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Generating groups of nilpotent varieties

M. R. Vaughan-Lee

If £ is a variety of groups which are nilpotent of class a

then i i s generated by its free group of rank a . It is

proved that under certain general conditions V, cannot be

generated by its free group of rank a - 2 , and that under

certain other conditions V_ is generated by its free group of

rank a - 1 . It follows from these results that if V. is the

variety of all groups which are nilpotent of class a , then the

least value of k such that the free group of £ of rank k

generates _V is a - 1 . This extends known results of L.G.

Kovacs, M.F. Newman, P.F. Pentony (1969) and F. Levin (1970).

1. Introduction

If V, is a variety of groups let d{Vj be the least value of k

such that the free group of V. of rank k generates V̂ . Of course

d(V) may be infinite but in many cases it is finite. For instance if X

is nilpotent of class a then d(V) 2 c ([/], 35.12), and if ]/ is the

variety of all metabelian groups which are nilpotent of class a (e > l)

then d(V) = 2 [2].

Let N. denote the variety of all groups which are nilpotent of

class a , and let AM? denote the variety of all groups which are

abelian-by-(nilpotent of class 2) . In this paper I shall prove the

following theorems.

THEOREM 1. If (j^ A AN2) £ V S N̂ , , a > 2 , then d(V) i a - 1 .

THEOREM 2. - T / V S N . . , a > 2 , and if the free group of V of
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rank a is torsion free then d{v) 2 a - 1 .

Since the free groups of JJ are torsion free these theorems have

the following corollary, which has been independently proved in [3] and

[4].

COROLLARY. d(^J = a - 1 for a > 2 .

Theorem 2 is not true in general without the condition that the free

group of V_ of rank a be torsion free, as the following example shows.

Let V. S IJ3 be determined by the laws [x\ , X2> X2] > t̂ l > X2> ^3» x^\ •

Then the free group of V̂  of rank two is nilpotent of class two but Y

is not, and so d(V.) = 3 . However V. does satisfy the law

[xj, X2, £3] and so the free group of V. of rank three is not torsion

free.

The notation is generally consistent with [7], If V_ is a variety

of groups then FtS-l) denotes the free group of £ generated by

x,,xo x-i, . If G is a group then y {G) denotes the M-th term
x £- K n

of the lower central series of G .

2. Proof of Theorem 1

I shall show that for each a > 2 there is a word w € F fw ) such

that

(1) w is a law in F (jj ,

(2) w i ~)

Since V 5 N , F O(V.)
 i s a homomorphic image of F o(jJ ) and so (l)

C C~*t G~£l "̂~C

implies that W is a law in F Av) . F (Vj = F [ N ) / ^ for some fully

invariant subgroup V of F (N^) . Since (N A AN^) £ V ,

y < Y_ y,(? (N. )) > and so (2) implies that w is not a law in V_ .

This shows that F (V) does not generate V, , and so (̂V̂ ) 2 e - 1 .

The word w is defined as follows.
a
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Let P tie the group of permutations of (2, 3, . . . , c ) . If a (. P

let

sgna =

1 if a is an even permutation,

[-1 if 0 is an odd permutation.

For a € P let

wo{a) =

if c is even ,

if a is odd

Let w = ] f w ( a ) s g n a . (The order of the product is immaterial

since each term of the product is contained in y n\&n

centre of Fedc) •)

which is the

First I shall show that W is a law in F

Since w = w [x,, x0, ..., x ) is contained in y \F (N ) it

follows from repeated use of the identities

[xy, z] = [x, z][x, z, y][y, 2] ,

[a;, yz] = [x, z][x, y][x, y, z] ,

that

w
o ( a l > •••' a i - l > ab' a i + l > • • • ' a J = u

c ( a l > • • • ' a i _ l ' a ' a i + l ' •••

and that

' a
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for any a , a , ..., a , a, b i. F {^J and for each i = 1, 2, . .., a .

Hence to show that W is a law in F o(w ) it is sufficient to

show that whenever 9 is an endomorphism of F (N ) which maps the set

{x , x x } into the set {x , x , ..., x o} then W 6 = 1 . Now
X id. G X. c. C~<— G

if 6 is such a map then x.6 = x .6 for some i, j > 2 , i / j . Let

(i, j) he the permutation of (2, 3» •••> a) which interchanges i and

3 and fixes everything else, and let T be a transversal of (i, j) in

P such- that P = T u (i, j'Jr . If T € 2" let x' = (i, «/)T . Then

w
o = T T

 u
e

^sgna

But sgnx' = - sgnx and, since x .9 = x .6 , u (x)9 = w (x')9 .

Therefore u 0 = 1 .
a

To show that u \ y Y-,(F (!„)) I shall express U as a product

of basic commutators.

The basic commutators of F [N ) are defined as follows.

(1) The basic commutators of weight one are x1, xo, ..., x .
J. c. G

(2) Having defined the basic commutators of weight less than n ,

and ordered them by < , the basic commutators of weight n are [a, d]

where

(a) a, d are basic commutators and wt(e) + wt(d) = n , and

(b) o > d , and if c = [o\, o^\ then 02 - d .

(3) The basic commutators of weight n follow those of weight less

than n under < , and are ordered arbitrarily with respect to each other.

The basic commutators of weight o form a free basis for the free

abelian group y \F (N ) [5]. By Theorem 9.1 of [6] the basic
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commutators of weight c of the form [o\, a2] , a , a € Y-K-dL)] >

form a free basis for y K (j* ) n Y Y (̂  (I )) S a n d so t o prove that

w t Y Y IF Cl )) it is sufficient to show that, modulo
a 2( 3 ° ~o )

Y Y (̂" (.£ )) > u c a n l>e expressed as a non-trivial product of basic
2(, 3 o -a ) a

commutators of weight a which are not of the form [ej, e2] ,

a , c € y \F (Nj] .
1 2 3|_ c^=aJ )

I shall need a specific ordering on the basic commutators of weights

one to two.

Let

Then the basic commutators of weight two are the commutators

[x., x.] , i > j . If [x., x.] , (a;,, XiJ are basic commutators let

if 3 < 1 or j = 1 and i < k .

First suppose that c is even. Then

If T is one of the permutations (2, 3), (5, 6), (7, 8) (c-1, a)

then w (err) = w (T)~ for any a i P since [x., x.] = [x., x.]~ .
o Q i* 3 0 i*

But T is then an odd permutation and so sgnOT = - sgn0 . Hence

a ~ ' ' a e-2OeP -5-

where Q consists of those permutations in P such that

o(2) > a(3), a(5) > a(6), a(7) > a(8), ..., o(c-l)

https://doi.org/10.1017/S0004972700045809 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700045809


150 M.R. Vaughan-Lee

Now if ax, a2, .. . , a? € ?,(NJ

\[ai. a2, a 3 ] , [[au. ̂ 3 , [a6> a^]

and so

Hence if x is any of the permutations

(5, 7)(6, 8), (7, 9)(6, 10) (e-3, e-l)(e-2, o) ,

= uo(o)m.ody2\y (Fo($^))\ for any a 6 P . But T is then an even

permutation and so sgncrr = sgna . Hence

0-2

f
c-2

2

where R consists of those permutations in P such that

a(2) > a(3), a(5) > a(6), a(7) > a(8), ..., a(c-l) > a(e) ,

and

a(6) < a(8) < ... < a(e) .

Now if a £ if then W (a) is a tasic commutator of weight a which

is not of the form [cj, c-i\ , 0-.,O2^ Yo f (=.) » an(^ s o *his proves

that u c ^

Now suppose that a is odd. Then

and by an argument similar to that used above i t can be shown that
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c-3
., 2

where S consists of those permutations in P such that

o{h) > a(5), a(6) > o(7) o(c-l) > o(e) ,

and.

a(5) < o(7) < ... < a{a) .

But if O € 5 then w (o) is a basic commutator of weight a which is
G

not of the form [o\, c-i\ , a , a € y \F (N ) , and so this proves that

w i Y Y (F CS )) if a is odd, which completes the proof of Theorem
£ 2 ^ 3 * - o j

1.

3. Proof of Theorem 2

Since V S J ^ , F (v) generates £ ([J], 35.12), and so to prove

Theorem 2 it is sufficient to show that there is no non-trivial word in

F (V) which is a law in F _Aj) •

Let w € F (V.) and suppose that w is a law in F , (V) . Let 6.

be the endormorphism of F (V_) which maps a;. •*• 1 and maps x • -*• x . for

o — v 1 3

j £ i . Then u6 • = 1 for each i = 1, 2, . . . , c and so w can be

written as a product of commutators each involving a l l of x., x~, • • • , x

( [ J ] , 33.37). Since F (V) i s nilpotent of class a , w must be of

weight one in each of the variables x. , x0, ..., x , and so, if

w = w(x1, x2, ..., xj ,

w(alt . . . , ai-x, ab, ai+±, . . . , aj

= w{ax, ..., a ^ , a, a£+1 a^w{a^, . . . . a^^ , £, a^+1 ac}

for any a-^, a2, • • • , a , a, b € F (V) and for each i = 1, 2, , c .

Let 1 < i < j < c and, for convenience, write
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w[x, , Xp, . . . , x } = w[x., x .) , indicating only the variables in the

•i-th and j'-th places. Then w[x. , x.} is a word in a - 1 variables

and so w(x., x.) = 1 . Hence

Let P be the group of permutations of (l, 2, ..., a) and for a € P

let w(a) = ̂ few-,)* xo-foi xn( 0 • Then 't'18 above remarks show

that w(a)w(o(i, j)} = 1 for all a i P and all (i, j) . Hence

w ( a ) S g n a = W and so "f~f u(a)sg n C T = woX . I shall show that
creP

"| [~ w ( a ) s g n 0 = 1 . Since F (Vj is torsion free this shows that w = 1 ,
aeP C

which completes the proof of Theorem 2.

Wow w[x , x^ x ) can be written as a product of left normed

commutators where each is of weight one in each of x , x , • . • , x , that

is w can be written as a product of elements of the form

[a; /-,\> xr(c>) XT( W where T C P . Hence it is sufficient to show

that

J T [*a(T(l)). »a(t(2))' •••'
 Xo

Let a be the permutation of (l, 2, ..., a) which maps 1 -»• 3 ,

2 -*• 1 , 3-^2 and fixes everything else (c > 2) . Let T be a

transversal of the subgroup (l, a, a2) in P such that

P = T u Ta u Tot2 . Now a is an even permutation and so
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' *CI(T(2))' •••

« *
o(3)

' xo(2)» xa(k)

J T [[*o(l). *0(2), *

^ a O ) ' *ff(l)' xa(2)J' *a(U)' •••* xa{a)\
= 1

since

^0(1)' xa{2)' xa(3)-l Lxa(2)' xa(3)'

This completes the proof of Theorem 2.

The methods used in this paper are similar to those used in [3] and

[4], where it is proved that d(|t ) = a - 1 for a > 2 ; in fact the law

w used here seems very close to the one introduced in [3]; but Theorems

1 and 2 apply to a wide range of varieties. For instance they show that

N. A A I = e - 1 for e > 2 , I > 2 (A is the variety of all groups
i. J

which are soluble of derived length Z) , which should be compared with

the result mentioned in the introduction that d(N A A J = 2 [2].
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