J. Austral. Math. Soc. 25 (Series A) (1978), 275-290.

EXTENSIONS OF FILTERS AND FIELDS OF SETS (I).

E. GRZEGOREK and B. WEGLORZ

(Received 21 October 1975)

Communicated by E. Strzelecki

Abstract

We investigate the problem of the existence of filters with some properties. This leads to a
solution of two problems of Ulam concerning o-fields on the real line.

DeFNITION. Let & be a uniform filter on x. A family of C % is a basis for
F if || =« and for every F € & there is some A € o such that ACF. A
family o C [« ]" is a pseudobasis for F if | f | = k and for every F € ¥ there is
some A € o such that A C F. A subset L C « of the cardinality « is a Lusin
setfor Fif L — F| <k forall FE %. Let % be a filter on « and let § = 2, we
say that & has the property U(8) if there exists a family U C [« ]*® of pairwise
disjoint sets such that every selector of U is -stationary.

It is well known that the filter on the real line which is dual to the ideal of
the sets of Lebesgue measure zero has a basis. The same holds for the filter of
comeager sets. It follows from the Continuum Hypothesis CH (or Martin’s
Axiom A) that these filters have Lusin sets. For comeager sets see Sierpinski
(1934), pages 36 and 81, and for the Lebesgue measurability see Sierpinski
(1934), pages 80 and 82.

If we assume CH then a Lusin set in our sense for the filter of comeager
sets is a set with the property L in the terminology of Sierpinski (1934), p. 81.
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A Lusin set in our sense for the filter of sets whose complements have
Lebesgue measure zero is a set with the property S in the terminology of
Sierpiniski (1934), p. 81.

Filters without any Lusin set were considered by Prikry (1974), where
they appear under the name of filters ‘“dense modulo sets of power < k. The
property U(8) is connected with some problems of Ulam studied in §.4. of this
paper.

The following theorem presents the relations between the notions
introduced above.

THEOREM 0. Let & be a uniform filter on k. The following are true:

(a) If % has a basis, then F has a pseudobasis and ¥ has a pseudobasis if
and only if & has the property U(x).

(b) If # has a Lusin set, then ¥ has a pseudobasis.

(c) For x-complete filters, if ¥ has a basis, then F has a Lusin set.

(d) If % has the property U(8,), then F has the property U(8,) for 8, < 8..

(e) For every uncountable regular «, no x-complete normal filter on k has
the property U(2).

(f) For every regular A =k there is a A-complete uniform filter on «
without the property U(2).

(g) every regular A = k there is a A-complete uniform filter on « with a
Lusin set and without any basis.

(h) For every regular A = « there is a A-complete uniform filter on x with a
pseudobasis and without any Lusin set.

(i) For every regular A < k there is a A -complete uniform filter on k with a
basis and without any Lusin set.

(j) For every cardinal 8 (finite or infinite) such that 2 = 8 < k and every
regular X = « there is a A-complete uniform filter on k with the property U(f)
and without the property U(8%).

The proof of Theorem. 0, is given in §1. In §2, we investigate the
possibility of extending a A -complete filter on « to a A -complete filter without
the property U(2). Then, in §3, we apply the results of §2, to the problem of
the extension of fields of sets to proper fields of sets which contain selectors of
every family of disjoint sets of power = 2. In §4, we give a negative solution to
two similar problems of Ulam concerning o-fields on the real line.

The authors wish to thank Professor E. Marczewski who taught us many
of the concepts used in the paper. We are deeply grateful to Professor L.
Pacholski for his helpful advice and substantial criticism while reading
consecutive versions of this paper. Thanks are due also to Mrs. Lidia Weglorz
for her great patience in the time of preparation of this paper.
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0. Terminology and notation

| X | denotes the cardinality of X. Small greek letters denote ordinals. If a
is an ordinal then a ={{: ¢ <a}. The symbols, k, A, o (with indices if
necessary) denote infinite cardinals and § any (finite or infinite) cardinal. The
cofinality of « is denoted by cf(x ) and the cardinal successor of « by «*. The
set of natural numbers is denoted by w and w, = . We shall identify 2* with
the set of reals. A cardinal k is a successor cardinal if k = o* for some o;
otherwise it is a limit cardinal. k is regular if cf(x)= «; otherwise it is
singular. A cardinal is weakly inaccessible if it is regular and a limit cardinal.
A cardinal « is strongly compact if each k-complete filter can be extended to a
k-complete ultrafilter.

Z(X) denotes the power set of X. Moreover, we use the following
notations:

[XP ={yCX:|Y|=8}
(X ={Y CX:[Y|z 8}
[X]°={YCX:|Y|<8} and
S*(X)={YCX:|X-Y|<8}

Let & be a filter on k. F is proper if 0 &€ F; F is uniform if | X|= «k for
every X € ¥ and % is non-trivial if ¥ (k) C %. A filter ¥ is A-complete if for
every a <A and every {F.:{ <a}C % we have N,..F. € % All filters
considered in our paper are proper and non-trivial.

We use similar terminology for fields of sets, for example 8 C & (k) is a
proper field if B# ¥ (k). It is A-complete if for every a < A and every family
{B;: £ <a}C B we have MN,..B. € B. A set X Ck is unbounded if it is
cofinal in «, that is, for all £ <k, there exists 7 € X such that ¢ = 7. It is
closed if it is closed in the order topology on «. It is well known that if
cf(k)> o then the filter generated by the family of all closed unbounded
subsets of « is a proper cf(x)-complete filter on . We call it the closed
unbounded filter on «.

We shall adopt some of the terminology used for the closed unbounded
filters. Let & be a filter on k, a set X C « is F-stationary if X N F# 0 for
every F € %. A filter ¥ on « is normal if for each %-stationary set X C x and
every regressive function f: X —« (f is regressive if for all non zero ¢
belonging to X, f(£)< ¢) there exists an F-stationary set Y C X and 8 €
such that f(¢)= B for all £ € Y. The well known Fodor’s Theorem, (Fodor
(1956)), says that for a regular cardinal k > w the closed unbounded filter on «
is k-complete and normal. A family % is a partition of a set X if U U = X,
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0 Z U and elements of 9L are pairwise disjoint. A set S is a selector of a family
o ofsetsif [SNA|=1forall A€ and S C U .

Let & be a filter on k and A, B C k. We say that A and B are %-almost
disjoint if A N B is not %-stationary. By sat(%), we denote the smallest
cardinal 6 such that every family of pairwise %-almost disjoint %-stationary
sets is of cardinality less than 8. If f: k — k then for A C k we denote by f* A
the set {f(£):£ € A}; similarly for a family o of subsets of k, f*o =
{f*A:A e d}

The following two combinatorial facts will play an essential role in our
considerations.

Facr A. (Sierpifiski). Assume that § C [«] has cardinality = k. Then
there exists a family ¥ C [« |* of pairwise disjoint sets such that | % | = « and for
every G € 9 and H € X we have |GNH|=«k.

For the proof see Sierpiniski (1934), page 113, Theorem 1.

Fact B. (Solovay). Let & be the closed unbounded filter on a regular
cardinal k > w. Then every F-stationary set A can be decomposed into «
pairwise disjoint %-stationary sets.

For the proof see Solovay (1971).

CH denotes the Continuum Hypothesis, that is the statement 2* = w,. Ak
denotes a version of Martin’s Axiom from Martin and Solovay (1970). For
consequences of Ax used in §4, see Martin and Solovay (1970).

1. Proof of Theorem 0

Proor oF (a). Obviously if & has a basis, then & has a pseudobasis.
Suppose that &/ is a pseudobasis for #. By Fact A., there exists a family
¥ Clx]", | ¥ ]| = «, of pairwise disjoint sets, such that for every A € & and
H € %, we have |A N H| = k. Let f be a mapping of ¥ onto . Clearly, the
family ¢ ={H N f(H): H € 3} is a pseudobasis for F consisting of pairwise
disjoint sets. But then every selector of ¥ is #-stationary and hence & has the
property U(k).

Suppose that % has the property U(x). Let % C[x]* be a family of
pairwise disjoint sets such that every selector of U is %-stationary. Obviously
|U | = k. We claim that % is a pseudobasis for . If not, then there exists
F € & such that for each U € % we have U — F# 0. Let S be a selector of
the family {U — F: U € %}. Then S N F = 0, s0 § is not ¥-stationary which is
imposible since S is a selector of .

Proor oF (b). Let L be a Lusin set for %. Let & be any partition of L
such that of C[L]" and || = k. We claim that &f is a pseudobasis for .
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Indeed, take any F € %. Since |L — F| < k, the family {A € #: A — F# 0}
has cardinality less than «. Thus there exists A € o such that A C F.

ProOF OF (c). (Compare with P and P; a of Sierpiniski (1934).) Suppose
that & is a k -complete filter with a basis o = {A,: ¢ < x}. We can assume that
X = N weeAn, — A #0, for all ¢ < k. Then any selector of {X,: £ <k} is a
Lusin set for %.

Proor oF (d). It is obvious by the definition.

ProoOF OF (e). Let « be regular and uncountable. Let % be a x-complete
normal filter on x. We claim that & does not have the property U(2). Suppose
to the contrary that % has the property U(2). Hence there exists a family
9 C[x]* of pairwise disjoint sets such that every selector of ¥ is %-
stationary. Choose, for each U € U, two distinct elements &y, v of U such
that & <mny. Let S={{: UE U} and T ={ny: U € 9}. Note that both S
and T as selectors of 9 are %-stationary sets. Hence define a function
f: T—« by f(nu)= &, for all U € .

Then f is regressive and one-to-one, which contradicts the normality of &.

Proor oF (f). By (e), we can restrict ourselves to the case where « is
singular. In the case « = w any uniform ultrafilter is sufficient. The proof
below works in the case where « is limit and uncountable.

Suppose that « is singular and A < « is a regular cardinal. We show that
there exists a A-complete uniform filter on x without the property U(2). Let
k = Uiy A, Where {A,: & <cf(k)} are pairwise disjoint and for every
£ <m<cf(x), |A;| is regular, A =|A,| and Z,.,|A;|<|A,|. For every
£ <cf(x), pick an | A, |-complete uniform filter %, on A, without the property
U(2). Define a filter % on k by: X € & if for each £ <cf(x), A, N X € %.
Note the following two facts:

(1) F isauniform A- complete filter on k (in fact % is | Ao|-complete).

(2) Aset X C « is F-stationary if and only if for some ¢ <cf(x), A, N X
is F,-stationary.

We check that % does not have U(2). Let U = {U,: & <y} C[«] be any
family of pairwise disjoint sets. Put T, ={n <y:U, CA,} and R, =
n<y:U,NA#0 and U, N A;#0 for some { <&} Let T=U,q, T .
and R = U, 4., R.. Note that TN R =0and TUR = .

Since %, does not have U(2), for all £ <cf(k), the family {U,,:n € T} C
[A(] has a selector S, C A, which is not Z,-stationary. Consequently, by (2),
S=U,cu,S: is a selector of the family {U,:n € T} which is not %-
stationary.

For each ¢ <cf(x), let Y, = U, cg U, N A,. By the definition of R,, it
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follows that Y, is a selector of {U,:n € R,}. Moreover | Y, |=Z,.,|A;| <
|A.|. Thus Y, is not %,-stationary. Whence, by (2), Y = U ;e Ye is a
selector of the family {U.,,: n € R} which is not %-stationary. Thus, S U Y isa
selector of % which is not F-stationary.

Observe that in the proof above we used only the fact that « is a limit
uncountable cardinal.

PrOOF OF (g). Let F={FCk Xk:|[{&:(n, £)E F}| <A for all 5 <k}
Then % is a A-complete uniform filter on « X x. We claim that % does not
have any basis. Suppose to the contrary that of = {A,: £ < «} is a basis for &.
For n <k, let B, = A, N{(n, £): £ <«}. Since A, € %, we have B, # 0. Pick
(1, €,)E B, and put C=(x Xk)—{(n,&):n <«}. Then CE ZF. It is clear
that (n, &,) € A, — C. Thus o is not a basis for %. On the other hand & has a
Lusin set. Indeed, L ={(0, £): £ <«} is a Lusin set for %.

The example above was suggested to us by E. Marczewski.

Proor oF (h). Let & C[k]* be a maximal family of almost disjoint
subsets of k such that | & | > k. That is, for every distinct Ao, A, € f we have
|AoN A,| <k, and for every X € [x]" thereis A € & suchthat X N A |= «.
The existence of such a family follows from Sierpiriski (1938). Let ¥ = {X C
K : there exists &’ C & such that |&f'| <A and X D (x — U ")}. Obviously ¥
is a A-complete uniform filter without any Lusin set. Moreover, ¥ has a
pseudobasis. Indeed, fix o/, C o with cardinality x. For each A € o, let
Ps ClA]* be a partition of A such that |2, |=«. It is easy to see that
P = U{P.: A € o} is a pseudobasis for F.

The example above was suggested to us by B. Balcar (compare Balcar
and Vopénka (1972)). Our original example was the following: Let

E={ECkXxk:|{n:(n,£)Z E for some ¢ <k} <A}

and let # be the filter defined in the proof of (g). Let 4 be the filter generated
by € and %. Taking a suitably large A in the definition of € we get that 4 has
no Lusin set but has a pseudobasis.

ProoF oF (i). Consider the following two cases.

Case I. k = cf(x). Let A be a regular cardinal less than x. Let {C,: ¢ <
A} C[k]* be a partition of «. Define a filter ¥ ={G C x: C, C G for some
n < A and all £ such that y < ¢ < A}. Then ¥ is a A-complete uniform filter
on « with a basis. Let X be an arbitrary subset of « of cardinality k. We claim
that X is not a Lusin set for 4. Indeed, since A < x = cf(k ), there exists £, < A
such that | X N Cy| =« and hence [ X — Uy G| = k. But Uy cn G € 9
which proves our claim.
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Case II. cf (k)<k.Let A <k be a regular cardinal and take a regular
A; = A such that ef(k) <A, <. Let {C,: £ < A,;} C[«k]* be a partition of «.
Define a filter ¥ ={G Cx:C, C G for some n <A, and all ¢ such that
n < & < A}. Then 9 is a A,-complete uniform filter on « with a basis. Let X
be an arbitrary subset of x of cardinality x. We claim that X is not a Lusin set
for 4. Indeed, since | X | =k and cf(x) < A,, there exists 7, < A, such that
Uiz CG:NX|=x. But U, GEYG and [|X- U, Cl|=
(XN U 2,C.| =« which proves our claim.

PrOOFOF (j). Suppose that a cardinal § with 2=8 <k and a regular
cardinal A = « are given. Without loss of the generality we can assume 8 < A.
By (f), there is a A -complete uniform filter ¥ on « without the property U(2).
Let ={XCkXx8:YX8CX for some YEF}. Of course 4 is a A-
complete uniform filter on « X 8. We claim that % has the property U(§).
Indeed, let A, = {£}x 8 for £ <«.Thenk x8 = U, A, and | A, | = & for all
£ < k. Let S be any selector of the family {A,: £ <«}. If S is not ¥-stationary
then there exists some FE€ % such that SN(Fx8§)=0. But FX§=
Ues A,, which gives a contradiction. Thus ¢ has the property U(8).

Now, we show that ¢ does not have the property U(87). Let {Y,: £ < v}
be any family of pairwise disjoint subsets of k X 8 such that | Y, |= 8" for all
¢ <y.For a given £ <, let Y, = Y, N(k X{n}). Then Y, =U,_;Y,, and
so there exists n, < & such that | Y, |= 2. Let A, ={Y,: £ <y and 5, = n}.
Since & does not have the property U(2), there exists a set S, C « such that
S. x{n} is a selector of A, and S, is not %-stationary. But then S =
U, <5 (S, X {n}) is a selector of {Y,: & < y} which is not $-stationary by the
A-completeness of 4.

2. Extensions of filters

THEOREM 1. Suppose that S* (k) CF CF:, F1# F, and F, is a A-
complete filter with a basis. Then there exists a A -complete uniform filter 4 such
that #,C 4 C %, and § has no basis.

Proor. Let A be an %,-stationary set such that k — A € %,. Since
F“(k)C %, and &, is A-complete we have A = cf(k),|A|=k and # [A isa
uniform A-complete filter on A. Let B be a basis for &, and take
BIA={BNA:B€& B}.Then B[ A is abasis for # | A and every element
of B | A has cardinality k. Now, by Fact A, there exists a partition {X;: £ <k}
of A such that each X, is %, [ A-stationary, and therefore %,-stationary.

By Theorem 0.(g), there is a cf(x)-complete uniform filter %, on «
without any basis. We put
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Fo = {YQK: YD ( U Xf)U(K — A) for some CE.%}.
¢eC

Put 4 = {F,N F,: F, € %, and F, € %,}. Obviously 4 is a A -complete uniform

filter on « and %, C 9% To check that ¥ C %,. Take any G € 4. Then

G =F,NF, for some Fo€ %, and F,€ %,. Since F,D«k — A, we have

F,€ %, and F,€ %, and so G € %..

We show that ¢ does not have a basis. Suppose to the contrary that
{D,: £ <«} is a basis of 4. Then, for every £ <«, there are D € %, and
D& %, such that D, = DY N DY. Also, for each ¢ < k, there exists C, £ %,
such that D2 U, e X, U(k — A). Since %, does not have a basis, the
family {C;: ¢ < «} is not a basis of %,. Consequently there exists C € %, such
that C, — C#0forall ¢ <k.Put E = U,cc X, U(k — A). Obviously E € ,,
so E € 4. Hence, there is £ <k such that D, CE. Let { € C; — C. Then
obviously X; N E =0. On the other hand X, ND, =X, NDYNDY =
X, N D #0 since X, is &,-stationary. This gives a contradiction and proves
Theorem 1.

In proofs of other results about extensions of filters the theorem below is
useful.

THEOREM 2. Suppose that F is a uniform filter on x with a pseudobasis
and 4 is a filter on « for which there exists a partition of « into k §-stationary
sets. Then there exists a permutation f of « such that the family {FNf*G:F €
F and G € 4} is a uniform filter on «.

Proor. Since ¥ has a pseudobasis there exists a partition {Y;: & < «} of
k which is a pseudobasis for # (see the proof of Theorem 0(a)). By the
assumption on %, using the fact that |«’| =k, there exists a partition
{V,: & <k} of k into k ¥4-stationary sets such that |G N V,| =« for every
G € ¢ and every £ < k. Define f| Y, to be any one-to-one mapping of Y,
onto V, for all £ <«. It is easy to see that f fulfils all our requirements.

Actually we shall need the following stronger version of Theorem 2.

THEOREM 2'. Suppose that & and G satisfy all the assumptions of Theorem
2. Then there exists a permutation f of x such that the family H =
{FNf*G:F€&€ % and G € 4} is a uniform filter on « and in addition there
exists a partition {Z;: ¢ <k} of x into ¥ -stationary sefs.

Proor. Let o be a pseudobasis for &. By Fact A, there exists a partition
{Y;: ¢ <«} of k such that [ Y, N A| =« for every £ <« and every A € A.
Consequently F[ Y, is a filter on Y, with a pseudobasis.

By the assumptions on ¥, using the fact that |«’| = «, there exists a
partition {X,: £ < «} of  such that each X, is the union of x ¢-stationary sets
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{Xe:n <k} Hence G| X, is a filter on X, for which there is a partition
Ve ={X;:n <k} of X, into (41 X,)-stationary sets.

For ¢ <k, let g. be a one-to-one mapping of X, onto Y. From our
construction of #[Y, and 9| X, it follows that the filters [ Y, and
g * (91 X,) satisfy the assumptions of Theorem 2. Hence there exists a
permutation h, of Y, such that the family

# ={FNhg +*G:FEFY, and GEF|X.}

is a uniform filter on Y.

Let f: k — k be a function such that f X, = h, g, for all ¢ <«. Notice
that f is a permutation of x such that f* X, = Y,

Let ¥ ={FNf+G:FE % and G € ¥}. To show that ¥ is a filter on «
it is enough to check that, for all ¢ <k, FEF and G €%, we have
Y. N F N f*G#0. But, this follows from the fact that the right hand side of
the equality Y.NFNf*G =(Y.NF)Nf*(G N X,) is an element of the
filter 3, Moreover, for every £ <k, the set Y, is # -stationary.

CoroLLARY 1. Let F be a A-complete uniform filter on uncountable k with
a pseudobasis. Then there exists a uniform filter F, 2 & such that:

(a) %, does not have the property U(2);

(b) there exists a partition of k into k F-stationary sets;

(c) F, is A-complete;

(d) if k is regular then we can require that ¥*(k)C %,;

(e) if  is singular we can also require that ¥ (k) C %,, but then &, will be
only min (A, cf («))-complete.

Proor. Suppose that « is regular. Let 4 be the closed unbounded filter
on . Then % is k-complete and ¥<(x)C 9. By Fact B, there exists a
partition of k into k 9¢-stationary sets. By Theorem 2/, there is a permutation f
on k and a uniform filter ¥ such that # extends ¥ and f * 4. Hence, we have
F*(k)C ¥. Moreover ¥ satisfies (b) and (c). Finally, since ¢ is normal, by
Theorem 0.(e), ¥ does not have the property U(2). Consequently # does not
have the property U(2) and so (a) holds.

Suppose that « is singular. Then A <k. Let « = U, ) Ae Where
{A,: &€ <cf(x)} are pairwise disjoint and for all £ <n <cf(k), | A¢|is regular,
A=|A;| and 2,.,]A;|<|A,|<«k. Choose, for each £ <cf(x), an |A,|-
complete uniform filter %, on A, without the property U(2), such that every
%, -stationary subset of A, can be decomposed into |A,| pairwise disjoint
F.-stationary sets. (To get such %, we can take, by Theorem 0.(e), and Fact B,
a copy of the closed unbounded filter on | A;]).

Proceeding as in the proof of Theorem 0.(f), we get a A-complete
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uniform filter 4 on « without the property U(2). Let {S.,: ¢ <cf(x) and
n <|A,|} be a partition of « such that S,, is %,-stationary for all £ <cf(x)
and n <|A,|. Then, by our construction, S, is ¢-stationary. Since |[{S,,: ¢ <
cf (k) and n <[ A, [}| = «, we have a partition of k into k ¥-stationary sets.

Finally, as before, we can use Theorem 2’ to get a filter # which satisfies
the conditions (a), (b), (c) of Corollary 1.

To complete this section we shall consider extensions which increase the
degree of saturatedness of filters.

THEOREM. 3. Letw = A = k and let & be a filter on « for which there exists
a partition {X;: £ < A} of k into F-stationary sets. Let 4 be a filter on A and
define %, to be the filter generated by F and the family {E Cx:E 2 U, X,
for some G € 4}. Then sat (%) = sat (9).

Proor. Let 8 <sat(¥). We construct a family, having cardinality 8, of
%,-stationary pairwise %,-almost disjoint sets.

Let ® be a family, having cardinality §, of %-stationary, pairwise
%-almost disjoint sets. Define #* = {U,cx X;: R € R}. Obviously |R*| = 8.
We claim that each member of &* is %,-stationary. Indeed, take Y =
U.cx X, for some R € R and let A € %,. Then A D F N U,.s X, for some
FeE% and GE€Y9 Whence ANYDFN Uge,mGXé. Since R is %-
stationary there is some £ € RN G. Whence ANY DFN X, But X is
-stationary and so we have A N Y #0.

To complete the proof it remains to show that &* consists of pairwise
Z,-almost disjoint sets. Indeed, let X = U,cg, X, and Y = U,cg, X,, where
R,, R, are distinct members of R. Then X N'Y = U, cr,nr, X Since R, N R,
is not ¢-stationary, it follows from the definition of %,, that X N'Y is not
%,-stationary.

In connection with Theorem 3, we introduce the following function:

F(x)=sup{sat(%): ¥ is a filter on «} and F(8)= 68" for § <w. The
well-known result of Sierpinski (1938), states that for every cardinal « we
have sat (¥"(x))Z «*". Hence k" =F(x)=(2*)". Thus GCH implies that
F(k) = «". Also observe that if 2* = « for some cardinal A then F(x)= (2*)",
(see Sierpiniski (1928)).

The following proposition shows that in the definition of the function
F(x) we can require that filters under consideration be uniform.

ProrosiTiON. Let F*(k) = sup {sat (¥): F is a uniform filter on x}. Then
F*(x) = F(k).

Proor. Obviously F*(x)=F(«). Let ¢ be an arbitrary filter on « such
that sat (%)= 8. We construct a uniform filter % on « such that sat(%)z=
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sat (9). Let {X;: £ <k} be a partition of k into sets of the cardinality «. Let
F={FCk:forsome GE¥ FD> U cccX;}. It is easy to see that F satisfies
all our requirements and so F*(«x)= F(«).

CoROLLARY 2. Let F be a filter on « for which there exists a partition of k
into 8(Z w) F-stationary sets. Then for every A <F(8) there exists a filter
F. D F such that sat (¥.)= A". In particular ¥, can be choosen so that
sat (F)= 87",

Proor. If F(8) is a limit cardinal then A <F(8) implies that A* <F(8).
By the definition of F(8) there exists a filter ¥ on § such that sat(4)z A".
Whence Corollary 2 follows by Theorem 3.

Suppose that F(8) is a successor cardinal. Then, by the definition of the
function F, there exists a filter ¢ on 8 such that sat (§)=F(8)= A*. Whence
again by Theorem 3, we get the required filter ¥,.

3. Extensions of fields of sets

THEOREM 4. Let B be a field of subsets of «, and let F be a filter on « for
which there is a partition V' of « into F-stationary sets such that | B |* <F(V'|).
Then the field B * generated by B and F is a proper subfield of ¥(x ). (Note that
if B and ¥ are A-complete then B* is A-complete t00).

Proor. By Corollary 2, there exists a filter ¥, D % such that sat (%,) >
|B[". Let # be the ideal dual for %,. Note that each element of 8 * is of the
form BAJ for some BE€ B and J € §.

Let ¥ be a family of %,-almost disjoint &;-stationary sets such that
|#|>B. We claim that ¥Z %. Indeed, if not, then there are two functions
i:¥—>RB and j: ¥— # such that for each S € F we have S =i(5)Aj(S).
Note that if S and S’ are distinct members of S then i(S) N i(S’) € #. Finally,
since | | >| B |, there are distinct sets S and S’ in & such that i(S)=i(S").
But then i(S)€ # and consequently S € § which is impossible.

CoROLLARY 3. If F is a k -complete filter on k such that sat (¥)= k" then
for every field B of subsets of x such that | B | = « there exists a proper subfield
B* of F(k) which contains B and %.

Proof. If sat(%)= k" then there exists a partition ¥ of « into «
% -stationary sets. Hence Theorem 4 can be applied.

THEOREM 5. Let B be any A-complete field of subsets of xk Z w, such that
|B|" < F(x) and let F be a A -complete filter on k with a pseudobasis. Then there
exists a A-complete filter * D ¥ such that the field B * generated by B and F*
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is a proper subfield of & (x) and for each family V' C [k ]** of pairwise disjoint
sets there exists a selector of V' in B*.

We can additionally require that the filter $* above contains ¥ («x) but
then it will be only min (A, cf (x))-complete.

Proor. By Corollary 1, there exists a filter %, O % which is A -complete
without the property U(2) and a pattition % of « into k &,-stationary sets. Let
B * be the subfield of $(x) generated by # and %,. Clearly by Theorem 4,
B * satisfies all the requirements.

To get our additional requirement note that if % is a A-complete filter
with a pseudobasis then the smallest filter %' containing # and ¥*(x) is
min (A, cf (k ))-complete and also has a pseudobasis. So we can apply Theorem
S5, for B and F'.

4. An application to Ulam Problems

We deal here with two problems formulated by Ulam:

(I) Let B be an w,-complete field of subsets of the real line 2¢, which
contains all Lebesgue measurable sets. Suppose that, for every uncountable
partition ¥ of 2* such that ¥ € @ and each member of ¥ is uncountable,
there exists a selector of ¥ in 3. Does B = ¥(2*)?

{Ulam (1935-1940), Problem 34].

(IT) Let B be an w,-complete field of subsets of the real line 2, which
contains all Borel sets. Suppose that for every partition ¥ of 2° into
two-elements sets there exists a selector of ¥ in 3. Does @ = ¥(2¢)?

{Ulam (1960), page 15].

Using the results of §3, we get the following.

ProposiTION 1. There exists an w-complete field B* of subsets of the real
line 2% such that:

(a) all Lebesgue measurable sets are in B*;

b)) 2°"* CB* and B* # F(2°);

(¢) for every family V of pairwise disjoint two-elements subsets of 2 there
exists a selector of V' in B *.

Proor. Putin Theorem 5: k = 2%, B = Borel subsets of 2°; % = the filter
dual to the ideal of the sets of the Lebesgue measure zero.

ProrosiTioN 2. (Assuming Martin Axiom A, for some x = 2°). Under the
hypotheses of Proposition 1, there exists a k -complete field B* which has the
properties (a), (b) and (c) of Proposition 1.
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Proor. Let B be the field of Borel sets and let-F be the filter dual to the
ideal of the sets of Lebesgue measure zero. From A, it follows that ¢f(2*) = «,
% is x-complete and moreover the field £ of Lebesgue measurable sets is
k-complete. Consider #* and B * which exist by Theorem 5. Then 3B * has
the properties (a), (b) and (c) of Proposition 1. To show that 3 * is « -complete
observe that the field B * is generated by £ and F* as well by B and F*.

5. Miscellaneous remarks

1.1 If & is a x-complete filter on « with a basis then there exists a
partition {C,: £ <k} of k such that X € Fif and only if |{£ € k: C,Z X}| < k.
Clearly nothing can be said about the cardinality of the C;’s.

On the other hand the following two conditions are equivalent for
k-complete filter % with a basis:

(*) there exists a partition {C,: ¢ <k} of « such that |C,| =« for all
& <k, with the property:

X e % if and only if [{f Ek: C,Z X} < «;

(#+) there is no Lusin set for ¥ in &

Thus we get the following fact about isomorphism of filters.

If %, and %, are two k-complete filters on « with bases which satisfy the
condition (*+) above then there exists a permutation f of k such that f * ¥, = F,.
Moreover, if additionally there is a set A € F, such that (x — A) € F,, then we
can choose f such that f = ',

For the case k = w, this is well-known. (see Sierpinski (1934a), Erdos
(1943), Marczewski (1946) and Oxtoby (1971), page 76). Moreover the same
proof works.

2.1. It follows from Theorem 1 that for a regular cardinal «:

(*) for each uniform ultrafilter % on « there exists a x-complete filter
¥ C AU without any basis.

Let us compare (*) with the following result by Prikry (Prikry (1974),
Added in proof (2)):

(**) for each uniform ultrafilter % on « there exists a x-complete filter
F C U without any Lusin set.

Obviously (*+) implies (*). But, observe that Theorem 1 allows us to
extend a uniform filter with a basis which contains " («x) within any greater
filter to a filter without any basis.

2.2. From Corollary 1, §2, it follows that each A-complete filter ¥ with a
pseudobasis can be extended to a A-complete uniform filter without the
property U(2). Hence, each A-complete uniform filter on « can be extended
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to a A-complete filter without any pseudobasis. We can not prove in general
that each A-complete filter on « can be extended to a A-complete filter
without the property U(2), even in the case k = A = w,.

Below we give two partial results:

(1) If A is strongly compact {or w), then each A-complete filter on k can be
extended to a A-complete filter without the property U(2).

(2) If a A-complete filter F on « does not have the property U(n) for some
n < w, n = 2, then there exists a A-complete filter G on k such that § O ¥ and ¢
does not have the property U(2).

Proor. Let m + 1 be the smallest natural number such that % does not
have U(m +1). Clearly we can assume that m =2,

Let Z = {X,: ¢ <k} C|[«k]™ be a partition of k such that each selector of
¥ is F-stationary. For each FEF put F*={{<k:X,CF} and F=
U,cr- X,. Obviously FCF for each FE% and since X has only %-
stationary selector, we have F#0. Let %, be the filter generated by
{F: F € #}. Since the family {F: F € %} is A-multiplicative, %, is a proper
A-complete filter and % C %,. Let S be any selector of . Clearly S is
F,-stationary. Let 4 be the filter generated by %, and S. We show that ¢ does
not have U(2).

Let & C[«]* be any family of pairwise disjoint sets. Let sf,=
{A € o: A — S#0}. Obviously &, has a selector which is not 9-stationary.
To show that ¢ does not have U(2) it is enough to find a selector of the family
B = o — A, which is not Fy-stationary. Let Cs = U{X,: X; N B # 0} for each
B € B. Clearly |Cp|=2m >m for all B & B and the family {Cs: B € B}
consists of pairwise disjoint sets. Since & does not have the property U(2m)
there exists a selector T of {Cg: B € B} which is not ¥-stationary. Moreover,
for each B € B we have BZ k — T, Whence there exists a selector of &
which is not %,-stationary.

2.3. We remark that the idea of the proof of Corollary 1, yields the
following more general fact:

Suppose that F is a family of filters on « such that:

(1) there exists a filter F € F for which there exists a partition V" of k into
F -stationary sets;

(2) if f is any permutation of k and ¥ €F then fxF €F, and

(3) if #€F and ¥ C G then §EF.

Then each filter on x with a pseudobasis has an extension in F.

2.4. We remark that if « = 8" then in the proof of Corollary 1, Ulam
matrices (see Ulam (1930)), can be used to get a partition ¥ of k into «
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%-stationary sets. (Compare our proof of Corollary 1.) If « is limit then we
can adapt the method of the proof of Theorem 0.(f). In the weakly
inaccessible case we get by this method only min(A, A')-completeness of %,
for any A’ < k.

3.1. Note that in both Propositions 1 and 2 of §4, we can replace
everywhere ‘‘Lebesgue measurability”” by “Baire property”. Other results of
this type can be easily obtained from our Theorem 3.

ADDED IN PROOF. (Dec. 10, 1975). We can replace (c) in Proposition 1 of
§4, by the following stronger condition:

(¢c’) for every partition V' C [2“]*“ there is a selector of V in B*.

A corresponding strengthening of Proposition 2 can be also proved.

1. ANOPENPROBLEM. Let € be an w,-complete field of subsets of the real
line 2, which contains all Lebesgue measurable sets. Suppose that for every
partition ¥° C € of 2* there exists a selector of " in €. Does € = & (2)? Our
conjecture is NO, at least in ZFC + CH.

2. ALaiNn Louveau has proved in 1975, answering one of our questions,
that there exists a filter % on w such that % does not have the property U(2)
and there exists a partition of w.into w F-stationary sets. It easily follows
from Louveau’s result that our Corollary 1 and Theorem 5 formulated for
Kk > w are also true for k = w.
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