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Generating groups of nilpotent varieties

M. R. Vaughan-lLee

If ¥ is a variety of groups which are nilpotent of class ¢
then V 1is generated by its free group of rank ¢ . It is
proved that under certain general conditions ¥V cannot be
generated by its free group of rank ¢ - 2 , and that under
certain other conditions ¥ 1is generated by its free group of
rank ¢ - 1 . It follows from these results that if ¥V is the
variety of all groups which are nilpotent of class ¢ , then the
least value of k such that the free group of Y of rank %k
generates V is e - 1 . This extends known results of L.G.

Kovdcs, M.F. Newman, P.F. Pentony (1969) and F. Levin (1970).

1. Introduction

If V is a variety of groups let d{V) be the least value of X
such that the free group of V of rank Xk generates ¥V . Of course
d(¥) may be infinite but in many cases it is finite. For instance if ¥
is nilpotent of class ¢ then d(¥) =e ([1], 35.12), and if ¥ is the
variety of all metabelian groups which are nilpotent of class ¢ (e > 1)
then d(¥) =2 [2].

Let gc denote the variety of all groups which are nilpotent of

class ¢ , and let AN, denote the variety of all groups which are
abelian-by-(nilpotent of class 2) . In this paper I shall prove the

following theorems.

THEOREM 1. If (N, AAN)) sY=N,, c¢>2, then d(¥) zc - 1.

THEOREM 2. If ¥ = ¥, e>2, and if the free group of ¥V of
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rank ¢ 1is torsion free then d(¥) =ec - 1.
Since the free groups of g‘c are torsion free these theorems have

the following corollary, which has been independently proved in [3] and
[41.

COROLLARY. d{N) =c -1 for c>2.

Theorem 2 is not true in general without the condition that the free
group of YV of rank ¢ be torsion free, as the following example shows.
Let ¥ = N3 be determined by the laws [x1, x5, 23], (2, x5, 23, @] .
Then the free group of V of rank two is nilpotent of class two but ¥V
is not, and so d(i) = 3 . However V does satisfy the law

[y, 22, x3]% and so the free group of ¥V of rank three is not torsion

free.

The notation is generally consistent with [1]. If ¥V is a variety

of groups then Fk(l) denotes the free group of Y generated by
Tys Tps woes Ty o IF G 1is a group then Yn(G) denotes the n-th term

of the lower central series of G .

2. Proof of Theorem 1
I shall show that for each ¢ > 2 there is a word wc € Fc@__c] such
that

(1) w, is a law in Fc—Z(N%) .

(2) w, ¢ Yz[Ys(Fc@c))} .

Since V=N, , Fc—2(l) is a homomorphic image of Fc_gLﬂc) and so (1)

n

implies that w, is a law in Fc-2(¥) . Fc(y;) FCLEC)/V for some fully

<

invariant subgroup V of Fc@__c] . Since (g_c Aﬂe] =

V=, [Y3(Fc(£c))] , and so (2) implies that w, is not a law in ¥ .

This shows that Fc_2(l) does not generate ¥V , and so d(V) ze -1 .

The word wc is defined as follows.
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Let P be the group of permutations of (2, 3, ..., e¢) . If G €P
let

1l if ¢ 1is an even permutation,
sgno =

-1 if 0©0 1is an odd permutation.

For 0 € P let

{
[[xo(a’)’ x0(3)]’ [xo(h)’ =], [xo(s)’ xo(6)]’

Ezo(c—l)’ xo(c)]] if ¢ 1is even ,
w, (o) = { ‘

[[xc(z), xl’ xo,(3)]: [xo(h)’ xo(s)], [x0(6)’ .’170,(7)], cees

Ero(c—l)’ xo(c)]] if e 1is ocdd .

\

Let w, = | I wc(c)Sgno . (The order of the product is immaterial
g€epP

since each term of the product is contained in Yc[FcLEc)] which is the
centre of Fc(gc) .)
First I shall show that v, is e law in Fc-ZCEc) .

Since w, = wc(xl, Loy eees xc) is contained in Yc[FcLEc)] it

follows from repeated use of the identities

(xy, 2] = [z, z)lz, 2, y]ly, 2] ,

[z, z)llz, yllz, ¥, 23] ,

fx, yz]

that
wc(al, cees @p g ab, Appys woos ac) = wc[al, sers @y 35 @5 Qpas eees ac)
wc(al, sers g b, Aipgs oo ac)

T

and that

wc[al, cres @y 95 @

=w (a a. ., a,a a)™t
e\dyr totr Gy @ Gpgys oees Gy H
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for any a,, a

N o1ttt Gys Qs b € Fc(gc) and for each 7 =1, 2, ..., € .

Hence to show that wc is & law in Fc—zcgc) it is sufficient to
show that whenever 0 1is an endomorphism of Fctgc) which maps the set

{= cees xc} into the set {xl, x vy xc-z} then w6 =1 . Now

PR

if 6 1is such a map then xiﬁ = xje for some 7, =22, 1 #J . Let

1> To»

(Z, j) be the permutation of (2, 3, ..., e¢) which interchanges ¢ and
J and fixes everything else, and let T be a transversal of (Z, j) in
P such'that P=Tu (2, )T . If T €T 1let t1' = (Z, )T . Then

_ sgno
w, = I wc(o)

geP
]
= T_Twc('r)SgnT . T_Twc(T')SgnT
T€T Tl
I : = - '
But sgnt sgnt and, since z.8 x36 , wc(T)B wc(r )8 .

Therefore wce =1.

To show that w, ¢ 72[73 Fcﬁgc))] I shall express w, as a product
of basic commutators.

The basic commutators of Fctgc) are defined as follows.

(1) The basic commutators of weight one are x,, z

o3 s Ty

(2) Having defined the basic commutators of weight less than n ,
and ordered them by < , the basic commutators of weight »n are [e, d]

where
(a) e, d are basic commutators and wt(e) + wt(d) =n , and
(b) e>d , and if ¢ = [e1, ¢2] then ep =d .

(3) The basic commutators of weight n follow those of weight less

than 7 under < , and are ordered arbitrarily with respect to each other.
The basic commutators of weight ¢ form a free basis for the free

abelian group YC[FCLEC)) £5]. By Theorem 9.1 of [6] the basic
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commtators of weight ¢ of the form [e1, e3] , e 2, € Y3[Fc(£c)] s
form a free basis for yc(Fc(gc]} n YQ[Y3(F0(56))] ; and so to prove that
v, ¢ YQ[Y3(F0(£v))] it is sufficient to show that, modulo

Yz[Y3(Fc(£c))] » W, can be expressed as a mon-trivial product of basic

commutators of weight ¢ which are not of the form [01’ cz] N
e)s e, € Y3[Fc(§c]] .

I shall need a specific ordering on the basic commutators of weights

one to two.

< < ... < .
Let xl x2 xc

Then the basic commutators of weight two are the commutators

Eri, xj] , 1>4 . If Eri, xj], Exk, x1] are basic commutators let
[xi, xJ] < [xk, xl]
if <1 or j=1 and 7 < k .
First suppose that ¢ is even. Then
5000 = [Bggay» To(a)s By als Bogsyr oge)]s -

[=5(0-1)> xo(c)]] :
If T is one of the permutations (2, 3), (5, 6), (7, 8), «.., (-1, e)

. 1 . . -1
then w (01) = w (1)"" for any ¢ € P since =, xj] = Efj’ xi] .

But T 1is then an odd permutation and so sgn0T = - sgn0 . Hence
_ sgno
w, = ] wc(o) o2
ocP 5
sgno 2
- [TT w,(0)°€" ]
geQ

where @ consists of those permutations in P such that

a(2) > o{3), a(5) > a(6), o(T) > 0(8), ..., a(e-1) > o(e) .
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Now if al, a2, ey a7 € Fccgc]

(tay2 as als [lays a1, lags a11] € vy[r, 0,00
and so
[[al, ay> agls lays agl, lag, a.r]] =
[lays apr ag), lag, oyl Loy, asl] moar,[v;(£,m,)) -
Hence if T 1is any of the permutations
(5, 7)(6, 8), (7, 9)(6, 10), ..., (e-3, e-1)(e-2, ¢) ,

we(OT) = wc(o)mOdYZ[Y3(Fc(£v))] for any ¢ € P . But T is then an even

permutation and so sgndtT = sgno . Hence
e-2
2
sgno 2
w, = { | wc(c)
0 €Q)
e=2
2
TT sgno)®  (ek), (F (n))
= wc(o) > | modY2 Y3 o\,

O€R
where R consists of those permutations in P such that

a(2) > a(3), o(5) > a(6), a(7) > 0(8), ..., ole-1) > ale) ,
and
g(6) < 0o(8) < ... <ole) .

Now if o0 € R then wc(o) is a basic commutator of weight ¢ which
is not of the form [e;, e;5] , e1s €y € Y3[Fc(§c)] , and so this proves
that v, § Y, [YB (Fc(gc))]

Now suppose that ¢ is odd. Then
20(0) = [ota)s % Zo(3y)> Fotys %asil> Fote)» oyl -+

[xo(c—l)’ xO(c)J:’ ’

and by an argument similar to that used above it can be shown that
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e=3
5 2
_ sgno c-3
w, = |T T w,0) ] [——2 ]! modYQ[Y,j(Fc(gc))]
gesS
where S consists of those permutations in P such that
o(k) > a(5), a(6) > o(7), ..., o(e-1) > ole) ,
and

ag(5) < o(7) < ... < ole) .

But if 0 € S then wc(o) is a basic commutator of weight ¢ which is

not of the form [e1, e3] cl, c2 € Y3[Fc N )J , and so this proves that

w, ¢ Y2[Y3(FCL;N_C))] if e 1is odd, which completes the proof of Theorem

1.

3. Proof of Theorem 2
Since ls;\l__c . Fc(i) generates ¥ ([1], 35.12), and so to prove
Theorem 2 it is sufficient to show that there is no non-trivial word in
Fc(l) which is a law in Fc_l(l) .
Let w ¢ Fc(l) and suppose that w» is a law in Fc_l(l_) . Let &,
be the endormorphism of Fc(i) which maps z, > 1 and maps xj > xj for

g #1 . Then w6i=l for each 7 =1, 2, ..., ¢ and so w can be

ces X

written as a product of commutators each involving all of a:l, Zys - o

(L1713, 33.37). Since Fc(y___) is nilpotent of class ¢ , w must be of
weight one in each of the variables Tys Lps woes xc , and so, if
w = w(.'z:l, Tps eons xc} s
wlays «vs ay s> abs Ayyys <evs a,)
= w(al’ cees G s Qs Gpigs tees ac)w(al, cers @ ys b, Qryrs voe0 Gy

for any a;, ay, -.-, a, , a, b € Fc('l) and for each 7 =1, 2, ..., ¢ -

Let 1 =7 <J <e¢ and, for convenience, write
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w(xl, XLy oses .:cc) = w(xi, xj) , indicating only the variables in the
i-th and j-th places. Then w(:ci, :L'z) is a word in ¢ - 1 variables

and so w(xi, x_l’) = 1 . Hence
l=w xi:cj, xixj)
= w(s,, xi]w(xj, xj)w(xi, xj)w[xj, z;)

= wla;s =)ol =)

Let P be the group of permutations of (1, 2, ..., e} and for o € P
let w(o) = w(xo(l)’ Ta(p)s *o xo(c)) . Then the above remarks show

that w(d)w(o(i, j)) =1 for all o € P and all (Z, j) . Hence

1
58" = 4 and so | | w(0)°8" = »®' . I shall show that

O€P

w(o)

l w(O)Sgno =1 . Since Fc(L) is torsion free this shows that w =1 ,
oeP

which completes the proof of Theorem 2.
Now w(xl, x-z, ooy xc) can be written as a product of left normed

commutators where each is of weight one in each of xl, x2, sees X, that

is w can be written as a product of elements of the form

[xr(l)’ xT(g), ceny xT(c)] where T € P . Hence it is sufficient to show
that

TT [-To['r(l)]’ Ty(e(2))? Tt xo(r(c))]sgno -1

o €P

Let o be the permutation of (1, 2, ..., ¢) which maps 1+ 3,
2+1, 3+ 2 and fixes everything else (¢ >2) . Let T bea
transversal of the subgroup {1, o, a2} in P such that

P=TuTe uTo? . Now & is an even permutation end so
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) sgng
1T (e Tofe@) o Zofate)))]
= T0
=TT sy a2ys o0 Zo(o)]
=11 oy %at2) %a(3)> Fotrys =+ Zo(e)]
[Zs2)> Zo(3)> Zot1)? Zou)> > Fo(e))
s (¢
[ot3)® %o(1)* Fat2)> To(u)> o Fo()]) 0
=TT [Bowr %o Zaa)] Fotey® %otz =)
sgnto
[=5(3)* Zs1)* Zo(2)]® Zouy> -+ xc(c)]
=1
since

Eo1)0 %ot2) %ot Fot2)® Za(3)> Fota i Fata)> %o(2)” Fota)] €
v, (L) -
This completes the proof of Theorem 2.

The methods used in this paper are similar to those used in [3] and

[4], where it is proved that d(gc) =¢e=-1 for ¢ >2 ; in fact the law
wc used here seems very close to the one introduced in [3]; but Theorems
1l and 2 apply to a wide range of varieties. For instance they show that

d[gl__c A éZJ =¢-1 for e>2, Ll>2 (éz is the variety of all groups

which are soluple of derived length Z) , Which should be compared with
the result mentioned in the introduction that d(N Aﬁé2) =2 [2].
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