EQUILIBRIUM POINTS FOR OPEN ACYCLIC
RELATIONS

BEZALEL PELEG

1. Existence of balanced points. A formulation of a fixed point theorem,
which can be applied conveniently to non-cooperative games and cooperative
games, is suggested in this note.

Let Ny, ..., N, be m non-empty, finite disjoint sets. For k = 1,...,m we
denote by S; the simplex the coordinates of whose points are indexed by the
members of N,; thus S is the collection of all real functions x* defined on N,
which satisfy:

(1.1) x%(1) > 0, for all 1 € Ny,
(1.2) 2 e X*(@) = 1.

Let S =S; X ... X .Sy We assume that for each x € S m binary relations
Ri(x), ..., R™(x) are defined on Ny, ..., N, respectively. We further assume
that
(1.3) R¥(x) is acyclic (i.e., its (oriented) graph contains no circuits), for all

=1,...,mand forall x € S.
(1.4) RFis open (continuous) for k = 1,...,m; i.e., for each pair 7, j € N,

the set {y|iR*(y)j} is open in S (when S is regarded as a subset of a
proper euclidean space).

1.5) ifxeSx=(,...,a™), 2" €S,7=1,...,m, and x*(4) = 0 then
there exists no & € N, such that AR¥(x) 4.

(1.5) is called the tmmunity assumption.
The following are simple results from the assumptions.

LemMMA 1. If 2 € Ny, 1 < kb < m, then the set
(1.6) MF® = {x| there is noj € N, such that 1R*(x)j}
s non-empty and closed.
Proof. (1.5), (1.3), and (1.4).
LemMaA 2. If x € S, then for each k, 1 < k < m, there exists an 1 € Ny such

that
(17) X E Mik,
(1.8) x*(@) > 0.
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Proof. (1.3) and (1.5).

A point x € S is balanced if R¥(x) = @ for k =1,...,m (here § denotes
the empty set). It is clear that x € S is balanced if and only if:

(1.9) X E m m Mik.

k=1 i€Nk
THEOREM. There exists a balanced point in S.

Proof. Forx € Sand ¢ € Ny, k= 1,...,m, define
(1.10) cif(x) = d(x, M)

where d(x, M ) is the (euclidean) distance between x and M }F.
The functions ¢;*(x) are non-negative continuous functions of x. It follows
from (1.9), Lemma 1, and (1.10) that

(1.11)  x € S is balanced if and only if ¢*(x) = 0, for all 7 € N, and for
k=1,...,m.

We now define a mapping f: S—.S by setting, for x € S and 7 € N,
k=1,...,m,
(1.12) (fE)*G) = {£*G) + Cz"(x)}/ (1 + § C:k(x)>.
JeNk
We claim that,

(1.13) vy € Sis a fixed point of f if and only if ¢/*(y) = 0 for all < € N, and for
kR=1,...,m.

The sufficiency part of (1.13) is immediate. To prove necessity let y € .S
satisfy v = f(y). Foreach 1 < k < m there exists an ¢ € N, such thaty € M}
and y*(7) > 0 (see Lemma 2). Hence ¢,/*(y) = 0 and

(1.14) " (@) = 5 () / <1 + 2 cjk(y)>-
Nk
Since y*(z) > 0 and ¢/*(y) > 0 for j € N, we conclude that ¢;/f(y) = 0 for

By Brouwer’s fixed point theorem f has a fixed point. The proof now follows
from (1.11) and (1.13).

We are now able to generalize a result of Knaster, Kuratowski, and

Mazurkiewicz.
COROLLARY. Let C¥, 2 € Ny, k= 1,...,m, be closed subsets of S, such that
for each Q C Ny, k= 1,...,m,
(1.15) U C,/*D {xlx € Sand «" (i) = 0foralli € Ny — Q}.
€Q
Then '
N N CH#0.
k=1 i€EN
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Proof. For x € S and 7, j € Nj, define:
(1.16) iRFx)j & d(x, CF) > dx, CF) and «*(F) > 0,
where d(x, C*) (d(x, C;/*)) is the distance between x and C/ (C/F). The
balanced points of the relations defined by (1.16) belong to the intersection
of all the C}*.

2. Applications

2.1. Nash’s equilibrium points (3). Let {Si,...,S,; H1,..., H,} be a

finite n-person game in normalized form; here Sy, .. ., S, are the sets of mixed
strategies, and Hy, ..., H, are the payoff functions of the players 1,...,n
respectively. If x = (x1,...,%") € S =51 X ... XS, is an n-tuple of mixed

strategies and y* € Sy, then we define:
x|yE o= (wl, .., T R L),

x € S is an equilibrium point if

2.1) H,(x) > Hy(x|y) forally* € S, k=1,...,n.

Let Ny, ..., N, be the sets of pure strategies of the players 1,...,n
respectively. For x € Sand 7,7 € N, 1 < k < 7, we define
(2.2) 1R*(x)j & Hyi(x[i) > Hy(x[f) and x*(j) > 0.

Interpretation. Player k ‘‘prefers’ his pure strategy 7 to j, when x is played,
if (a) 7 is better than j against the strategies x!, ..., x* 1, x*1 . . " and
(b) he uses j with positive probability in x*.

It is a straightforward matter to show that Nash’s equilibrium points are
exactly the balanced points of S, and that the results of the previous section
can be applied to yield the existence of balanced points in S.

2.2. The kernel of a cooperative game (1). Let G = (N, v) be a co-

operative game; here N = {1, ..., n} is the set of players of G, and v is the
characteristic function. We assume that v satisfies:

(2.3) 2(S) > 0, forall S C N;

(2.4) v({7}) = 0, fore=1,...,n.

An outcome of G is a pair (x;B), where 8 = {By, ..., B,} is a partition of
the set of players, and x = (x3, ..., x,) is a payoff distribution to the players,
which satisfies:

(2.5) x> 0, fore=1,...,n;
(2.6) ZiGBj X; = U(Bj), fOrj = 1, ce .y M.

Let 8 be a partition of N. We set,

2.7 X (B8) = {x|(x, B) is an outcome for G}.

https://doi.org/10.4153/CJM-1967-028-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1967-028-4

EQUILIBRIUM POINTS 369

Letx € X(8)and4,j € By € B8,¢ #j. We use the notation
2.8) si(x) = max{v(S) — XresxnSC N,2 €S, and j ¢ S}.
The relations associated with x are defined by
2.9) iR*(x)j & s4;(x) > s;:(x) and x; > 0.

By definition x is balanced (according to our definition) if and only if it
belongs to the kernel of G (for the partition 8 of the players). It is proved in
(1) that the relations defined in (2.9) are transitive; since (1.4) and (1.5) are
obvious in this case, the non-emptiness of the kernel follows from the theorem
in the first section (with obvious modifications).

We remark that our results can also be applied to yield a direct existence
proof for the bargaining set M,(? (2; 4).
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