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AN ALGORITHM FOR STEM PRODUCTS AND
ONE-RELATOR GROUPS
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We give an algorithm which for a given set of generators can decide whether a stem product of infinite cyclic
groups is a one-relator group. We also generalize this to the case of one-relator products of groups.

1991 Mathematics subject classification: 20F05.

1. Introduction

A significant amount of work has been done concerning one-relator groups with
centre. Baumslag and Taylor in [2] give an algorithm with which one can calculate the
centre of a one-relator group. Pietrowski in 1974 [10] proved that every one-relator
group G with centre, such that G/G' is not free abelian, has a presentation of the
form

G =<*„ . . . ,xn+1K'=x<\...,x£"=x<"+1> (1)

with p,, qt > 2 and (pj( q,) — 1 for i > j .
Meskin, Pietrowski and Steinberg in 1973 (see [7]) proposed the following problem:

which of the groups with the presentation (1) are one-relator groups. Although it is not
explicitly mentioned in [7], the problem Meskin, Pietrowski and Steinberg deal with is
when the groups (1) are one-relator groups in the generating set {x,,xn+,}. In [7] a
necessary condition and a sufficient condition are given on the ordered set of integers
(pt, qt,..., pn, qn) for (1) to be a one-relator group but not a necessary and sufficient
condition. Collins in [4] shows that any generating pair of G is Nielsen equivalent to a
pair W,xj;+1} with some extra conditions for r and s. Finally, McCool in [6] proves
that if G is of the form (1) with p, = qt for every i — 1, . . . , n + 1 then G is a one-relator
group if H can be obtained from a suitable group (a, /? | ap = f$p) by repeated
applications of a procedure consisting of applying central Nielsen transformations
followed by adjoining a root of a generator.

In this paper we demonstrate an algorithm by which one can decide whether a group
G is a one-relator group in some generating pair {x{, x'n+i] with r,s> 1.

We are also able to generalise the above results to the case of one-relator products.
It has been shown recently (see [8]) that a one-relator product G of non-cyclic locally
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indicable groups A and B, with non-trivial centre, can be uniquely presented as a stem
product

G = {A, B , tx,..., tn\ a = t ? , t?1 = t ? fc1 = tp
n\ ?; = /?)

where <x e A, P e B and (p,, q;) = 1 for every 1 <j<i<n (except possibly in the case
where one of A, B is cyclic and the generator of this cyclic group has zero exponent
sum in the relator). We prove here that our algorithm works also for the above stem
products, if we know that some power of a and some power of /? belong to the centre
of A and B respectively.

2. The algorithm

Theorem 1. There is an algorithm to decide of any group G given by a presentation

— \x,» • • • , xn+] | X] — x 2 , . . . , xn — x n + i ; ,

where p{, qt e Z for every i = 1, n and (pt, qt) — 1 for every i > j , whether G is a
one-relator group in some generating set {x, y).

Proof. From [7], G has a presentation of the form (x,, xn+1 | xf'"''" = x'+i'",
[x ' \ x*+y*"]. • • • .[xi1'"'""1. x*+i])- Hence, there is a unique epimorhism (p:G-»Z
(modulo Aut(Z)) given by the mapping x, -> ^ ^ and xn+! -v b^&, where
g — gcd(pt ... pn, q{... qn), such that the kernel H of 4> is free of finite rank (see also [5,
9, 10]). Using the presentation that is given for G we can easily calculate the image
of each x, in Z by solving the system of equations p,<x, = q,a1+, with i = 1 , . . . , n for a,.
Then a, = n-f'-\v-^t i=\ n + 1.

On the other hand, by Bass-Serre Theory (see for example [3]), H is the fundamental
group of a graph of groups, say (H, X), with trivial vertex and edge groups. More
specifically, by applying the Structure Theorem (see [3]) we find that H is the
fundamental group of a graph of groups ((H, X)) whose vertices (with trivial vertex
and edge groups, since H n v(xt)v~x is trivial for every i = 1,...,«, where v runs over a
suitable double coset representative system for H\G/(Xj>) correspond to each x, of G
and whose edges connect vertices corresponding to x, to vertices corresponding to xi+1.
The number of vertices that correspond to the generator x, is If: (xfff)| = a,-. The
number of edges that emanate from the vertices that correspond to xf and are
connected to the vertices of x,+l is | | j : (xf H)\ = p^. It is obvious that for any
presentation of G as in the statement of the theorem, we can easily create the graph of
groups (Ti, X). If T is a maximal tree of X, then the edges of X that do not belong
to T form a generating set for H. From X we can always derive such a generating set,
which we shall call N. A formula for calculating the rank of H can be found using
the solution of the system of equations p^ = ?,a,+1, with i = 1, . . . , n, for a, and the
formula in [3]. Specifically, H is free with rank
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Since {x, y) is a generating set of G, then by the results in [4], {x, y] is Nielsen
equivalent to {x^.x^,} for some s, t e Z. So after a finite number of Nielsen
transformations we can change our generating set to {x{, xj,+,} for some s, t e Z, and we
have that <£(*!) = sa, and <j)(x'n+t) = t<xn+l. By applying the Euclidean algorithm, we
can effectively transform {x*,xj,+,} into a generating set {z(x\, x'n+]), w(x\,x'n+l)} such
that 0(z) = 1 and 0(w) = 0.

We claim that G is one-relator in terms of {x^,xj,+,} if and only if {z'wz~\
J = 0 , . . . , r — 1} is a basis for H. Given the claim, the proof of the theorem is
immediate, since it is routine to express the elements z'wz~', i = 0,... ,r— 1, in terms of
the elements of M and then use Nielsen transformations to determine whether
{z'wz~\ i = 0 , . . . , r — 1} is a generating set for the whole of H.

If G is one-relator in terms of (x*, xj,+1} then it is also one-relator in terms of {z, w}
and using {zm, m e Z} as a Schreier transversal yields a presentation

H ={..., w_,, w0, w, , . . . | . . . , R_i, Ro, R, , . . . )

where w, = z'wz"' and R, = z'Roz~'. By standard theory of one-relator groups, the fact
that H is finitely generated means that if Ro = R<>(wk< • • •»wi) then both wk and w,
appear exactly once in Ro. Moreover, H is free with {w,, i = 0 , . . . , / — fc — 1} as basis; in
particular I — k = r.

Conversely, suppose that {z'wz~\ i = 0 , . . . , r — 1} is a basis for H. Since G is the
semidirect product of H by the infinite cyclic group on z, G has a presentation of the form

(w0 wr_uz | zwoz~' —wt, ...,zwr_tz'[ - Wt(w0 wr_,),

z-lwoz= W2(w0,..., wr_,)>.

However, the generator w0 can appear only once in W,; for otherwise Wt = Aw'0BwlC
where e, rj = ±1 and /4, C are words in {w,,..., wr_,}. But then the set

{we
0Bwl, w,,..., w r _ , }

is Nielsen equivalent to the set {W,, w,,... , w,_,} and since it is also Nielsen reduced
and clearly generates a proper subgroup of H, we have a contradiction.

It follows that the relation z~'woz = W2(w0,..., wr_|) is a consequence of the other
relations and hence G is the one-relator group

(w 0 , . . . . w,_,, z I zwoz~' = w , , . . . , /w,_,z" r = ^ ( u - o , . . . , wr_,))

= (w, z I zrwz"r = iy(z, w)).

It follows immediately that G is one-relator in terms of {x*, x^,} and so in {x, y). D
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3. On one-relator products

It has been shown in [8] that every one-relator product of two locally indicable
groups A and B, with non-trivial centre, is a stem product with presentation

(A, B, t , , . . . . t j a = If, If = « ? . . . . , £ i ' = C tJr = P)

where a e A, ft e B and (p,, qt) = 1 for every 1 <j<i<n (except possibly in the case
where one of A, B is cyclic, and the generator of that cyclic group has zero exponent
sum in the relator). Our algorithm in Section 2 can be easily generalised to decide
whether stem products of the above form are one-relator products of A and B or not.
We prove the following.

Theorem 2. There is an algorithm to decide of any group G with presentation

(si, D, t | , . . . , [ „ I a — t] , t | — t 2 , . . . , tn_i — in , in — P),

where oc e A, fi e B and (p,, qj) = 1 for every 1 <j<i<n with A and B finitely generated
locally indicable groups with non-trivial centre, soluble generalised word problem relative
to A and B and such that some power of a is in the centre of A and some power of fl is in
the centre of B, whether G is a one-relator product of groups A and B or not.

Proof. From the results in [5], G is locally indicable and there is an epimorphism
<f> : G -*• Z with kernel H. Since the centre of G is non-trivial, it is therefore not
contained in H, but is contained in both A and B (see [1]). More specifically, the centre
of G is infinite cyclic, generated by some power of a which is equal to some power of
p. So we have that <f>(A) = pZ and $(B) = qZ for some p,qeZ with (p, q) = 1 and
A = A" x (y) and B = B° x (5), 0(y) = P, <K<5) = 1 with <f>(a) = kp and </>(J?) = kq for
some k, A e Z (see also [1]).

On the other hand, from Bass-Serre Theory and an application of the Structure
Theorem, H is the fundamental group of a graph of groups {H, X), whose vertices that
correspond to (t,) have trivial vertex groups and whose vertices that correspond to A
and B have vertex groups A,, = S'A°d~', i = l , . . . , p , and Bj — y'B'y'', j =\,...,q,
respectively, since { 5 , . . . , 5'} and [y,..., y'} are double coset representative systems for
H\G/A and H\G/B respectively. Since the edge groups are also trivial, H is the
group

H = Fr* (*?=1<5U°<r') * (•jLiy'B-y-')- (2)

Now, if we "kill" A" and B° in G we get a group

If G is a one-relator product with non-trivial centre then G' is a two-generator one-
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relator group. But we can decide if this is true. If the coprimeness conditions of the
algorithm in Section 2 do not apply, then G' is not a one-relator group and so G is not
a one-relator product. If on the other hand the conditions apply, then we can apply
to G the algorithm described in Section 2. If G' is not a one-relator group then G is
not a one-relator product and we are done.

If G' is a one-relator group, then by Theorem 1 in [7] we have that (/?,, qf) = 1 for
every 1 <j<i<n. Then a generating set TV, for H in (2) can be easily obtained by
choosing a generating set for each 5'A°8~',i = I p, a generating set for each
y'B°y~\ i = 1, . . . , q, and a generating set for Fr. This latter one can be easily found by
the same method as in Theorem 1.

Now by applying the Euclidean algorithm to the pair {y, 8], we can find words
w,(y, <5) and w2(y, d) such that </>(w,) = 1 and $(w2) = 0.

Let 7V2 be the set consisting of one generating set for each wj/l'vvp, i= \,...,p,
one generating set for each w\B°w^', i = 1, . . . , q, and the set [w2,..., w\~iw2w^r+l}.

We claim that G is a one-relator product of A and B if and only if .A/", and 7V2

generate the same subgroup of G.
Given the claim, the proof of the theorem is immediate, since by the Grushko-

Neuman Theorem the generating set 7V2 can be carried to .A/", by a sequence of
elementary Nielsen transformations. Notice that such a calculation requires a solution
to the generalised word problem for G relative to both A and B.

If G is a one-relator product of A and B, then {w\} as a Schreier transversal for H
in G yields a presentation

(w\A°w?, w\B°w?, wjwjwj"5 I H)

where i = 1, . . . , p, j = 1,. . . , q, s = ..., - 1 , 0, 1, . . . , and ~R, consists of all the relations
of A" conjugated by w1,, all the relations of B° conjugated by w\ and the relator R
conjugated by w\ for every / = 1,. . . , p, j = 1,. . . , q, s = ... — 1, 0,1

Then, by the results in [8], H is a free product of the form F, * (*,/!,) * (*;B;) where
Fr is a free group of finite rank and the groups At and fl, are subgroups of the form
H n gAg~* and H n gBg~[, as g ranges over a certain set of double coset representatives
in H\G/A and H\G/B respectively. Hence, [8] yields TV, as a generating set for H.
But since G is a one-relator product, M2 is necessarily a generating set for H. So A/",
and M2 generate H.

Conversely, if TV, and TV2 generate the same subgroup H of G then
w\w2w^r = W(/S2) and by a similar argument to that in Theorem 2.1 we have that
w,w2wj"1 occurs only once in W{M2) and so G is the one-relator product
{A*B\ w>2w;-r = W). •

Acknowledgements. I am grateful to J. Howie for a number of improvements to
the original version of this paper. I also want to thank the referee of the previous
version of this paper for pointing out the existence of [4] and [6] and for his useful
suggestions and amendments.

https://doi.org/10.1017/S0013091500019994 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500019994


42 V. METAFTSIS

REFERENCES

1. S. D. BRODSKIT, Anomalous products of locally indicable groups (in Russian), in
Algebraicheskie sistemy (D. I. Moldavanskil (eds.), Ivanovo State University Publications,
Ivanovo 1981), 51-77.

2. G. BAUMSLAG and T. TAYLOR, The centre of groups with one defining relator, Math.
Ann. 175(1968), 313-319.

3. D. E. COHEN, Combinatorial group theory: a topological approach (London Mathematical
Society Student Texts 14, Cambridge University Press 1989).

4. D. J. COLLINS, Generation and presentation of one-relator groups with centre, Math. Z.
157(1977), 63-77.

5. J. HOWIE, On locally indicable groups, Math. Z. 180 (1982), 445-461.

6. J. MCCOOL, On a class of one-relator groups with centre, Bull. Austral. Math. Soc. 44
(1991), 245-252.

7. S. MESKIN, A. PIETROWSKI and A. STEINBERG, One-relator groups with centre, /. Austral.
Math. Soc. 16 (1973), 319-323.

8. V. METAFTSIS, On the structure of one-relator products of locally indicable groups with
centre, to appear.

9. K. MURASUGI, The centre of a group with a single defining relation, Math. Ann. 155
(1964), 246-251.

10. A. PIETROWSKI, The isomorphism problem for one-relator groups with non-trivial centre,
Math. Z. 136 (1973), 95-106.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF THE AEGEAN
KARLOVASSI, 83 200 SAMOS
GREECE
E-mail address: vmet@aegean.gr

https://doi.org/10.1017/S0013091500019994 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500019994

