groups generated by the r-tuples of cosets, (4, ..., 4,)
These chain groups become left G-modules under the natural definition,

(e, 4,,...)=(.,x24,,...), zel.
The boundary operators, @,, are defined by setting
0,(dgy ey A,) =27y (-1)(4y, ..., 4,y ..., 4,), 721
00(Ao) =Z4(4) ;
0_ (A s 4,) =244, 4, .., A+ Z,1( =11 Z4(Ay, ..y A A, Ay, ooy 4,), 1221,

https://doi.org/10.1017/52040618500033050 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500033050

68 TAIN T. ADAMSON

and extending by linearity. (The circumflex denotes the omission of the argument over which
it stands.) It is easily verified that these are G-homomorphisms satisfying the condition
8,8,,,=0. If A is a left G-module the cochains, ..., cohomology groups of K ([G : H]), with
coefficients in A4 are called simply the cochains, ..., cohomology groups of the coset space
[G : H], and are denoted by C7([G : H], 4), ..., H"([G : H], 4).

We remark that, if @ is a finite group, then the coset space complex K ([¢ : 1]) obtained
by taking H =1 is identical with the group complex Kg of ¢ as defined (for positive dimen-
sions) by Eilenberg (4) and extended to negative dimensions by Tate (2).

Theorem 3.1. The coset space complex K ([G : H]) 18 acyclic.

Proof. We define mappings ¢, : C,.(K)—C,,,(K) by setting

Y (dgs - A7)y =(H, 4, ... , 4,), r=0;
(H) ifA=H,
$-1(4) ={0 otherwise ;

(g, 4,) i Ay =,
g (A4, .., 4,) _{O otl:erwise, r=2.

Then it is easily verified that for any r-chain ¢, ( —co<<r<<c0)

ar+1‘/’rcr + ‘/’r—larcr =0y

In particular, if ¢, is an r-cycle, we have

¢ = ar+1 (<),
whence HT(K) =0, as was to be proved.

Theorem 3.2. Let U be a normal subgroup of G contained in H. Let Ay be the submodule
of A consisting of elements left fized by U. Then the cohomology groups Hr([G : H], A) are
isomorphic to the groups H™([G|U : H|U), Ay), (—co<r<oo).

Proof. Let n denote the canonical projection map of G onto GJU. We choose a fixed
set of coset representatives for G modulo U; then if y e G/U, n~'(y) shall denote the corre-
sponding coset representative of y in G.

Now consider the-mappings f —o"f, ¢ =879 (fe C7([G : H], 4), ge C"([G/U : H|U], Ay))
defined by
o foos Y, (HIO), .. =f(..., 2w, ) H, ...),
BYs tH, o) =gl (@) (H[T), ...

Then it is easily verified that o and 87 set up an isomorphism between C*([( : H], A) and
Cr([GYU : H|U], Ay). Further, it is clear that «” and 87 preserve the action of the coboundary
operators, and hence induce an isomorphism between the cohomology groups,

Ht([G: H), Ay=H"([G|U : H|U), Ap).
Corollary. If H is a normal subgroup of G, then the cohomolbgy groups H([@ : H], A) are
isomorphic to the groups H™(G[H, Ag), ( -c0<r<0).
4. Examples. In this section we describe the cohomology groups of the coset space
complex K ([G : H]) in the dimensions -1, 0, 1.
First we remark that a 0- or (-1)-cochain f, being a G-homomorphism, is completely
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determined by its action on the coset consisting of H itself ; for if f(H) =a, then f(xH) =xa
for all ze (. Clearly also, a lies in the subgroup Ag of 4 consisting of elements left fixed by
H. Conversely, every element a in Az defines a 0- and a ( —1)-cochain, f,, given by f,(zH) =za.
Consequently, we have

Lemma 4.1. C-Y([G : H], A) and C°([G : H], A) are isomorphic to Ag.
Now let f=f, be a (—1)-cochain ; f, is a (-1)-cocycle if and only if 8f, =0, i.e., ifand
only if
of(H) =2,fs(ZH) =2 Z,a=8(a) =0,
where S(a) denotes the trace of @ from Ay to Ag (the submodule consisting of elements left

fixed by G). Hence we have
Lemma 4.2. Z-Y[G: H), A) is isomorphic to the subgroup of Ay consisting of elements

with trace zero.
We must now describe the ( - 1)-coboundaries. To this end we decompose G as a union of

double cosets modulo H and H :

G=U, Hy H,
with fixed double coset representatives y,. Now hy,H =h'y H if and only ifheh' (H Ny, Hy,™};
thus the single cosets contained in the double coset Hy H are in (1, 1) correspondence with
the cosets of H modulo H,=H N y,Hy,~). Hence, if we write

H=Uh,H

(7l 2]
with fixed coset representatives %,,, we have
Hy,H =Uh,yH.
Further, let 3, be the fixed representative of the double coset containing y,~'. Then

y,”1H =h'y,H, where &’ is a coset representative for # modulo #,.
Now f, is a ( —1)-coboundary if and only if there exists a ( —2)-cochain g such that f, = &g,

i.e., such that
a =fa(H) =89(H) =ng(z-vH’ H) _ng('H, :EVH)'

We set g(y,H, H) =a, ; then g, lies in the subgroup 4, of 4 consisting of elements left fixed
by H,. It is easily verified that

g (zvuva: H) =zvua’v)
g (H: Zvu.yv]y) = (};vuyvb,) ay.
Thus f, is a ( —1)-coboundary if and only if
a =2v2p (72‘,“(1,‘, - (Zmyvhl) a, )
(*) =2vSv (av - yvhlav')y

where S, denotes the trace from 4, to Ag. Hence we have
Theorem 4.3. H-Y([G : H], A) is isomorphic to the factor group (elements of Agp with trace

zero) modulo (elements of Ag which can be put in the form (x)).

The meaning of this result becomes clearer if we examine the special case obtained by
taking H =1. Here the double cosets consist simply of single elements of G ; the (-1)-
éocycles are determined by the elements of 4 with zero trace ; the (- 1)-coboundaries are
determined by the elements which can be put in the form

Z:c cG(a’a: _xa’z") =2z(G(1 —x)aa:—l'
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Let now K | k be a normal field extension with Galois group &, and let K* be the multiplicative
group of K. Then we have :

Corollary. H-Y(G, K*) is isomorphig to the factor group of (elements with norm 1) modulo
(symbolic (1 ~ z)-th powers).
Tate has shown, (2), that if G is cyclic, then H-1(@, K*) =0. Hence Theorem 4.3 includes
Hilbert’s Theorem 90 as a very special case.
“We turn now to the 0-dimensional groups. A 0-cochain f =f, is a 0-cocycle if and only
if 8f, =0, i.e., if and only if

Of o (2oH, 2 H) =fo (2 H) - fo(x,H) =210 —x4a =0,

for all z,, x, €@, i.e., if and only if @ lies in A3. Thus we have

Lemma 4.4. Z°([G : H], A) is isomorphic to the submodule Ag of A consisting of elements
left fixed by G.

Next, f, is a 0-coboundary if and only if there exists a ( —1)-cochain ¢ =g,(be Ag) such
that f, =38g,, i:e., such that .
a =fo(H) =39, (H) = 2,9, (€,H) =2,£,b =8 (b).
Hence f, is a 0-coboundary if and only if @ is the trace of an element b in Az. Thus we have

Theorem 4.5. HO([G: H], A) is isomorphic to the factor group (elements left fixed by @)
modulo (traces of elements left fixed by H).

Finally, we shall describe the 1-dimensional cohomology group in the case where G
operates simply on 4,1.e.,za =aforallzeG,ae 4. Let Hom (G, 4) denote the group of homo-
morphisms of ¢ into 4. Then we shall prove

Theorem 4.6. HY([G: H], A) is isomorphic to the subgroup of Hom (G, A) consisting of
homomorphisms which vanish on H.
Proof. TFirst we remark that BY([G : H], A) =0. For if f =8¢ is a 1-coboundary, we have

f@oH, 2,H) =g (x,H) - g (2,H) =2,9(H) - 2,9 (H) =0.

Hence H'([G : H), A) =2'([G : H], A).
Let x be an element of Hom (@, 4) which vanishes on H. We define a 1-cochain f, by
writing
fx(on! z,H) =X(z0_1x1) >

(this does not depend upon the coset representatives x,, ,). Clearly f, is a 1-cocycle.
Conversely, let f be a 1.cocycle. We define x, by setting

X¢(x) =f(H, zH).

Then y, is a homomorphism of @ into A which vanishes on H. This completes the proof.

5. An Exact Sequence. Consider the exact sequence of left G-modules

this is, of course, just a sophisticated way of saying that A’ is a submodule of 4 and that 4"
is the factor module.
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Lemma 5.2. If U is a subgroup of G with the property that H' (U, A') =0, then the sequence
04y >Ap— A% —0
is exact (where these are the subgroups left fixed by U).
Proof. All we have to show is that th¢ mapping of Ay into A7 is onto. So let
e eAy. Let b be any element of 4 lying in the coset ¢”’. Then for any elements %, ve U,
we have w(b+A4’)=v(b+ A’), whence ub —vb lies in A4’.
We now define fe C*(U, A') by setting f(u, v) =ub—vb; clearly fis a 1-cocycle. Since
HY(U, A’) =0, there exists an element 8¢ 4’ defining a 0-cochain, ¢(u) =uf, such that f =8¢,

i.e., such that ub—~vb=vB8—uB. Then clearly a =b+B <Ay, and lies in the coset ¢”’. This
completes the proof.

Lemma 5.3. If HY(U, A') =0 for all subgroups U of H, then for every cochain

feCT([G:H] A")
there exists a cochain g e CT([G : H], A) such that j(g(c)) =f(c) for all ce C,.([G : H]) (j denotes the
canonical projection of A onto A").

Proof. Let feCT([G: H], A"”) (r=0) and let o' =(H,z,H, ... ,2,H). Then o'is left fixed
by U=HNzx Hx 10 ... N2, Hx 1, which is a subgroup of H. Hence f(o*) is left fixed by
U also, since f is a G-homomorphism. According to Lemma 5.2 and the hypothesis that
HY (U, A')=0, there exists an element a,e Ay such that ja, =f(c!). We define g(o!) =a,;
then for every z ¢ G we define g(xo!) =xa,.

If the collection {xo'} does not exhaust the generators of C,, let 6% be another generator,
not in this collection, with first * vertex > H. We proceed in the same way with o? and
continue until ¢ has been defined on all the generators of C,.

Sinee C_,([G : H)) is G-isomorphic to C,_1([G : H]), the required result follows at once
for the negative-dimensional groups also. This completes the proof.
The injection map, ¢: 4'—~4, and the projection map, j: 44", induce cohomology
group homomorphisms
¥ H([G:H),A") = H"([G: H], 4),
gt H([G: H], A) — Hr([G: H]1 A").
It is well known that, by virtue of Lemma 5.3, we can construct a third homomorphism
d, :H™([G:H), A") - H™([G: H], 4").
Namely, if feZ7([G : H], A”), and g is a cochain in C7([G: H], A) such that j(g(c)) =f(c),
then 8g lies in Z™+1([@ : H], A’), and the correspondence
f—>3g
induces the homomorphism d, of the cohomology groups. It is then easy to establish

Theorem 5.4. If the exact sequence (5.1) is such that H'(U, A’) =0 for all subgroups U of
H, then the sequence

w.—~>H([G:H,A')—>H"((G:H),A) > H"([G: H], A") > H*([G: H], A") - ...
may be defined and is exact, —c0<r<co,
Corollary. For any exact sequence (5.1), the sequence
w.>H (G, A'Y>H (G, A) > H" (G, A") > H+1(G, 4") — ...
may be defined and is exact, —c0<r<<co,
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6. Some Special Coefficient Modules. We recall that in the proof of Theorem 3.1 we

introduced mappings ¢, : C ([ : H]) — C,..,([G : H]) with the property thatc =0, ,¢,c + ¢, _,0,¢
for all ceC,. We remark that these mappings are H-homomorphisms.

Lemma 6.1. Let A and B be left G-modules, ¢ a G-homomorphism of A into B such that
for every ae A, $(a) =2,%0(Fa), where 8 is an H-homomorphism of A into B. Then the
induced cohomology group homomorphisms ¢ : H'((G: H], A)— H"([G': H], B) are zero,

~0<r<<.

Proof. Let ¢ be the cocycle group homomorphism induced by ¢. If feZ7([G: H], 4),
then ¢"fe Z7([G : H], B) is given by (¢7f)(c) =¢(f(c)), c e C"([G: H]). By hypothesis, this may
be written

($"N)(e) =Z28(E f(c)) =ZA40(f(&;¢)).

Next, since Z;l¢ =01, (£;'¢) +,-,0,(&;1¢), and f is a cocycle, we obtain

(¢")(0) =ZZ9(f($,-10,%, ¢)) = Z,(%,0f¢,-,%;) (0,¢) =89 (c)
where g =2,%,0f,_Z;1is a 5-homomorphism (and hence an (r —1)-cochain) since 8 and ¢,_,
are H-homomorphisms. Hence ¢, =0.

A left G-module 4 is said to be semi-regular if it contains an H-module B such that
A=2%B, ie., if every element a e 4 can be written uniquely in the form a =25, with
b,eB. The mapping ¢’ : 4 — 4 given by
' 6, (va-vbv) =bl
(where &, =1 is the coset representative of H itself) is clearly an H-homomorphism. Further,
if e is the identity map of A onto itself, we have

v

e(a)=a=27Ze (% 1la).

Thus the identity map of a semi-regular G-module satisfies the condition of Lemma 6.1.
Since the identity map of A onto A4 induces the identity map of the cohomology groups, we
have

Theorem 6.2. If A is a semi-regular G-module, then H7([G: H], A) =0, —co<r<<o0.
A left G-module A is said to be regular if it contains a subgroup B such that 4 =2, qxB.
Clearly such a module can be written A = 7,B’, where B' =%, . ghB. Since B’ is an H-module

it follows that every regular G-module is also semi-regular, and we have

Theorem 6.3. If A is a regular G-module, then H™([G : H), A) =0, - co<r<co. In par-
ticular, HT([G : H], @) =0, - co<r<oo.

Let now 4 be a left G-module satisfying the conditions

(6.4) @ acts simply on A, i.e.,, za =a for all zeG,ae A4 ;
(6.5) the mapping a — ma is an automorphism of 4, where m is the index of H in G.

Under these conditions, the mapping ¢’ : 4 - 4 given by ¢'(a) =% @ is an H-homo-
morphism ; if e is the identity map of 4 onto itself, we have
e(a) =a =23, (% a).

Hence, appealing to Lemma 6.1 again, we have
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Theorem 6.6. If A is a left G-module satisfying (6.4) and (6.5), then Hr([G : H], 4) =0.
In particular, H*([G : H), R) =0 where R denotes the additive group of real numbers with simple
action by G.

Let Z denote the group of integers, with simple action by .. Then we have, as immediate
consequences of Theorems 4.3, 4.5, 4.6, '

Theorem 6.7. H-Y([G: H), Z)y=H'([G : H}, Z)=0; H([G: H), Z) is cyclic of order m.

Finally, let 7 =R/Z be the group of real numbers modulo integers, also with simple
action by G. Then the exact sequence

0>Z—->R—->T—-0
satisfies the condition of Theorem 5.4. Hence we have an exact sequence

...—>H"([G:H),RB) - H(G:H},T)—H*(G: H),Z) - H+([G: H], R) > ... .
By virtue of Theorem 6.6, this yields

Theorem 6.8. HT([Q: H), T) is isomorphic to H([G : H), Z).

Now Hom (@, T') is the character group, Char G, of ¢. According to Theorem 4.6,
HY([@ : H], T} is isomorphic to the subgroup of Char G consisting of characters which vanish
on H. This, as is well known, is isomorphic to the character group of G/G'H, where G’ is the
commutator subgroup of G. Hence we have

Corollary. H2([G : H], Z) and HY([G : H], T') are isomorphic to Char (G|G'H).

7. Link between the Cohomology Groups of G, H and [G : H]. The inflation (lifting) homo-

morphisms A : C7([G : H], 4) - C7(G, A) are defined by
AT f)(xgs .-y 2,) =f(2oH, ..., 2, H), feCT{[G: H], A).
Clearly 8,A" =A"+1§_; hence the homomorphisms A" induce corresponding homomorphisms
X, of the cohomology groups. The restriction homomorphisms, o7 : C7(G, 4) —C7(H, 4) are
defined by
(Prg)(ho’ o hr) =g(h0’ eery hr)r geCT(G, A) )

these also induce cohomology group homomorphisms pf,. We are thus led to consider the

sequence
0— H»([G: H), A) — H"(G, A) — HAH, A). oooooveieeeeeennenn, (7.1)

Our aim is to show that under certain conditions this sequence is exact. To this end we
prove first

Lemma 1.2.  Every left G-module A can be embedded isomorphically in a regular G-module.

Proof. Let A be the additive abelian group formed by all arbitrary maps f: ¢ — 4. We
define an action of G on 4 by setting (zf)(y) =f(y2), (x, yeG). Then A is a regular
G-module ; for the maps f such that f(z) =0 for 321 form a subgroup B, and 4 =%, qzB. A
is then mapped isomorphically into 4 by the correspondence a — f, where f,(z) =za.

Theorem 71.3. Let H* (U, A) =0 for all subgroups U of H and for v=1,2,..,n-1. Then
the sequence (7.1) s exact.

Proof. We proceed by induction on #.

First, let n =1. Let fe Z'([G : H], A) be such that Af =8¢, where g e C°(G, A). We must
show that f=38¢', where g’ e C°([G : H], A). We remark that the values of ¢ depend only on
the coset of its argument modulo H ; for

9(x) - g(xh) = (Af) (zh, z) =f(xH, zH) =0,

F G.M.A,
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since 8f(xH, zH,zH)=0. Hence we may define ¢’ ¢ C°([G : H], A) by setting ¢' (zH) =g(x) ;
clearly f =8¢’, so we have proved exactness at the first stage.

Next let fe Z1 (G, A) be such that pf =8g, where g ¢ C°(H, 4). We must show that f differs
by at most a coboundary from a cocycle of the form Af’, where f' ¢ C1([G': H], A). With this
aim, we extend ¢ to a 0-cochain g’ € C°(G, 4) by setting ¢’ (x) =2g(1). Then let e =f—-89"; we
claim that e is a cocycle whose values depend only on the cosets of its arguments modulo H.
This follows from the formulae

0 =8¢ (xghy, Tohy, 1) = (Tohy, x,) — e (Xhy, 1) +e(Xohy, Tohs),

0 =de(xg, Z1hy, x1hg) =€(21hy, T\ k) —€(Zgy Z1hy) + (T, T1hy),
when we notice that e(zghy, Zohs) =g (hq, hy) =0, and similarly e(z,k,, x,h,) =0. Then it is
clear that e =Af’, where we define f’ by setting f'(xoH, z,H) =e(x,, z,). This completes the
proof of the exactness at the second stage, and hence establishes a basis for the induction.

Let us now suppose that we have established the theorem for n =k>1, and, further,
that the conditions of the theorem are satisfied for n =k +1. We embed the module 4 in a
regular G-module 4 ; let A* be the factor module. Then the exact sequence
0>A4A—-A4A—>A4*—>0

satisfies the condition of Theorem 5.4. Hence we have exact sequences
. > HY(d) - HY(A*) — H+1(A) - H+(4) — ...

for the cohomology groups of @, H, [G, H], and all subgroups U of H. Since 4 is regular,
all the groups H*(4) are zero, and hence we obtain isomorphisms

Ho (A*) S H (A, coieeeeeeieveeeeeeeeeeeeevenans (7.4)

Thus the factor module A* satisfies the conditions of the Theorem with n =k. It follows
that in the diagram
0 — H*([G: H], A*) — H*(G, A*) —~ H*(H, A*)

¥ } ¥
0 — H*1([G : H], 4) — H*\(Q, A) - H*1(H, 4)

the upper sequence is exact. Since the inflation and restriction maps clearly commute with
the isomorphisms (7.4) it follows that the lower sequence is exact. This establishes the
induction and hence completes the proof of the theorem.

Corollary. Under the conditions of Theorem 7.3, H*([G : H], A) is isomorphic to the sub-
group of H(G, A) consisting of cohomology classes which split on restriction to H.

8. Cohomology Groups for Arbitrary Field Extensions. Let E |k be an arbitrary field
extension of finite degree. Let K be a normal extension of k containing E ; let ¢ be the
Galois group of K | k, H the subgroup of ¢ which leaves E fixed. Let Ag denote either the
multiplicative group, K*, of non-zero elements of K, or (in the case where K is a field to
which global class field theory applies) the group of idéles, /g, or the group of idéle classes,

Cg, of K. These groups are all G-modules (actually they are written multiplicatively, but

this causes us no alarm). Let Ap and A, denote the corresponding groups for £ and k.
Then, as is well known, in each of the cases we are considering, A and 4, may be identified
with the subgroups of 4y left fixed by H and G respectively.
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Using the auxiliary normal extension K, we define cohomology groups for the * layers *’
Ag | 4, by setting
Hy(Ag| Ay) =H"([G : H], Ag).
Concerning these, we prove

Theorem 8.1. The cohomology groups H% (Ag | A;) do not depend on the normal extension

K.

Proof. Let K and K’ be normal extensions of k containing E. First we consider the
case in which K contains K’. Let U be the normal subgroup of G which leaves K’ fixed.
Then, according to Theorem 3.2,

Hy(Ag| A) =H'([G : H), Ag) = H"([G/U : H|U), Ag)) =H}(Ag | 4y).

Finally, if K and K' are any two normal extensions of % containing E, then so is K N K’, and
we have

Hy (g | Ar) = Hzng (Ag | Ar) = Hp(dp | Ay).

This completes the proof.
Henceforth we may omit all reference 'to the auxiliary normal extension, and write the
groups simply as H™(dg | 4,).

Corollary. If E is itself a normal extension, with Galois group G, then H™(Ag | Ay) as
defined above s 1somorphic to H™((, Ag).

9. The Cohomology Groups of Class Field Theory. As in the preceding section, let E | k
be an arbitrary extension of finite degree ; let K be a normal extension of k& containing ¥ ;
let G and H be as before.

It is an immediate consequence of Theorem 7.3 that if H'(U, Ag) =0 for all subgroups
U of @, then H'([G: H], Ag) =H'(Ag| A;) =0 also. This condition is satisfied in the cases
under consideration, Ag =K*, Jg, Cx (2), (6). Thus we have

Theorem 9.1.  For all field extensions F | k, normal or not, H'(E* | k*) =0, H\(Jz | J}) =0,
HY(Cg | Cy) =0.

Next, from the Corollary to Theorem 7.3 it follows that if HY(U, Ag) =0 for all sub-
groups U of H, then H*([G : H], Ag) =H?*(Ay | 4,)is isomorphic to the subgroup of H*(@, Ag)
consisting of cohomology classes which split on restriction to H. According to (3), this yields
the following description of the 2-dimensional cohomology group in the case Ag =K* :

Theorem 9.2. H2(E* | k*) ts isomorphic to the group of central simple algebra classes over
k which have E as splitting field.

Let now % be a field for which class field theory holds. For every finite extension E of
k, let Ay denote either the multiplicative group of non-zero elements of E (local case) or the
group of idéle classes of E (global case). Then it is well known, (2), (5), that for normal exten-
sions K | k, H*(Ag| 4,) is cyclic of degree equal to the degree of K | k, and is generated by a
canonical cohomology class y(K | k) =y which has (infer alia) the property that y* splits on a
subfield E of K if and only if ¢ is divisible by the degree of K | £. Thus we have

Theorem 9.3. For all field extensions E | k, normal or not, H*(Ag | 4;) s cyclic of order
equal to the degree of E | k ; it has a canonical generator, y%, where d=deg (K | E) and y s the
canonical generator for H*(Ag | Ax).
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We now give a non-arithmetic model for the cohomology groups H?(dg| A,) for an
arbitrary extension. As in (6), let 4 denote the splitting group over Ag for y(K | k). Then
we have Hr (U, 4) =0 for all subgroups U of &, r>0. Hence from Theorem 7.3 it follows at
once that H([G' : H}, 4) =0, ¥>0. We now use the exact sequence

0>Ag—>A—-1-0,

where I denotes the submodule of the group ring @ consisting of elements Za,x such that
Za,=0. This sequence satisfies the condition of Theorem 5.4 ; hence we have an exact
sequence

w.—>H([Q: HY, A) - H"([G :H), I) > H™\([G : H), Ag) —~ H+([@ : H], A) > ....
Since the extreme groups are zero (see the remark above), we obtain °

Theorem 9.4. For r>0, H+1(Ay | A,) is isomorphic to H™((@ : H], F).

This is certainly less satisfactory than Tate’s result, but we cannot use (as he does) the
exact sequence

0—>1—->G—>2Z—0,

since it does not satisfy the condition of Theorem 5.4. To overcome this difficulty, Dr. Y.
Kawada has suggested to the author that we use certain modified cohomology groups,

H'((G : H), Z)=[27([G : H], Z) N jZ"([G : H], @))[jB"((G : H], G).
Clearly we can then obtain an exact sequence
we—>H'([G: H), G)—H([G: H), Z) - H([G : H, I) > H+([¢ : H], @) - ... .

Since the cohomology groups with coefficients in & are zero (Theorem 6.3), this exact sequence
yields isomorphisms,

H([G:H), Z)y=H™\([G: H],I), -oo<r<wo.
Combining these isomorphisms with Theorem 9.4, we obtain

Theorem 9.5. For r>0, H+(Ay| A,) is isomorphic to the modified cohomology group
H™\(G : H], 7).

Since, in particular, H'([G : H), Z) =0, we see that H3(44| 4;) =0. But in general the
modified cohomology groups appear to be very complicated.
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