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ABSTRACT

We prove a general formula for the p-adic heights of Heegner points on modular abelian
varieties with potentially ordinary (good or semistable) reduction at the primes above
p. The formula is in terms of the cyclotomic derivative of a Rankin—Selberg p-adic L-
function, which we construct. It generalises previous work of Perrin-Riou, Howard, and
the author to the context of the work of Yuan-Zhang—Zhang on the archimedean Gross—
Zagier formula and of Waldspurger on toric periods. We further construct analytic
functions interpolating Heegner points in the anticyclotomic variables, and obtain a
version of our formula for them. It is complemented, when the relevant root number
is +1 rather than —1, by an anticyclotomic version of the Waldspurger formula. When
combined with work of Fouquet, the anticyclotomic Gross—Zagier formula implies one
divisibility in a p-adic Birch and Swinnerton-Dyer conjecture in anticyclotomic families.
Other applications described in the text will appear separately.
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1. Introduction

The main results of this paper are the general formula for the p-adic heights of Heegner points
of Theorem B below, and its version in anticyclotomic families (contained in Theorem C). They
are preceded by a flexible construction of the relevant p-adic L-function (Theorem A), and
complemented by a version of the Waldspurger formula in anticyclotomic families (presented in
Theorem C as well). In Theorem D, we give an application to a version of the p-adic Birch and
Swinnerton-Dyer conjecture in anticyclotomic families. In Theorem E, we state a result on the
generic non-vanishing of p-adic heights on CM abelian varieties, as a special case of a theorem
to appear in joint work with Burungale.

Our theorems are key ingredients of a new Gross—Zagier formula for exceptional zeros [Dis16],
and of a universal p-adic Gross—Zagier formula specialising to analogues of Theorem B in all
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weights. These will be given in separate works. Here we would just like to mention that all of
them, as well as Theorem E, make essential use of the new generality of the present work.

The rest of this introductory section contains the statements of our results, followed by an
outline of their proofs. To avoid interrupting the flow of exposition, the discussion of previous
and related works (notably by Perrin-Riou and Howard) has mostly been concentrated in § 1.6.

1.1 Heegner points and multiplicity one

Let A be a simple abelian variety of GLo-type over a totally real field F'; recall that this means
that M := End’(A) is a field of dimension equal to the dimension of A. One knows how to
systematically construct points on A when A admits parametrisations by Shimura curves in
the following sense. Let B be a quaternion algebra over the adele ring A = Ap of F, and
assume that B is incoherent, i.e. that its ramification set ¥g has odd cardinality. We further
assume that Xg contains all the archimedean places of F. Under these conditions there is a
tower of Shimura curves { Xy} over F' indexed by the open compact subgroups U C B*>*; let
X =X(B) := lim Xy. For each U, there is a canonical Hodge class £y € Pic(Xy)q having
degree 1 in each connected component, inducing a compatible family t¢ = (1¢,r)v of quasi-
embeddings’ tev : Xy = Jy := Alb Xy. We write J := 1(i£1JU. The M -vector space

T=ma=ma(B):= lim, | Hom"(Jy;, A)

is either zero or a smooth irreducible admissible representation of B®*. It comes with a natural
stable lattice mz C m, and its central character

wa: FX\AX - M~

corresponds, up to twist by the cyclotomic character, to the determinant of the Tate module
under the class field theory isomorphism. When 7 4 is non-zero, A is said to be parametrised by
X (B). Under the conditions we are going to impose on A, the existence of such a parametrisation,
for a suitable choice of B (see below), is equivalent to the modularity conjecture. Recall that
the latter asserts the existence of a unique M-rational (Definition 1.2.1 below) automorphic
representation o4 of weight 2 such that there is an equality of L-functions L(A,s + 1/2) =
L(s,04). The conjecture is known to be true for ‘almost all’ elliptic curves A (see [LeH14]), and
when Az has complex multiplication.

Heegner points. Let A be parametrised by X (B) and let E be a CM extension of F’ admitting an
A>*-embedding Fa«~ — B, which we fix; we denote by 7 the associated quadratic character and
by Dpg its absolute discriminant. Then E* acts on X and by the theory of complex multiplication
each closed point of the subscheme X ™ is defined over E2P, the maximal abelian extension of
E. We fix one such CM point P. Let L() be a field extension of M and let

X: EX\EXo = L(x)*
be a finite-order Hecke character such that
WA - X|ace.x = 1.

We can view x as a character of g := Gal(E/E) via the reciprocity map of class field theory
(normalised, in this work, by sending uniformisers to geometric Frobenii). For each f € w4, we

! By ‘quasi-embedding’, we mean an element of Hom(Xy, Jr) ® Q, a multiple of which is an embedding.
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then have a Heegner point
P(f0 = | Flue(P)) @ x(r) dr € A(x).
Gal(E*b/E)

Here the integration uses the Haar measure of total volume 1, and
A(x) = (AE™) @pr L(x),) 5,

where L(x), denotes the one-dimensional Galois module L(x) with action given by x. The
functional f +— P(f,x) defines an element of

HomEXOO (m @ x, L(x)) ®Lx) A(X)-

A foundational local result of Tunnell and Saito [Tun83, Sai93] asserts that, for any irreducible
representation m of B>, the L(x)-dimension of

H(m, x) = Hompx _ (m @ xL(x))
is either zero or one. It is one exactly when, for all places v of F', the local condition

5(1/2v TEw & Xv) = Xv(_l)nv(_l)s(Bv) (1‘1'1)

holds, where mp is the base-change of 7 to E, n = ng/p is the quadratic character of A*
associated to E, and £(B,) = +1 if B, is split and —1 if B, is ramified. In this case, denoting
by 7 the M-contragredient representation, there is an explicit generator

Q=]]Qv€H(mx) &L HEY, x ™)
vfoo
defined by integration of local matrix coefficients

L(1,m,)L(1,m,,ad)
Cru(2)L(1/2,mE0 ® Xo)

Qv(fl,wf2,vaX) = /EX/FX Xv(tv)(ﬂ'(tv)fl,vaflv)v dty (1‘1-2)

for a decomposition (-,-) = @, (-,")» of the pairing 7 ®y 7 — M, and Haar measures dt,
assigning to Oy /0 the volume 1 if v is unramified in E and 2 if v ramifies in E. The
normalisation is such that given f1, fs, all but finitely many terms in the product are equal
to 1. The pairings @, in fact depend on the choice of decomposition, which in general needs an
extension of scalars; the global pairing is defined over M and independent of choices.

Note that the local root numbers are unchanged if one replaces 7 by its Jacquet—Langlands
transfer to another quaternion algebra, and that when m = 74 they equal the local root numbers
e(AEw, Xv) of the motive H1(A Xgpec  Spec E) @y x [Gro91]. In this way one can view the local
conditions

e(ABw: Xv) = Xo(=1)1u(—1)e(By)

as determining a unique totally definite quaternion algebra B D Ep over A, which is incoherent
precisely when the global root number €(Ag, x) = —1. In this case, A is parametrised by X (B) in
the sense described above if and only if A is modular in the sense that the Galois representation
afforded by its Tate module is attached to a cuspidal automorphic representation of GLy(AF)
of parallel weight 2. We assume this to be the case.
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Gross—Zagier formulas. There is a natural identification 7V = m4v, where A" is the dual abelian
variety (explicitly, this is induced by the perfect M = End’(A)-valued pairing f y ® fou
vol(Xy) "L fip o fy using the canonical autoduality of Jy for any sufficiently small U; the
normalising factor vol(Xy) € Q* is the hyperbolic volume of Xy(C;) for any 7 : F' — C;
see [YZZ12, §1.2.2]). Similarly to the above, we have a Heegner point functional PV(-,x!) €
H(mV,x™ ') @1 AY(x1). Then the multiplicity-one result of Tunnell and Saito implies that for
each bilinear pairing
() A) @ A () >V

with values in an L(x)-vector space V, there is an element . € V such that

(P(f1,x), P(f2.x7")) = Z - Q(f1. f2.X)

forall fy e, foen.

In this framework, we may call the ‘Gross—Zagier formula’ a formula for . in terms of
L-functions. When (,) is the Néron-Tate height pairing valued in C <& M for an archimedean
place ¢, the generalisation by Yuan—Zhang—Zhang [YZZ12] of the classical Gross—Zagier formula
[GZ86, ZhaOla, ZhaOlb, Zha04] yields

cp mEQDRY2L(1/2,04 5 ® XY

7="2L.
2 2L(1,7)L(1, 0%, ad) ’

(1.1.3)

where

L CF (2) X
CE 1= (7 /2) QI Dy 2L (1 1) €Q (1.1.4)
and, in the present Introduction, L-functions are as usual Euler products over all the finite
places.? (However in the main body of the paper we will embrace the convention of [YZZ12] of
including the archimedean factors.) The most important factor is the central derivative of the
L-function L(s, 0% g ® x).

When (,) is the product of the v-adic logarithms on A(F,) and AY(F),), for a prime v of
F which splits in E, the v-adic Waldspurger formula of Liu—Zhang—Zhang [LZZ15] (generalising
[BDP13]) identifies .Z with the special value of a v-adic Rankin-Selberg L-function obtained by
interpolating the values L(1/2,04 1 ® X”) at anticyclotomic Hecke characters x” of E of higher
weight at v (in particular, the central value for the given character x lies outside the range of
interpolation).

The object of this paper is a formula for .2 when (,) is a p-adic height pairing. In this
case .Z is given by the central derivative of a p-adic Rankin—Selberg L-function obtained by
interpolation of L(1/2,04 1, X’) at finite-order Hecke characters of E, precisely up to the factor
cg/2 of (1.1.3). We describe in more detail the objects involved.

1.2 The p-adic L-function
We construct the relevant p-adic L-function as a function on a space of p-adic characters (which
can be regarded as an abelian eigenvariety), characterised by an interpolation property at locally

2In [YZZ12], the formula has a slightly different appearance from (1.1.3), owing to the following conventions
adopted there: the L- and zeta functions are complete including the archimedean factors; the functional ) includes
archimedean factors Qv (f1,v, f2,0, X), which can be shown to be equal to 1/7; and finally the product Haar measure
on EXw /A equals |Dg| /2 times our measure (cf. [YZZ12, §1.6.1]). (When ‘n’ appears as a factor in a
numerical formula, it denotes m = 3.14.. .; there should be no risk of confusion with the representation m4.)
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constant characters. It further depends on a choice of local models at p (in the present case,
additive characters); this point is relevant for the study of fields of rationality and does not seem
to have received much attention in the literature on p-adic L-functions.

DEFINITION 1.2.1. An M-rational® cuspidal automorphic representation of GLy of weight 2 is a

representation 0 of GL2(A) on a rational vector space Voo with Endgy,,(a~) 0™ = M (then

Vyeo acquires the structure of an M-vector space), such that 0™ ®q Jg) =@, vy c 0" is adirect

sum of irreducible cuspidal automorphic representations; here ag)), a complex representation of
GLy(Fy) = GLy(R)F:Q is the product of a discrete series of parallel weight 2 and a trivial

central character.
We fix from now on a rational prime p.

DEFINITION 1.2.2. Let F, and L be finite extensions of Q,, let o, be a smooth irreducible
representation of GLy(F,) on an L-vector space, and let a, : ) — 0] be a smooth character
valued in the units of L. We say that o, is nearly ordinary for weight 2 with unit character a, if o,
is an infinite-dimensional subrepresentation of the un-normalised principal series Ind(| - |, v, By)
for some other character 3, : F, — L*. (Concretely, o, is then either an irreducible principal
series or special of the form St(a,) := St ®(«,, o det), where St is the Steinberg representation.)

If M is a number field, p is a prime of M above p, and o, is a representation of GL2(F}) on
an M-vector space, we say that o, is nearly p-ordinary for weight 2 if there is a finite extension
L of M, such that o, ®us L is nearly p-ordinary for weight 2.

In the rest of this paper we omit the clause ‘for weight 2°.%

Fix an M-rational cuspidal automorphic representation o> of GL2(A>) of weight 2; if there
is no risk of confusion we will lighten the notation and write o instead of 0*°. Let w : F*\A* —
M* be the central character of o, which is necessarily of finite order.

Fix moreover a prime p of M above p and assume that for all v|p the local components o, of
o are nearly p-ordinary with respective characters v, ; we write a to denote the collection (av)y|p-
We replace L by its subfield M,(«) generated by the values of all the o, and we similarly let
M (a)) C L be the finite extension of M generated by the values of all the a,.

Spaces of p-adic and locally constant characters. Fix throughout this work an arbitrary compact
open subgroup VP C 0% := | B 05 ., Let

I'= Exo/EXVP, Tp=A%> /XG0

Then we have rigid spaces %' = Z)(VP), % = %,(VP), % of respective dimensions [F': Q]+1+7,
[F:Q], 1+ (where § > 0 is the Leopoldt defect of F', conjectured to be zero) representing the
functors on L-affinoid algebras

YoVIA) =X T = A% rw- X gnx =1},

D(VP)(A) ={x:T > A" tw - x|a=x =1},
Q/F(A) = {XF : FF — AX},

3 See [YZZ12, §3.2.2] for more details on this notion.

4 Which we have introduced in order to avoid misleading the reader into thinking of ordinariness of an automorphic
representation as a purely local notion (but see [Eme06] for how to approach it as such).
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where the sets on the right-hand sides are intended to consist of continuous homomorphisms.
The inclusion % C %" sits in the Cartesian diagram

Y — A

n

{1} —= %

where the vertical maps are given by X' — xp = w - x| ac,x. When w =1, #; is a group object
(the ‘Cartier dual’ of I'/T'p); in general, %, is a principal homogeneous space for #;7 under the
action xo X = XoX-

Let pq denote the ind-scheme over Q of all roots of unity and p,, its base-change to M.
Then there are ind-schemes %'l @le Z?/}'C', ind-finite over M, representing the functors on
M-algebras

' (A) ={x":T = puy(A):w- X,‘gg,x =1},

D(A) = {x: T = ppr(A) 1w - xlasex =1},
D (A) = {xr : Tr > py(A)},

where the sets on the right-hand sides are intended to consist of locally constant (equivalently,
finite-order) characters.

DEFINITION 1.2.3. Let % be one of the above rigid spaces and & “+¢-30 € %7 be the (ind-)rigid
space which is the analytification of @L? e gytle. X Spec M Spec L. For any finite extension M’
of M contained in L, there is a natural map of locally M’-ringed spaces jpy : & >lc-2n — AZ/IC

Let M’ be a finite extension of M contained in L. We say that a section G of the structure sheaf
of #" is algebraic on ?,’/Az,lc if its restriction to #7121 equals j?WG' for a (necessarily unique)

section G of the structure sheaf of @&}05

In the situation of the definition, we will abusively still denote by G the function G’ on %, le.

Local additive character. Let v be a non-archimedean place of F', p, C OF, the maximal ideal,
and d, C OF, the different. We define the space of additive characters of F,, of level 0 to be

Uy == Hom(F, /d, ' O, ng) — Hom(F, /p, ' O, pq),

where we regard Hom(F,/p) OF., ,uQ) as a profinite group scheme over Q. The scheme ¥,
is a torsor for the action of 6";711 (viewed as a constant profinite group scheme over Q) by
a.)(x) = YP(ax).

If w,: O, — O(Z2)* is a continuous character for a scheme or rigid space 2, we denote
by ﬁ,%x\pv(w{;) C Oy «y, the subsheaf of functions G satisfying G(z,a.v)) = w (a)(z)G(x, ) for
a € ﬁﬁv. By the defining property, we can identify @4 xy,(w)) with p2+Oa «y,(w)) (where

5To avoid all confusions due to the clash of notation, %3¢ will always denote the M-scheme of locally constant
characters of I'r introduced above, and not the ‘base-change of o (which is not defined as M is not a
subfield of F' in the generality adopted here).

5If F, = Qp, then Hom(F, /OF.y, 1q) = Tppq, the p-adic Tate module of roots of unity. One could also construct
and use a scheme parametrising all non-trivial characters of F,.
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pa : 2 x V¥, - Z is the projection), a locally free rank-1 ﬁd{ module with action by ¥q =
Gal(Q/Q). Finally, we denote ¥,, := Hv‘p ¥, and, if wy, =[], w v Op, = O(Z)%,

ﬁ%x‘l/p ®ﬁ%><\1/v

where the tensor product is in the category of &'9-modules. Its space of global sections over 2~
will be denoted by 04 g, (2" x ¥p,w,) or simply Oy sy, (2, w,,).

These sheaves will appear in the next theorem with w! = va}_«“,luniv,u 2 0 ;,v — O(Y")*,
where w, is the central character of o, and X F univ,v : ﬁﬁv — O(%p)* — O(#')* comes from the
restriction of the universal &(%r)*-valued character of I'r. As W), is a scheme over Q and X F univ
is obviously algebraic on @FI'C', the notion of Definition 1.2.3 extends to define @A’};C'—algebraicity
of sections of Oyxy,(w,) (and we use the terminology ‘algebraic on DS X Wy(wh)?).

As a last preliminary, we introduce notation for bounded functions: if 2" is a rigid space,
then Oy (Z)P C 04 (Z) is the space of global sections G such that sup,c, |G(x)| is finite;
similarly, in the above situation, we let

ﬁggx\pp(%,w;)b = {G € Opxu, (X, w,): s:g |G(z, )| is finite for some ) € \pr}.
red

As wp is continuous, wp(a) is bounded in a € O ; : we could then equivalently replace ‘is finite
for some ¢ € ¥,,” with ‘is uniformly bounded for all e,

THEOREM A. There is a bounded analytic function
Lp,a(UE) € ﬁ@/’X\I/p (@,a wp_1XF,uniV,p)b

uniquely determined by the following property: L, (o) is algebraic on @A’/}(Z[) x U, and, for
each C-valued geometric point

(X' p) € D15y * Wp(C),

C

letting v : M(«a) — C be the embedding induced by the composition Spec C LN @J\/}'(oi) —
Spec M (), we have

m? QN Dp[ 2 L(1/2, 0% @ X')

Lp,a(UE)(X/7 %) = H Z’S(Xi;? %) 2L(1, 77)-[/(17 O—L7 ad)

vlp

in C. The interpolation factor is explicitly

ort L CF,U(2)L(1777U)2 /
ZU(XU7¢U) T L(1/2,0'E,v ®X;)l_|£Zw(Xwﬂ/)v)

with
)—v(D) 1 — oy (@)~ x4, () ™
1-— av(wv)fwxw(ww)QF,{)
Zy (Xim y) = if X}, - @ © @ Is unramified,
(X - w © ¢,VE,)
if X}, - @ © @y Is ramified.

Qy (wv)_U(D) X{w (ww
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Here d, D € A®* are generators of the different of F' and the relative discriminant of E/F,
respectively, q,, is the relative norm of E/F, f, is the inertia degree of w|v, and qr, is the
cardinality of the residue field at v; finally, for any character Y., of E. of conductor f,

(R p,) = / (b (1) dt
w(t)=—w(f)

with dt the additive Haar measure on E,, giving vol(0g,,,dt) =1, and Y. = Ypy o Trg, /p, -

Remark 1.2.4. It follows from the description of Lemma A.1.1 that the interpolation factors
2y, Zy are sections of Oy vy, (va}_?,luniv,v)7 where #//1> is the ind-finite reduced ind-scheme
over M («) representing pps(q)-valued characters of E. (Later, we will also similarly denote by
gyl c @lle the subscheme of characters satisfying x.| X =Wy L)

In fact, we only construct L,.(og) as a bounded section of ﬁ@/X@p(w;IXF7univ7p)(D),
where D is a divisor on %’ supported away from % (i.e. for any polynomial function G
on %' with divisor of zeroes > D, the function G - L,,(cg) is a bounded global section
of ﬁd]!x\yp(wp_l)(}?’univ’p));? see Theorem 3.7.1 together with Proposition A.2.2 for the precise
statement. This is sufficient for our purposes and to determine L, ,(cg) uniquely. One can then
deduce that it is possible to take D = 0 by comparing our p-adic L-function to some other
construction where this difficulty does not arise. One such construction has been announced by
David Hansen.

1.3 p-adic Gross—Zagier formula
Let us go back to the situation in which A is a modular abelian variety of GLo-type, associated
with an automorphic representation o4 of Resp /QGLQ of character w = wy4.

p-adic heights. Several authors (notably Mazur—Tate, Schneider, Zarhin, Nekovai) have defined
p-adic height pairings on A(F) x AY(F) for an abelian variety A. These pairings are analogous to
the classical Néron—Tate height pairings: in particular, they admit a decomposition into a sum
of local symbols indexed by the (finite) places of F’; for v { p such symbols can be calculated
from intersections of zero-cycles and degree-zero divisors on the local integral models of A.

In the general context of Nekovar [Nek93], adopted in this paper and recalled in §4.1, height
pairings can be defined for any geometric Galois representation V' over a p-adic field; we are
interested in the case V' = VA ®p, L, where M = End’ A and L is a finite extension of a
p-adic completion M, of M. Different from the Néron-Tate heights, p-adic heights are associated
with the auxiliary choice of splittings of the Hodge filtration on Dgr(V|g,, ) for the primes v|p;
in our case, Dar(Vlg,, ) = Hig(AY/F,) ®u, L. When Vg, is potentially ordinary, meaning
that it is reducible in the category of de Rham representations (see more precisely Definition
4.1.1),% there is a canonical such choice. If A is modular corresponding to an M-rational cuspidal
automorphic representation ¢%, it follows from [Car86, Théoreme A], together with [Nek06,
(proof of) Proposition 12.11.5(iv)], that the restriction of V = V,A ® L to ¥p, is potentially
ordinary if and only if 04, ® L is nearly p-ordinary.

We assume this to be the case for all v|p. One then has a canonical p-adic height pairing

(,): A(F)q@m AY(F)q > Tr® L, (1.3.1)

" A similar difficulty is encountered for example by Hida in [Hid91].

8 This is a p-partial version of the notion of Ar, acquiring ordinary (good or semistable) reduction over a finite
extension of Fj,.
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whose precise definition will be recalled at the end of §4.1. Its equivariance properties under the
action of ¥r = Gal(F'/F) allow us to deduce from it pairings

(1) AC0) @r AY(x ) = Tr& L(x) (1.3.2)
for any character y € Z’/LIC

Remark 1.3.1. Suppose that ¢ : I'p — L(x) is any continuous homomorphism such that, for all
v|p, Lyl 0% = 0; we then call ¢ a ramified logarithm. Then it is conjectured, but not known in

general, that the pairings deduced from (1.3.2) by composition with ¢ are non-degenerate. See
Theorem E for a new result in this direction.

Remark 1.3.2. If y is not exceptional in the sense of the next definition, then (1.3.2) is known to
coincide with the norm-adapted height pairings a la Schneider [Sch82, Nek93], by [Nek93], and
with the Mazur—Tate [MT83] height pairings, by [TWO03].

DEFINITION 1.3.3. A locally constant character x, of E;5 is said to be not exceptional if
Zuw(xw) # 0.2 A character y € @]\14'('&) is said to be not exceptional if for all w|p, x, is not
exceptional.

The formula. Let % = %, C %' = % be the rigid spaces defined above. Denote by % C Oy the
ideal sheaf of %" and by A}, = (Fw/75)|» the conormal sheaf. By (1.2.1), it is canonically
trivial:

,/Vg;/@, > Oy QT = Oy @ (TFp®L).
For a section G of #, denote by dpG € A7 o its image; it can be thought of as the differential

in the 1 4 § cyclotomic variable(s).

Let x € &2 he a character such that €(Ag,x) = —1; denote by L() its residue field.
By the interpolation property, the complex functional equation, and the constancy of local root
numbers, the p-adic L-function L, (04 ) is a section of £ in the connected component of
X € %’ (see Lemma 10.2.2). Let B be the incoherent quaternion algebra determined by (1.1.1)
and let mq4 = m4(B), mav = m4v(B).

THEOREM B. Suppose that:

— for all v|p, A/F, has potentially p-ordinary good or semistable reduction;
— for all v|p, E,/F, is split;
— the sign e(Ag, x) = —1 and x is not exceptional (Definition 1.3.3).

Then for all f| € w4, fo € wav, we have
_ c o L
(P(f1.), PY(fax ™) = =[] 25 0w) ™ - dpLpaloas) () - Q(f1, f2.X)
2
vlp
n Ay gy = I'r® L(x). Here cg is as in (1.1.4).

In the right-hand side, we have considered Remark 1.2.4 and used the canonical isomorphism
ﬁq,p(wgl) Qum Og,(wp) = M.

9 As a function on ¥,; by Remark 1.2.4, this is equivalent to Zu, (Xw, %w) # 0 for every ¥, € ¥,.
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1.4 Anticyclotomic theory

Consider the setup of §1.2. Recall that in the case €(1/2,0x, x) = +1, the definite quaternion
algebra B defined by (1.1.1) is coherent, i.e. it arises as B = B ® p A for a quaternion algebra
B over F; we may assume that the embedding Epo — B arises from an embedding i : £ —
B. Let m be the automorphic representation of B* attached to ¢ by the Jacquet—Langlands
correspondence; it is realised in the space of locally constant functions B*\B* — M, and this
gives a stable lattice m4,, C m. Then, given a character x € % Le.the formalism of §1.1 applies
to the period functional p € H(mw, x) defined by

R B LONOL (1.4.1)

and to its dual p¥(-,x 1) € H(w", x~!). Here dt is the Haar measure of total volume 1.

The formula expressing the decomposition of their product was proved by Waldspurger (see
[Wal85] or [YZZ12]): for all finite-order characters x : EX\Ey — M (x)* valued in some extension
M(x) D M, and for all f; € 7, fo € 7", we have

cg mPADR|VL(1/2,0p0 x)
4 2L(1,n)L(1,0,ad)

in M(x). Notice that here we could trivially modify the right-hand side to replace the complex
L-function with the p-adic L-function, thanks to the interpolation property defining the latter.

The L-function terms of both the Waldspurger and the p-adic Gross—Zagier formulas thus
admit an interpolation as analytic functions (or sections of a sheaf) on #%,. We can show that
the other terms do as well.

Let m be the M-rational representation of the (coherent or incoherent) quaternion algebra
B* > EX considered above, with central character w. It will be convenient to denote 71 = T,
7 =a',pt =p,p” =pY, # = % +1, and, in the incoherent case, At = A, A~ = AV, P* =P,
P~ =P V, O =04.

We have a natural isomorphism %, = %_ given by inversion. If .%# is a sheaf on #_, we
denote by .#* its pullback to a sheaf on %/ ; the same notation is used to transfer sections of
such sheaves.

p(fr, )P’ (fo,x™ 1) = Q(f1, f2,x) (1.4.2)

Big Selmer groups and heights. Let lefniv : T — (0(%4)")* be the tautological character such
that x= . (t)(x) = x(t)*! for all x € #4, and define an (%4 )P-module

Sp (A§7 aniv’ @i)b = H}<E7 V;JAE ® ﬁ<@i)b(xi:niv))7

where (%4 )P(x . ) denotes the module of bounded global sections &(%4)P with g-action by
Ximiv- Here, for a topological Q,[¥4g]-module V' which is potentially ordinary at all w|p in the
sense of Definition 4.1.1 below, with exact sequences 0 — V. — V,, = V.- — 0, the (Greenberg)
Selmer group H} (E,V)C HYE,V) := H (¥4, V) is the group of those continuous cohomology
classes ¢ which are unramified away from p and such that, for every w|p, the restriction of ¢ to
a decomposition group at a w is in the kernel of

HYE,,V) - HYE,,V7).
(In the case at hand, V, = VPAE(;EUJ is the maximal potentially unramified quotient of

+
» Xuniv?

%AE@EM; cf. §4.1.) For every non-exceptional x* € %l the specialisation Sp(AfEE
%) ® L(x) is isomorphic to the target of the Kummer map

K Ap(XT) > H}(E, Vi Ap ® L(xT) ). (1.4.3)
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The work of Nekovai [Nek06] explains the exceptional specialisations and provides a height
pairing on the big Selmer groups. The key underlying object is the Selmer complex

RT (B, VA © 0(2)° (i) (14.4)
an object in the derived category of €(%4)P-modules defined as in [Nek06, §0.8] taking T =
Vo AL @ 0(22)P(xE ) and U = V}A%@E ® O(ZE)P(xE ) in the notation of [Nek06]. Tts first
cohomology group B

H{(B, VA ® 0(%2)" (i)

satisfies the following property. For every L-algebra quotient R of &(%/ )b letting i il — R~
be the character deduced from x| there is an exact sequence [Nek06, (0.8.0.1)]

0— P H(Ew, Vo A5ly, , ® R(XR))
w|p
— H}(E, Vo A3 @ 0(%0)" (xEy)) © R — H}(E,V,Az @ R(x%)) = 0. (1.4.5)

When R = 0(%4)P itself, each group HO(E,, V;,AE@E L9 O(#3)P(xE .,)) vanishes as Xuniv.w 18
infinitely ramified; hence, 7

H}(E, VoA © O(Z5)" (X)) = Sp( A, Y.

+
Xuniv>
When R = L(x) with x € %%, the group HO(Ew,VpAﬁ{;Ew ® L(x*),+) vanishes unless

Xw * Oy © Gy = 1 on Ej5, that is, unless x,, is exceptional.
Finally, by [Nek06, ch. 11], there is a big height pairing

() Sp(AL X Z4)° @0, Sp(Ap Xawivs @) = Ny (95)° (1.4.6)

interpolating the height pairings on H}(E7 VoA ® L(x*),+) for non-exceptional x € #'* (and
more generally certain ‘extended’ pairings on ﬁ}(E, V,A® L(Xi)xi) for all xy € Z¢; these will
play no role here).

Heegner—theta elements and anticyclotomic formulas. Keep the assumptions that for all v|p,
E,/F, is split and 7, = o, is p-nearly ordinary with unit character «,. Then, after tensoring
with @y, (V) (in order to use Kirillov models at p), we will have a decomposition 7+ Wi’p@m;,t,
which is an isometry with respect to pairings (, )P, (, ), on each of the factors. By (1.1.2), for
each x = xPxp € Z’/J\l/f' we can then define a toric period

QP(fFP, [P, x) € M(x) ® Oy, (w, ). (1.4.7)
Given f¥P ¢ 7P we will construct an explicit pair of elements
+.V,
fa = ( an) (fi’p®fipvp) Gﬂ'M( )®hm7rp ’, (1.4.8)
Vp

where the inverse system is indexed by compact open subgroups V,, C Ey C B) containing

Ker(wp), with transition maps being given by averages under their 7rp actlon and f v, are

suitable elements of m, =V We compute in Lemma 10.1.2 that we have

Qp( (Ipaf_ CF,p 1HZO
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as sections of @),, Oz.c.xw, (wy), Where the left-hand side in the above expression is computed,

for each x; € [, < as the limit of Qp(fotp,vpv ap,) 38 Vp — Ker(wp).

For the following theorem, note that all the local signs in (1.1.1) extend to locally constant
functions of % (this is a simple special case of [PX14, Proposition 3.3.4]); the quaternion algebra
over A determined by (1.1.1) is then also constant along the connected components of %,. We
will say that a connected component %> C % is of type ¢ € {£1} if £(1/2,0E, x) = € along #°.

THEOREM C. Let % C %, be a connected component of type ¢, let B be the quaternion algebra
determined by (1.1.1), and let 7% be the representations of B* constructed above. Finally, let
%° C % be the image of % under the inversion map.

(1) (Heegner—theta elements.) For each f +P ¢ 7P there are elements
OL(fEP) € Ou, (D2 ife = +1,
PE(FEP) € Sp(AL X, #0)° ife= -1

uniquely determined by the property that, for any compact open subgroup V, C E; and
any Vjp-invariant character Xt € %2, we have

5 (7)) = p(fa, X,
FEE)0cH) = sk M),

where fI is the element (1.4.8), p(-) is the period integral (1.4.1), and k is the Kummer
map (1.4.3).

(2) There is an element

Q = CF7P(2)71 H gv 6 Homﬁ(@f)b[EXpoo](ﬂJﬁp ® Wi’p ® ﬁ(@f)b7 ﬁ(@f)b ® ﬁ\l/p (U.);l))
vip

uniquely determined by the property that, for all f*P € 7P and all y € @fl'c', we have

D(fFF, FP)(X) = Crp(2) - QP(FFP f 7P XP).
(3) (Anticyclotomic Waldspurger formula.) If e = +1, we have

0L ) - 05(f ") = - Lyalon) - (£, )

in 0(%2)".
(4) (Anticyclotomic Gross—Zagier formula.) If ¢ = —1 and A has potentially p-ordinary
reduction at all v|p, we have

(PSP = 5 - drLpalos) - (777, f77)

: b
in JV;+/@+,(@J?) .

In parts (3) and (4), we have used the canonical isomorphism Oy, (wp) ® Oy, (w, ) = M.
The height pairing of part (4) is (1.4.6).

Remark 1.4.1. Theorem C(4) specialises to 0 = 0 at any exceptional character y € Z* and
in fact by the archimedean Gross—Zagier formula of [YZZ12] it follows that the ‘pair of points’
Pr(fTP)® P, (fP)" itself vanishes there. The leading term of L, , at exceptional characters
is studied in [Dis16].
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1.5 Applications

Theorem B has by now standard applications to the p-adic and the classical Birch and
Swinnerton-Dyer conjectures; the interested reader will have no difficulty in obtaining them as in
[Per87, Dis15]. We obtain in particular one p-divisibility in the classical Birch and Swinnerton-
Dyer conjecture for a p-ordinary CM elliptic curve A over a totally real field as in [Dis15, Theorem
D] without the spurious assumptions of [Dis15] on the behaviour of p in F. In the rest of this
subsection, we describe two other applications.

On the p-adic Birch and Swinnerton-Dyer conjecture in anticyclotomic families. The next
theorem, which can be thought of as a case of the p-adic Birch and Swinnerton-Dyer conjecture
in anticyclotomic families, combines Theorem C(4) with work of Fouquet [Foul3] to generalise a
result of Howard [How05] towards a conjecture of Perrin-Riou [Per87]. We first introduce some
notation: let A := ﬁ(@f)b, and let the anticyclotomic height requlator

X CA® Sym"T'p (1.5.1)
be the discriminant of (1.4.6) on the A-module
SP(AJEF" Xjniv’ g/f)b @A SP(AE" X;niv’ g/—o)hb’

where the integer r in (1.5.1) is the generic rank of the finite-type A—moduli Sp(AL, X s

@_ﬁ)b Recall that this module is the first cohomology of the Selmer complex RI'f(E, VAT @
O(D2)P(xt ) of (1.4.4). Let

H3(E, VAT ® 6(%)" (univ) tors

be the torsion part of the second cohomology group. Its characteristic ideal in A can roughly
be thought of as interpolating the p-parts of the rational terms (order of the Tate—Shafarevich
group, Tamagawa numbers) appearing on the algebraic side of the Birch and Swinnerton-Dyer
conjecture for A(y).

THEOREM D. In the situation of Theorem C(4), assume furthermore that:

- p=5;
— V, A is potentially crystalline as a 9, -representation for all v|p;
— the character w is trivial and %° is the connected component of 1 € ¥ ;

— the residual representation p : 9r — Auty, (T, A®F,) is irreducible (where Fy, is the residue
field of M, ), and it remains irreducible when restricted to the Galois group of the Hilbert
class field of E;

— for all v|p, the image of plg, , is not scalar.

Then
Sp (AE7 Xuniv, @O)b’ S}J(AEa XJIlljvv @O)bb

both have generic rank 1 over A, a non-torsion element of their tensor product over A is given
by any 21 (ftP) @ P, (f~P)" such that 2(ftP, f~P) # 0, and

(dpLpa(op)|lwe) C % - chargy H}(E, VoA @ A(Xuniv) tors (1.5.2)

as A-submodules of A T'p.
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The ‘potentially crystalline’ assumption for V, A, which is satisfied if A has potentially good
reduction at all v[p, is imposed in order for V,A ® 0(#°)" to be ‘non-exceptional’ in the sense
of [Foul3] (which is more restrictive than ours); the assumption on w allows us to invoke the
results of [CV05, AN10] on the non-vanishing of anticyclotomic Heegner points, and to write
A=AT=A", % =% =% = %. See [Foul3, Theorem B(ii)] for the exact assumptions
needed, which are slightly weaker.

The proof of Theorem D will be given in §10.3.

Remark 1.5.1. When F = Q, the converse divisibility to (1.5.2) was recently proved by Wan
[Wan14] under some assumptions.

Generic non-vanishing of p-adic heights on CM abelian wvarieties. The non-vanishing of
(cyclotomic) p-adic heights is in general, as we have mentioned, a deep conjecture (or a ‘strong
suspicion’) of Schneider [Sch85]. The following result provides some new evidence towards it. It is
a corollary of Theorem C(4) together with the non-vanishing results for Katz p-adic L-functions of
Hida [Hid10], Hsieh [Hsil4], and Burungale [Burl5] (via a factorisation of the p-adic L-function).
The result is a special case of a finer one to appear in forthcoming joint work with Burungale.
For CM elliptic curves over Q, it was known as a consequence of different non-vanishing results
of Bertrand [Ber83] and Rohrlich [Roh84] (see [AH06, Appendix A, by K. Rubin]).

THEOREM E. In the situation of Theorem C(4), suppose that Ar has complex multiplication'®
and that p { 2Dphy,, where h, = hg/hp is the relative class number. Let (,)cyc be the pairing
deduced from (1.4.6) by the map Ny /(% °)> =2 O(#°)* @Tp — O(#°)* @ Ty, where Ieye =
I'q viewed as a quotient of I'r via the adélic norm map.

Then, for any f*P such that 2(fTP, f~P) #0 in O(#°)P, we have

(PP, Py (f7) Veye 0 in O(Z°)° @Teye.

1.6 History and related work

We briefly discuss previous work towards our main theorems, and some related works. We will
loosely term the ‘classical context’ the following specialisation of the setting of our main results:
A is an elliptic curve over Q with conductor N and good ordinary reduction at p; p is odd; the
quadratic imaginary field E has discriminant coprime to N and it satisfies the Heegner condition:
all primes dividing N split in E (this implies that B is split); the parametrisation f : J —
A factors through the Jacobian of the modular curve Xo(V); the character x is unramified
everywhere, or unramified away from p.

Ancestors. In the classical context, Theorems A and B were proved by Perrin-Riou [Per87];
intermediate steps towards the present generality were taken in [Disl5, Mal6]. When E/F is
split above p, Theorem A can essentially be deduced from a general theorem of Hida [Hid91]
(cf. [Wanlbh, §7.3]), except for the location of the possible poles. Theorems C(4) and D in the
classical context are due to Howard [How05] (in fact, Theorems B and C(4) were first envisioned
by Mazur [Maz83] in that context, whereas Perrin-Riou [Per87] had conjectured the equality in
(1.5.2)). Theorem C(3) is hardly new and has many antecedents in the literature: see e.g. [Van12]
and references therein.

19In the strict sense that the algebra End®(Ag) of endomorphisms defined over E is a CM field.
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Relatives. Some analogues of Theorem B were proven in situations which differ from the classical
context in directions which are orthogonal to those of the present work: Nekovar [Nek95] and
Shnidman [Shn16] dealt with the case of higher weights; Kobayashi [Kob13] dealt with the case
of elliptic curves with supersingular reduction.

Friends. We have already mentioned two other fully general Gross—Zagier formulas in the sense of
§ 1.1, namely the original archimedean one of [YZZ12] generalising [GZ86], and a different p-adic
formula proved in [LZZ15] generalising [BDP13]. The panorama of existing formulas of this type
is complemented by a handful of results, mostly in the classical context, valid in the presence of
an exceptional zero (the case excluded in Theorem B). We refer the reader to [Disl6], where we
prove a new such formula for p-adic heights and review other ones due to Bertolini-Darmon. It
is to be expected that all of those results should be generalisable to the framework of §1.1.

Children. Finally, explicit versions of any Gross—Zagier formula in the framework of § 1.1 can be
obtained by the explicit computation of the local integrals ). This is carried out in [CST14],
where it is applied to the cases of the archimedean Gross—Zagier formula and of the Waldspurger
formula; the application to an explicit version of Theorem B can be obtained in exactly the same
manner. An explicit version of the anticyclotomic formulas of Theorem C can also be obtained
as a consequence: see [Disl6] for a special case.

1.7 Outline of proofs and organisation of the paper

Let us briefly explain the main arguments and at the same time the organisation of the paper.
For the sake of simplicity, the notation used in this introductory discussion slightly differs

from that of the body text, and we ignore powers of 7, square roots of discriminants, and choices

of additive character.

Construction of the p-adic L-function (§3). It is crucial for us to have a flexible construction
which does not depend on choices of newforms. The starting point is Waldspurger’s [Wal85]
Rankin—Selberg integral

(907 I(¢7 X,))Pet _ L(1/2,0'E X X/) ,
2L(1,0,ad)/Cr(2) L(1,n) IZIRE;(%:#%,XU)’ (1.7.1)

where ¢ € o, I(¢,X') is a mixed theta-Eisenstein series depending on a choice of an adelic
Schwartz function ¢, and RE,(ch, ¢, X') are normalised local integrals (almost all of which are
equal to 1). Then, after dividing both sides by the period 2L(1,0,ad), we can:

— interpolate the kernel x' — I(0,¢,x’) to a #'-family .#(¢P>°; x) of p-adic modular forms
for any choice of the components ¢P>°, and a well-chosen ¢, (we will set ¢, (z,u) to be
‘standard’ at v|oo, and close to a delta function in x at v|p);

— interpolate the functional ‘Petersson product with ¢’ to a functional £ » o, on p-adic modular
forms, for any ¢ € o which is a ‘U,-eigenvector of eigenvalue «,,’ at the places v|p, and is
antiholomorphic at infinity;

— interpolate the normalised local integrals x’' — REJ(%, ¢, X,) to functions %E(cpv, ¢y) for
all v poo and any ¢, ¢,.
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To conclude, we cover % by finitely many open subsets %;; for each i, we choose appropriate
P, P and we define!!
lor.a(F (7))

Hv{poo ’%5(901)7 ¢U) '

The explicit computation of the local integrals at p (in the Appendix) and at infinity yields the
interpolation factor.

Lpa(0B)|z =

Proof of the Gross—Zagier formula and its anticyclotomic version. We outline the main arguments
of our proof, with an emphasis on the reduction steps.

Multiplicity one. We borrow or adapt many ideas (and calculations) from [YZZ12], in particular
the systematic use of the multiplicity-one principle of §1.1. As both sides of the formula are
functionals in the same one-dimensional vector space, it is enough to prove the result for one
pair f1, fo with Q(f1, f2,x) # 0; finding such f; ® fo is a local problem. It is equivalent to
choosing functions ¢, ® ¢, = 071(fi ® f2) as just above, by the Shimizu lift § realising the
Jacquet—Langlands correspondence (§5.1). For v|p, we thus have an explicit choice of such,
corresponding to the one made above.'? For v { p, we can introduce several restrictions on
(o, ¢y) as in [YZZ12], with the effect of simplifying many calculations of local heights (§6).

Arithmetic theta lifting and kernel identity (§5). In [YZZ12], the authors introduce an
arithmetic—geometric analogue of the Shimizu lift, by means of which they are able to write also
the Heegner-points side of their formula as a Petersson product with ¢ of a certain geometric
kernel. We can adapt without difficulty their results to reduce our formula to the assertion!'?
that

dp I (75 X) — 2L (1,0) Z(¢°, X)

is killed by the p-adic Petersson product £y » o. Here Z (¢*°, x) is a modular form depending on
¢ encoding the height pairings of CM points on Shimura curves and their Hecke translates; it
generalises the classical generating series > (te(P)[x], T'(m)we(P))q™.

Decomposition and comparison (§§ 7-8). Both terms in the kernel identity are sums of local terms
indexed by the finite places of F. For v { p, we compute both sides and show that the difference
essentially coincides with the one computed in [YZZ12]: it is either zero or, at bad places, a
modular form orthogonal to all forms in ¢. In fact, we can show this only for a certain restricted
set of g-expansion coeflicients; as the global kernels are p-adic modular forms, this will suffice by
a simple approximation argument (Lemma 2.1.2).

p-adic Arakelov theory or analytic continuation. The argument just sketched relies on calculations
of arithmetic intersections of CM points; this in general does not suffice, as we need to consider
the contribution of the Hodge classes in the generating series too. It will turn out that such
contribution vanishes; two approaches can be followed to show this. The first one, in analogy
with [ZhaOla, YZZ12] and already used in a simpler context in [Dis15], is to make use of Besser’s
p-adic Arakelov theory'* [Bes05] in order to separate such contribution.

1 This is the point which possibly produces poles.

12 The notation ¢ refers to the application to ¢ of a local operator at v|p appearing in the interpolation of the
Petersson product.

13 Together with a comparison of local terms at p described below.

4 Recall that an Arakelov theory is an arithmetic intersection theory which allows us to pair cycles of any degree,
recovering the height pairing for cycles of degree zero.
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We will follow an alternative approach (see Proposition 10.2.3), which exploits the generality
of our context and the existence of extra variables in the p-adic world. Once having constructed
the Heegner—theta element 2%, the anticyclotomic formula of Theorem C(4) is essentially a
corollary of Theorem B for all finite-order characters x: we only need to check the compatibility
Q’U(fotv? faws X) = Cro(2)71 - Zy(xy) for all v|p by explicit computation. Conversely, thanks to
the multiplicity-one result, it is also true that Theorem B for any y is obtained as a corollary
of Theorem C(4) by specialisation. We make use of both of these observations: we first prove
Theorem B for all but finitely many finite-order characters x; this suffices to deduce Theorem
C(4) by an analytic continuation argument, which finally yields Theorem B for the remaining
characters x as well. The initially excluded characters are those (such as the trivial character
when it is contemplated) for which the contribution of the Hodge classes is not already annihilated
by y-averaging; for all other characters the Arakelov-theoretic arguments just mentioned are then
unnecessary.

Annihilation of p-adic heights (§ 9). We are left to deal with the contribution of the places v|p.
We can show quite easily that this is zero for the analytic kernel. As in the original work of
Perrin-Riou [Per87], the vanishing of the contribution of the geometric kernel is the heart of the
argument. We establish it via an elaboration of a method of Nekovar [Nek95] and Shnidman
[Shn16]. The key new ingredient in adapting it to our semistable case is a simple integrality
criterion for local heights in terms of intersections, introduced in §4.3, after a review of the
theory of heights.

Local toric period. Finally, in the Appendix we compute the local toric period Q(0(yp, ® ¢.,), Xv)
for v|p and compare it to the interpolation factor of the p-adic L-function. Both are highly
ramified local integrals, and they turn out to differ by the multiplicative constant L(1,1;,); this
completes the comparison between the kernel identity and Theorem B.

1.8 Notation
We largely follow the notation and conventions of [YZZ12, §1.6].

L-functions. In the rest of the paper (and unlike in the Introduction, where we adhere to the more
standard convention), all complex L- and zeta functions are complete including the T-factors at
the infinite places. (This is to facilitate referring to the results and calculations of [YZZ12], where
this convention is adopted.)

Fields and adéles. The fields E and F' will be as fixed in the Introduction unless otherwise noted.
The adele ring of F' will be denoted A g or simply A; it contains the ring A® of finite adeles.
We let Dr and Dg be the absolute discriminants of F' and F, respectively. We also choose an
idele d € A°>* generating the different of F//Q, and an idele D € A°>* generating the relative
discriminant of E/F.

We use standard notation to restrict adelic objects (groups, L-functions, and so on) away
from a finite set of places S, e.g. AS := H;(;ZS F,, whereas Fg := [[,cg Fy. When S is the set of
places above p (respectively co), we use this notation with ‘S’ replaced by ‘p’ (respectively ‘c0’).

We denote by Fif C Fi the group of () (s With z; > 0 for all 7, and we let A := A F1,
F{ :=F*NF;f.

For a non-archimedean prime v of a number field F', we denote by ¢r, the cardinality of the
residue field and by @, a uniformiser.

Subgroups of GLo. We consider GLy as an algebraic group over F. We denote by P,
respectively P!, the subgroup of GLo, respectively SLo, consisting of upper-triangular matrices;
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by A C P C GLg the diagonal torus; and by N C P C GLy the unipotent radical of P. We let

n(z) = (') and
o ()

Quadratic torus. We let T':= Resg/pGm; the embedding T(A>) C B* is fixed. We let Z :=
G, r, and view it both as a subgroup of T" and as the centre of GLo.

Automorphic quotients. If G is a reductive group over the totally real field F', we denote

[G] == G(F)\G(A)/Z(A).

Measures. We choose local and global Haar measures as in [YZZ12]. In particular, we have
vol(GLy(Or)) = ldf3¢re(2) 7!

for all non-archimedean v.
We denote by dt the local and global measures on T/Z of [YZZ12], which give
vol([T],dt) = 2L(1,n). The global measure

d°t == |Dp|"?|Dgyp|"/? dt
gives vol([T],d°t) € Q*.

Regularised averages and integration. We borrow some notation from [YZZ12, §1.6.7]. If G is a
topological group with a left Haar measure dg with finite volume, we define

Lt i [ roda

(This reduces to the usual average when G is a finite group.)
If F is a totally real field and f is a function on F*\ A* invariant under F2, we denote

fe)dz = f 7(2) dz,
AX FX\AX /FX

where 7 is any archimedean place of F. If f is further invariant under a compact open subgroup
U, this reduces to the average over F*\A*/FXU.

Finally, let G be a reductive group over F' with an embedding of G, ,r into the centre G,
and assume that dg is a left Haar measure giving finite volume to [G] = G(F)\G(A)/Z(A). Let
f be a function on G(F)\G(A)/Z(F); then we define

) dg == dzd
TG0 /{G] ][Z 0=

1
]{G] o) dg = s /[G] ][Z 0=

Note in particular that for functions which factor through a compact quotient of G(F')\G(A) and
are locally constant there, the regularised integration reduces to a finite sum and, when using
Q-valued measures such as the measure d°t on T, it makes sense for functions taking p-adic
values as well.

and
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Multi-indices. If S is a set and r € Z°, p € G® for some group G, we often write p” := [Les Py
This will typically be applied in the following situation: S = S}, is the set of places of F' above
p, G is the (semi)group of ideals of OF, and p, is the ideal corresponding to v.

Functions of p-adic characters. When % is one of the rigid spaces introduced above and G(A) €
O(#7) is a function on %7 depending on other ‘parameters’ A (e.g. a p-adic L-function), we
write G(A; x) for the evaluation G(A)(x).

2. p-adic modular forms

2.1 Modular forms and their g-expansions

Let K C GLg(ﬁAF) be an open compact subgroup. Recall that a Hilbert automorphic form of
level K is a smooth function of moderate growth

¢ : GLo(F)\GL2(A)/K — C.
Let k € ZHom(FR) Then an automorphic form is said to be of weight k if it satisfies

o(gre) = @(g)¥oo(k - 0)

for all rg = (%7575, Soaoms.) ) vjoe € SO2(Fxc). It is said to be holomorphic of weight  if for all

— sin 2760, cos 2wl

g € GL2(A™), the function of 2o = (T + 1Yv)yjoc € pHom(FR)

Zoo = [Yos|o 20 (9(*> %)),

is holomorphic. Holomorphic Hilbert automorphic forms will be simply called modular forms.
Let w: F*\A* — C* be a finite-order character. Then ¢ is said to be of character w if it
satisfies p(zg) = w(z)p(g) for all z € Z(A) = A*. We denote by My (K, C) the space of modular
forms of level K and weight k, and by Si(K, C) its subspace of cuspforms. We further denote
by My(K,w,C), Sk(K,w,C) the subspaces of forms of character w. We identify a scalar weight

k € Z-( with the corresponding parallel weight (k,... k) € Zggm(F’R).

For v a finite place of F' and N an ideal of OF,, we define subgroups of GL2(0F,) by

Ko(N), = {(Cc‘ Z) ¢ =0 mod N},

<ch Z) c,d—l:OmodN},

<ch Z) c,a—l:OmodN},
a b -
<c d) c,a—l,d—l:OmodN},

K(N), = {(a Z) b,c,a—1,d—1=0mod N}.

If N is an ideal of O and x € {o,1,,1,0}, we define subgroups Kx(N) of GLg(ﬁAF) by
Kx(N) = [[, Kx(N),. If p is a rational prime and r € Z{Z%‘p}, we further define Kx(p"), =
Hv K*(wf}”)v C G’LQ(ﬁFp).
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Fix a non-trivial character ¢ : A/F — C*. Any automorphic form ¢ admits a Fourier—
Whittaker expansion ¢(g) = > ,cp Walg), where Wo(g) = W, y.4(g) satisfies W (n(z)g)
=(ax)W,(g) for all x € A. If ¢ is holomorphic of weight k, we can further write Wy (g) =
Waeo (9%°)Wa,00(goo) with Wi o(g) = Hv|oo Wa(g), where W,, = Wéﬁ}’) is the standard
holomorphic Whittaker function of weight k given by (suppressing the subscripts and using
the Iwasawa decomposition)

x k24 (a(x +i 1R, (a if a ,
W )0 = (Pl O ) ey

(Similarly, we have a description in terms of the standard antiholomorphic Whittaker function

%%

~

x k129 (a(x + —k0)1r, (—a if a ,
S ”‘{Bikniﬁfwﬁiﬁ‘fif e ifafg, (2.12)

for antiholomorphic forms of weight —k < 0.)
In this case we have an expansion

(V1) =1l S W ))vslion)vian

a€F>0

for all y € A,z € A; here F5( denotes the set of a € F satisfying 7(a) > 0 for all 7: FF — R.
For a field L, let the space of formal g-expansions C°°(A>>*, L)[q!>°]° be the set of those
formal sums W = > cp  Waq® with coefficients W, € C*(A°*, L) such that, for some
compact subset Ay C A%, we have W,(y) = 0 unless ay € Ay .
Let ¢ be a holomorphic automorphic form. The expression

Yo(y) =Y WZ((U1))a", ye A~ (2.1.3)
a€F

belongs to C®°(A>* C)[qf>°]° and it is called the formal g-expansion of ¢. The space of
formal g-expansions is an algebra in the obvious way, compatibly with the algebra structure on
automorphic forms.

PROPOSITION 2.1.1 (g-expansion principle). Let K C GLg(ﬁp) be an open compact subgroup
Hom(F,R)

and let k € Z . The g-expansion map defined by (2.1.3)

My(K,C) - C*(A™>,C)[q"™*]°
> Yo
is injective.
We say that a formal g-expansion is modular if it belongs to the image of the g-expansion

map.

Proof. This is (a weak form) of the g-expansion principle of [Rap78, Théoreme 6.7(i)]. In fact,
our modular forms ¢ are identified with tuples (¢c)ceci(ry+ of Hilbert modular forms in the
sense of [Rap78]. Then the non-vanishing of 9¢ for ¢ # 0 is obtained by applying the result
of [Rap78] to each .. See [Rap78, Lemme 6.12] for the comparison between various notions of
Hilbert modular forms used there. O
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The spaces of formal g-expansions introduced so far will often be convenient for us in terms of
notation, but they are redundant: if k € Z>o, ¢ € My (K, C), we have W, ((Y ;)) = Wi ((*,)) for
alla € F*,y € AX. Moreover, if K C K(N), then |y |~*/2W, (¥ |)) and [y>|~*2We ((¥™ )
are further invariant under the action of Up(N) = {u € & | u=1mod N} by multiplication on
y (see [Hid91, Theorem 1.1]). We term reducible of weight k those formal g-expansions satisfying
these conditions for some V.

Define the space of reduced g-expansions (of level N) with values in a ring A to be

M'(K(N),L) := C(A™ /FXUp(N),L) x LA™"/UriN);

if K is any compact open subgroup, we define M'(K, L) := M'(K(N), L) for the largest subgroup
K(N)C K. Let M'(L) := Uy M'(K(N),L) and M'(K?,L) :=J, M'(KPKy(p"), L).

Given a reducible g-expansion W of weight k, we can then define the associated reduced
g-ezpansion (Wi (y), (Wd)aeaxx) € M'(L) by

Woy) = lyHPWEe (U 1), Wi = lal W (%))

If A C C is a subring, we denote by My(K,A) C My(K,C), Sp(K,A) C Sip(K,C) the
subspaces of forms with reduced g-expansion coefficients in A. If A is any Q-algebra, we let
Mp(K,A) = Mi(K,Q)® A, Sk(K,A) = Si(K,Q) ® A. Then it makes sense to talk about the
g-expansion of an element of those spaces.

If ¢ is a modular form, we still denote by 9y its reduced g-expansion; in cases where the
distinction is significant, the precise meaning of the expression 9 will be clear from its context.

p-adic modular forms. Let N C OF be a non-zero ideal prime to p, Up(Np™) = (5o Ur(Np").
We endow the quotient A°*/FXUp(Np>) with the profinite topology. Let L be a complete
Banach ring with norm |- |. We define the space of p-adic reduced g-expansions with values in L
to be

M'(KP(N),L) := C(A® /F Up(Np>), L) x LA™ /Ur(Np™),

If K? C GL2(AP>) is a compact open subgroup in general, we define M'(K?, L) := M/(K?(N), L)
for the largest subgroup K?(N) C KP.
Define a ‘norm’ (possibly taking the value o) ||| on M'(KP(N), L) by

(W3, (WE) ae e jupavpme) |l := sup{ W5 ()], [WE] . (2.1.4)

(y,a)

It induces a ‘norm’ on the (isomorphic) space of reducible g-expansions with values in L. Let
M'(KP,L)° C M'(KP?,L) be the set of elements on which || || is finite. We define the Banach
space of p-adic reduced g-expansions

M'(K?, L)

to be the completion of M'(KP, L)° with respect to the norm ||-||. We denote by S'(L) Cc M/(L)
the space of reduced ¢-expansions with vanishing constant coefficients; when there is no risk of
confusion we shall omit L from the notation.

Suppose that L is a field extension of Q,. The space of p-adic modular forms of tame
level KP C GLg(ﬁAﬁ) with coefficients in L, denoted by M(KP, L), is defined to be the
closure in M/(KP, L) of the subspace generated by the reduced g-expansions of elements of
My(KPKY(p™>),, L) = Ur=o Ms(KPKY(p")p, L). Tame levels and coefficient rings will be omitted
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from the notation when they are understood from context. We denote by S := M NS’ the space
of p-adic modular cuspforms.

Approximation. The g-expansion principle of Proposition 2.1.1 is complemented by the following
(obvious) result to provide a p-adic replacement for the approximation argument in [YZZ12].

LEMMA 2.1.2 (Approximation). Let S be a finite set of finite places of F, not containing any
place v above p. Let ¢ be a p-adic modular cuspform all of whose reduced g-expansion coefficients
W(EW are zero for all a € F* A5 Then ¢ = 0.

Proof. The form ¢ has some tame level KP?; then its coefficients are invariant under the action
of some compact open U C A on the indices a. Since F*XAS*UP, = A% the lemma
follows. O

Let S’ be the quotient of S’ by the subspace of reduced g-expansions which are zero at all
a € F*AS>X and let S be the image of S in S’ (these notions depend on the set S, which in
our uses will be clear from the context). Then the lemma says that in

S—S— S, (2.1.5)

the first map is an isomorphism and the composition is an injection. We use the notation Sg(KP),
S's(KP) if we want to specify the set of places S and the tame level KP.

Families. Let 2" be one of the rigid spaces defined in the Introduction, and K? C GLy(AP™)
be a compact open subgroup.

DEFINITION 2.1.3. A % 7-family of g-expansions of modular forms of tame level K? is a reduced
g-expansion ¢ with values in @(%7), whose coefficients are algebraic on 2 °¢ | and such that for

every point )? e e ©(x) is the reduced g-expansion of a classical modular form ¢(x) of level
KPK!(p™), with coefficients in M (x). We say that ¢ is bounded if it is bounded for the norm
(2.1.4).

Twisted modular forms. It will be convenient to consider the following relaxation of the notion
of modular forms.
DEFINITION 2.1.4. A twisted Hilbert automorphic form of weight k € Zggm(F’R) and level K C

GLQ(ﬁp) is a smooth function
¢: GL2(A)/K x A - C
satisfying:
— for all v € GLo(F), 19 € SO2(F),
P(vgro, u) = (g, det(y) ™ u)thoo (k - 0);

— ¢ is of moderate growth in the variable g € GL2(A) and, for all g € GLa(A), u = uscu™ —
$(g, u) is the product of a function of the variable u> and of the function 1.+ (us) of the
variable Uqso;

— there exists a compact open subgroup Urp C A°* such that for all g, ¢(g,-) is invariant
under Up;
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— for each g € GLy(A), there is an open compact subset K, C A°* such that ¢(g,-) is
supported in K F¥.

Let w: F*\A* — C* be a finite-order character. We say that a twisted automorphic form
© has central character w if it satisfies

$(zg,u) = w(2)@(g, 2 *u)

for all z € Z(A) = A*. We say that it is holomorphic (of weight k) or simply a twisted modular
form if zoo — |yoo\gok/2g5(g (¥> *5°),u) is holomorphic in ze = (2, + iY)vjoo € hHom(ER) for a]]
ue Ax.

We let M{™ (K, C) denote the space of twisted modular forms of weight k and M}™(K,w, C)
its subspace of forms with central character w. We omit the K from the notation if we do not

wish to specify the level.

If ¢ is a twisted modular form, then, for each g, u, the function x — ¢(n(z)g,u) descends to
F\ A and therefore it admits a Fourier—Whittaker expansion in the usual way. To the restriction
of ¢ to GL2(A) x F* we then attach a twisted formal g-expansion

STERPWE((Y 1), u) gt € CF(ASX x F*,C)[q">°]°
acF

such that

(Y 7)) = X W )i ien)

aEF;O

forally € AY,z € A ,u € F*. Here the space C®° (A x F*, C)[q">°]° consists of g-expansions
W whose coefficients W, (y, u) vanish for ay outside of some compact open subset Ay C A,

Let ¢ be a twisted modular form, let Up C A°* be a compact open subgroup satisfying
the condition of the previous definition, and let py, = F* N Up. Then the sum

elg) =Y. &lg,u

ueu%F\FX

is finite for each g (if K, C A®* is a compact subset such that K,F contains the support of
©(g,-), the sum is supported on M%]F\(F * N Ky), which is commensurable with the finite group
,uQUF\ﬁ ). It defines a modular form in the usual sense, with formal g-expansion

Yy)= D Byu).

ueu%F\FX

One can, similarly to the above, define a norm on the space of twisted formal ¢-
expansion coefficients of a fixed parallel weight k with values in a Banach ring L, namely
W[ := sup g 400 1) ly>®°|~*/2|W°(y, u)|. The p-adic completion MV (KP, L) of the subspace of
g-expansions of twisted modular forms (of some tame level KP) is called the space of p-adic
twisted modular forms (of tame level KP). Finally, there is a notion of a % *-family of g-expansions
of twisted modular forms.

2010

https://doi.org/10.1112/50010437X17007308 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007308

THE p-ADIC GROSS—ZAGIER FORMULA ON SHIMURA CURVES

2.2 Hecke algebra and operators U,
Let L be a field and let
H (L) = CF(GL2(A%), L)

be the Hecke algebra of smooth compactly supported functions with the convolution operation
(denoted by * ) and, for any finite set of non-archimedean places S, let 7#° (L) = C>*(GLg(A%>), L),
Hs(L) = CX(GL2(Fs),L). When L = Q it will be omitted from the notation.

The group GL2(A) has a natural left action on automorphic forms by right multiplication.
This action is extended to elements f € 7 ® C by

el = [ Heem .

where dh = [[ dh, with dh, the Haar measure on GLy(F},) assigning volume 1 to GLy(OF,). If
K C GLy(A™®) is a compact open subgroup, we define e = T(vol(K) !1f) € S2. Tt acts as
a projector on K-invariant forms. If ¢ € GL2(A*) and K, K’ C GLg(ﬁ’AF) are open compact
subgroups, we define the operator [KgK'| := T (1x4k").

By the strong multiplicity-one theorem, for each level K, each M-rational automorphic
representation ¢ which is a discrete series of weight 2 at all infinite places, and each finite
set of non-archimedean places S such that K is maximal away from S, there are spherical (that
is, K(1)%-bi-invariant) elements T(c) € #%(M) whose action on My(K, M) is given by the
idempotent projection e, onto o C Mo (K, M).

On the space M(KP?, L) of p-adic modular forms, with K D K(N)P, there is a continuous
action of Z(Np>) := A*/F*Up(Np>), extending the central action z.p(g) = ¢(gz) on
modular forms. For a continuous character w : Z(Np>®) — L*, we denote by M(KP w, L)
the set of p-adic modular forms ¢ satisfying z.¢ = w(z)p, and by S(KP,w, L) its subspace of
cuspidal forms. If w is the restriction of a finite-order character of Z(A*)/Ur(Np*), then we
have M (KPK (p™),,w, L) C M(K?,w, L).

The action of #°P = C2°(GLz(A%P®), Q) extends continuously to the space S(K?, w, L) if
K? is maximal away from S; explicitly, if ¢ is the g-expansion with reduced coefficients WEM

and h(z) = 1K(1)Np(wU DE@N we have
b _ -1 i
Wa,T(h)w - W(va,go tw (wv)Wa/wv#,- (2.2.1)

Moreover, if S’ is another set of finite places not containing those above p and S” = S U S’, the
. 1" . _ —
action of ##%"P extends in the same way to the space S’ = Sg, (KP) defined after Lemma 2.1.2.

Operators U,. Let v be a finite place of F', w, € F, a uniformiser, and K¥ C GLg(ﬁA}é) a compact
open subgroup. For each r > 1, we define Hecke operators
Uy, = (KUK (w)), (T 1) KUK (),
Upr = (KUK} (@) (1 1) KUK (), ].

w[l

They depend on the choice of uniformisers w,, although a sufficiently high (depending on r)
integer power of them does not. They are compatible with changing r in the sense that
Uy,xre Kl(wr')y = Uy s for r" < r and similarly for U:‘,J,; we will hence omit the r from the

notation. If p € So(KPK(p"),,w) has reduced g-expansion coefficients Wg,a for a € A, then
Uy« has reduced g-expansion coefficients WIqu v = wil(wv)Wgﬂwv. By this formula we can
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extend U, . to a continuous operator on p-adic reduced g-expansions, and in particular on p-adic
modular forms.

Atkin—Lehner operators. Let v be a finite place and fix the same uniformiser w, as in the previous
paragraph. Then we define elements

Wrp = <_w5 1) € GLy(F,) C GLy(A)
for r > 0, and denote by the same names the operators they induce on automorphic forms by
right multiplication. We have w, ; K1 (@®)ywr, = K (@5)..

If r = (ry)y)p, we define wy. = (wr, 0 )y)p € GL2(Fp) =[], |, GL2(F,), and similarly w L.

2.3 Universal Kirillov and Whittaker models

Let F, be a non-archimedean local field, and recall the space W, of abstract additive characters of
level 0 of F,, defined in §1.2. Let tuniv,y : Fv = O(¥,)* be the tautological character, which we
identify with an action of the unipotent subgroup N = N (F,) = F,, C GL2(F},) on the sheaf Oy, .
Let o, be an infinite-dimensional representation of GLa(F,) on a vector space over a number

field M. A Whittaker model over M ® Oy, for o, ®q Oy, is a non-trivial GLy(F,)-equivariant

map o, ® Oy, - M ® IndﬁLz(F“) Yuniv,w Of free sheaves over M ® Oy,. We will often identify

this map with its image.

Let Py C GLy(F,) be the mirabolic group of matrices (¢ 4). A Kirillov model over M ® Oy,
for 0, ®q Oy, is a non-trivial Py-equivariant map o, ® Oy, - M ® Imdﬁ0 Yuniv,w. We will
often identify this map with its image and the image with a subsheaf of C*°(F, M) ® Oy, by
restricting functions from Py to {(“4) | a € F)} = F.

LEMMA 2.3.1. Let o, be an irreducible admissible infinite-dimensional representation of GLa(F})
on a rational vector space, M = End(o,). Then o, ®q Oy, admits a Whittaker model
W (0v, Yunivw) (respectively, a Kirillov model J# (04, Yunivy)) over M ® Oy, unique up to
(M ® Oy,)™, whose specialisation at every closed point ¢, € ¥, is the unique Whittaker model
W (ov,1y) (respectively, the unique Kirillov model J¢ (o, 1y)) of oy @ Q(1by).

If we view W (04, Yuniv,w) (respectively, H (04, Yuniv,w)) as a subsheaf of C*°(GLy(Fy), M) ®
Oy, (respectively, as a subsheaf of C*°(F),M) ® Oy,), then the restriction map W > f,
fly) = W((y 1)), induces an isomorphism # (04, Yunivw) = H (Ov; Yuniv,w)-

We call # (0, Yunivw) (respectively, £ (oy,Yunivw)) the universal Whittaker model
(respectively, the universal Kirillov model) for o,,. The universal Kirillov model admits a natural
M -structure, that is, an M-vector space™®

‘%/(Jva wuniv,v)M C COO(FUX7M)
such that %(Uva wuniv,v)M ® ﬁ\pv = %(Jv, wuniv,v)-

Proof. The proof of existence and uniqueness of Whittaker models given e.g. in [Bum97, §4.4]
carries over to our context after replacing C by M ® Oy, and the fixed C*-valued character 1,
of [Bum97] with tuniv,». The analogous result for Kirillov models, together with the isomorphism
W (0v, Yunivw) = H (0, Yunivw), follows formally from Frobenius reciprocity as in [BHOG,
Corollary 36.2]. We prove the assertion on the M-structure for J¢ (o, Yuniv,v), after dropping
subscripts v.

15 Which is not stable under the action of GLx(Fy).
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As in the classical case, the space of Schwartz functions . (F*, M) ® Oy is an irreducible
Py-representation (see [BH06, Corollary 8.2]) and hence contained in % := £ (0", Yuniv) C
C®(F*,M) ® Oy. Moreover, # := 4 |/ (F*,M) ® Oy is a free sheaf over M ® Oy of rank
d < 2 depending on the type of o (as can be checked on the points of ¥ by the classical theory).
Since the space ./ (F*, M) ® Oy has the obvious M-structure .7 (F*, M), it suffices to describe
d generators for # represented by functions in C°°(F*, M).

If o is supercuspidal, then d = 0 and there is nothlng to prove. If o = St(u| - [~ 1) is special
with M*-valued central character p?|- |72, then d = 1 and a generator for & is f,(y) :=
1Y) 1op—g0y(y). If o is an irreducible prln(:lpal series Ind(pu1, pa| - |71) (plain un-normalised
induction) with M *-valued characters u1, pio, then d = 2; if yy # po, a pair of generators for %

i8 {fyu1, fuz }- I pr1 = p2 = p1, a pair of generators is { fu, f/,} with f},(y) := v(¥)u(y) 1o, (0} (). O

We will often slightly abusively identify Whittaker and Kirillov models by W — f, f(y) =
W)

If ¢ is an M-rational automorphic representation of weight 2, then after choosing any
embedding ¢ : M — C and any non-trivial character ¢ : A/F — C*, the g-expansion coefficients
of any ¢ € ¢°° can be identified with the product of the local Kirillov restrictions f, of the
Whittaker function W = W, of ¢* (when W is indeed factorisable). Equivalently, the f, belong
to the M-rational subspaces and are therefore independent of the choice of additive character.

LEMMA 2.3.2. In the situation of the previous lemma, there is a pairing

(7 )U : c%/(o'vvl/}univ,v) QM ’%/(0-1\;/71&1;111\;71;) - M® ﬁ‘l/v

such that for any fi, fo in the M-rational subspaces % (0y,Yunivw)M, respectively,
H (o) ’¢un1vv)M7 the pairing (f1, f2), € M, and for any v : M — C, we have

o CF,v(Q) de
L(f1, f2)o = W/FUX Lf1(y)efa(y) ]d|1/2 (2.3.1)

The right-hand side is understood in the sense of analytic continuation to s = 0 for the
function of s defined, for R(s) sufficiently large, by the normalised convergent integral

Cro(2) s A%y
LT s ot o) e ORI T

The normalisation is such that the pairing equals 1 when o, is an unramified principal series
and the f; are normalised new vectors.

Proof. We use the notation of the proof of Lemma 2.3.1, dropping all subscripts v. We simply
need to show that the given expression belongs to tM if f1, fo belong to the M-rational subspace
of # and that any pole of the integral I,(f1, f2) := [px tf1(y)ef2(y)|y]® (d*y/|d|*?) is cancelled
by a pole of L(1 + s,0* x ¢'V). If either of f; € . (F*, M), the integral is just a finite sum
of elements in (M. Then we only need to compute the integral when fi, fo are among the
M-rational generators of %, which is a standard calculation.

In our application there will be no poles by the Weil conjectures, so we limit ourselves
to proving the statement in the case where o = Ind(u1, 2| - |7!) is a principal series with
p1 # po. (The other cases are similar; cf. also the proof of Proposition 3.6.1.) Then oV =
Ind (), ph| - |71) with pf = pi| - |, ph = pyt| - |, and (dropping also the ¢ from the notation)
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L(1+s,0x0Y)=(1=qp *)2(1 = mpb(v)gp®) (1 = php2(v)gp®) ", where p(v) i= p(w,) if
 is an unramified character and p(v) := 0 otherwise.

Assume that f1 = fy, (the case f1 = f, is similar). If fo = f,,, then I;(f1, f2) = (1—gp' )7t
has no pole at s = 0. If fo = f,;, then L(f1, f2) = (1 — paph(v)gr®) 1, whose inverse is a factor
of L(1+s,0, x 0)))~! in Mgz°]. O

2.4 p-critical forms and the p-adic Petersson product
As in [Dis15], we introduce the following notion.

DEFINITION 2.4.1. Let W = (0, (W,)) € S'(L) be a reduced g-expansion without constant term,
with values in a p-adic field L, and let v|p. We say that W is v-critical if for some integer r, the
following condition is satisfied: there is ¢ € Z such that, for each a € A** with v(a) = r and
s €N,

Wawf, S qf;;fﬁL.

We say that W is p-critical if it is a sum of v-critical g-expansions for v|p.

For each v|p, we define ordinary projectors e, and e on M(KP, w, L) by

n— o0

ev(¢’) = lim UZ}*QDI, e = Hev.
v

They are independent of the choice of uniformisers. The image of e, is contained in
My(KPK{(p™),w, L). It is clear that v-critical forms belong to the kernel of e,.

p-adic Petersson product. Let M be a number field, and let ¢°° be an M-rational cuspidal
automorphic representation of GLo of weight 2 as in Definition 1.2.1, with central character
w: F*X\A - M*.

Following Hida, we will define a p-adic analogue of the Petersson inner product with a form
¢ in 0*° when 0, is p-ordinary for a prime p|p of M. First we define an algebraic version of the
Petersson product, which requires no ordinariness assumption. If 1 : M — C, let ¢* := 1o ® oo €
o* be the automorphic form whose Whittaker function at infinity is antiholomorphic of smallest
Ko-type.

LEMMA 2.4.2. There is a unique pairing
(, Voo 1 0® @p My(w ™, M) - M
such that for any @1 € 0™, @9 € Ma(w™t, M), and 1 : M — C, we have

_|Dp|V*¢p(2)

= L. o0.ad) (1, tp2),

(1,902)

where

(@1, ¥h) = / ©1(9)¢5(g) dg
GL2(F)Z(A)\GL2(A)

is the usual Petersson product on complex automorphic forms with respect to the Tamagawa
measure dg.
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Proof. Note first that if such a pairing exists, it annihilates forms on the right-hand side which
are orthogonal (under the complex Petersson product in any embedding) to forms in o. Then
we just need to use a well-known formula for the adjoint L-value in terms of Petersson product;
we quote it in the version given in [TYZ14, p. 55]: for an antiholomorphic form ¢} in the space
of ¢* and a holomorphic form ¢}, in the space of o¥+*, both rational over «M, with factorisable
Whittaker functions W/, we have

D[R (2)(¢1, ¢))
2L(1, 0%, ad)

= H(Wf,vvwé,v)v (241)

(2

where for all v the local pairings are given by the right-hand side of (2.3.1) and do not depend
on the choice of additive characters. Each local factor in the product is rational over (M and
almost all of them are equal to 1. O

Remark 2.4.3. If @o € My(M) does not have central character w™', we can still define
(01, p2)o0 = (1, P2,0-1)0%, Where

©9.w-1(9) = ][ pa2(2g)w(2) dz.
Z(F)\Z(A)

Now fix a prime p[p of M and a finite extension L of M,, and assume that for all v|p, o, ® L
is nearly p-ordinary with unit character «, : F — €} in the sense of Definition 1.2.2. Fix a
Whittaker functional #), = [[, #, at p and let ¢ € 0™ ®); M (a) be a form in the space of 0>
whose image under %, is the function (viewed in the M (a)-rational part of any Kirillov model)

Wo(y) = Lop— 0y (W) ylaw(y). (2.4.2)
Note that W, viewed in a Kirillov model associated to an additive character of level 0, satisfies
UsW, = ay(wy) Wy
In the next proposition, we use the notation a(w@)" :=[[,,,, o (w@0)"™.

PROPOSITION 2.4.4. There exists a unique bounded linear functional
bovo s M(KP,w™' L) — L
satisfying the following.
(1) Let r = (ry)y € Z{;l‘p}. The restriction of lup o to Ma(KPK(p"),, M («)) is given by

lora(#) = (@) (wrp, ) = (@) ", w; ' )o € M(a) (2.4.3)

for any choice of uniformisers tw, in the definitions of U, x, U}, w;.

(2) We have

lop o (Upsy') = O‘v(wv)fsop,a(sol)

for all v|p and all ¢'.

(3) Lyup o vanishes on p-critical forms.

(4) Let T(c") € s%(M) (where S is any sufficiently large set of finite places containing those
dividing p) be any element whose image T'(c)* € (M) ®), C acts on So( KPK!(p"),, C)
as the idempotent projector onto (o¥*)X" 5K ®")v for any v: M < C and r > 1. Let T,,(c")
be the image of T(cV) in S#5(M) @, L. Then

&pf’,a o pr (O'v) = fapf’,a-
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Proof. By property (2), for each v we must have

. | . |
loralevy) = m Lo a(UpLg) = m oy (@) bpr.a(@) = loraly)  (244)
as oy, (wy) is a p-adic unit; note that this expression does not depend on the choice of uniformisers.
It follows that £ » o must factor through the ordinary projection

e: M(Kp,wfl,L) — Mz(KpKl(poo)pawiluL)v

which implies property (3). On the image of e, {ur o must be defined defined by (2.4.3), which
makes uniqueness and property (4) clear.

It remains to show the existence (that is, that (2.4.3) is compatible with changing r) and
that the first equality in (2.4.3) holds for all 7 for the functional £ » o just defined (the second
one is trivial). For the latter, we have

(wrp, Unatp) = (wpip, KN (@) (* 1)) = (P ) K (@) owrp, )
= (wr K1 (") (wv 1)907 ¢') = (U, @) = aw(@y) (wrp, ¢').  (2.4.5)

The compatibility with change of 7 can be seen by a similar calculation. O

We still use the notation £ p o for the linear form deduced from £ » , by extending scalars
to some L-algebra. The analogous remark will apply to (, )

Ooco*

3. The p-adic L-function

3.1 Weil representation
We start by recalling from [Wal85, YZZ12] the definition of the Weil representation for groups
of similitudes.

Local case. Let V = (V,q) be a quadratic space of even dimension over a local field F' of
characteristic not 2. Fix a non-trivial additive character ¢ of F. For simplicity, we assume
that V' has even dimension. For u € F*, we denote by V,, the quadratic space (V,uq). We let
GLy(F) x GO(V) act on the usual space of Schwartz functions'6.7(V x F*) as follows (here
v:GO(V) — G,, denotes the similitude character):

~ r(h)¢(z,u) = p(h~tx,v(h)u) for h € GO(V);

- r(n(b)o(x, u) = p(bug(x))d(x,u) for n(b) € N(F) C GLa(F);

= r(("4)) oz, u) = xv,(a )\a/d\dlmw%(at d~'a"u);

-~ r(w)g(w,u) = y(Va)d(a, u) for w = (_; ).

Here xv = X(v,q) 18 the quadratic character attached to V/, ~v(V,q) is a fourth root of unity,

and QAS denotes the Fourier transform in the first variable with respect to the self-dual measure
for the character ¢, (z) = ¥ (ux). We will need to note the following facts (see e.g. [JL70]): xv
is trivial if V' is a quaternion algebra over F or V = F' & F, and xyy = n if V is a separable
quadratic extension E of F' with associated character n; and (V') = +1 if V' is the space of 2 x 2
matrices or V. =F @& F, y(V) = —1 if V is a non-split quaternion algebra.

We state here a lemma which will be useful later.

6 The notation is only provisional for the archimedean places; see below.
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LEMMA 3.1.1. Let F be a non-archimedean local field and ¢ € .#(V x F*) a Schwartz function
with support contained in
{(z,u) €V x F* :uq(x) € Op}.

Suppose that the character i used to construct the Weil representation has level 0. Then ¢ is
invariant under Ki(w") C GLa(OF) for sufficiently large r. If moreover ¢(z,u) depends only on
x and on the valuation v(u), then ¢ is invariant under K'(w").

Proof. By continuity of the Weil representation, for the first assertion it suffices to show the
invariance under N(OF). This follows from the observation that under our assumption, in the
formula

r(n(b))d(x,u) = p(ubg(x))d(z, u),
the multiplier ¢(ubg(x)) = 1 whenever (z,u) is in the support of ¢. The second assertion is then
equivalent to the invariance of ¢ under the subgroup (1 ﬁ;) C GL2(0OF), which is clear. O

Fock model and reduced Fock model. Assume that F'= R and V is positive definite. Then we will
prefer to consider a modified version of the previous setting. Let the Fock model .(V x R*, C)
be the space of functions spanned by those of the form

H(u)p(x)e—%lulq(w)’

where H is a compactly supported smooth function on R* and P is a complex polynomial
function on V. This space is not stable under the action of GL2(R), but it is so under
the restriction of the induced (gly g, O2(R))-action on the usual Schwartz space (see [YZZ12,
§2.1.2)).

We will also need to consider the reduced Fock space . (V x RX) spanned by functions of
the form

d(x,u) = (Pr(uq(x)) + sgn(u)Py(ug(x)))e 2@

where Py, P, are polynomial functions with rational coeflicients. It contains the standard Schwartz

function
$(x,u) = 1g, (u)e 2wl

which for x # 0 satisfies

r(g)e(a,u) = Wiet, (9) (3.1.1)

if V has dimension 2d and W is the standard holomorphic Whittaker function (2.1.1) (see

[YZZ12, §4.1.1]).
By [YZZ12, §§4.4.1 and 3.4.1], there is a surjective quotient map

S(VxR*,C)— L(VxR¥)®qC

O > P(z,u) = ®(z,u) = /Rx ]{)(V) r(ch)®(z,w) dh de. (3.1.2)

We let .7 (V x R*) C . (V x R*, C) be the preimage of . (V x R). For the sake of uniformity,
when F' is non-archimedean we set .7(V x F*) := . (V x F*).

Global case. Let (V,q) be an even-dimensional quadratic space over the adeles A = Ap of a
totally real number field F', and suppose that Vo is positive definite; we say that V is coherent
if it has a model over F' and incoherent otherwise. Given an Op-lattice ¥ C V, we define the
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space . (V x AX) as the restricted tensor product of the corresponding local spaces, with respect
to the spherical elements

¢v(x’ ’LL) =1y, (x)lwﬁ” (’LL),

if ¢, has level n,,. We call such ¢, the standard Schwartz function at a non-archimedean place v.
We define similarly the reduced space . (V x A*), which admits a quotient map

S (Vx AX) = 7 (V x AX) (3.1.3)

defined by the product of the maps (3.1.2) at the infinite places and of the identity at the finite
places. The Weil representation of GLa(A>) x GO(V™) x (gly p_, O(V)) is the restricted
tensor product of the local representations.

3.2 Eisenstein series
Let V5 be a two-dimensional quadratic space over A g, totally definite at the archimedean places.
Consider the Eisenstein series

Er(gvua ¢2aXF) = Z 5XF,T(79wT)r(79)¢2(O7u)7
YEPL(F)\SL2(F)
where
5 (g) = xr(d)™! ifg= (a fl)k: with k € K{(p"),
x9N0 if g ¢ PKo(p")

and ¢ € .#(Va x AX). (The defining sum is in fact not absolutely convergent, so it must be
interpreted in the sense of analytic continuation at s = 0 from the series obtained by replacing
Oxp, with &y, ds, where &,(g) = |a/d|® if g = (¢Y)k, k € Ko(1).) It belongs to the space
Mv (nx;l, C) of twisted modular forms of parallel weight 1 and central character nx;l.

After a suitable modification, we study its Fourier—Whittaker expansion and show that it
interpolates to a #p-family of g-expansions of twisted modular forms.

PROPOSITION 3.2.1. We have

L(p)(17 UXF)ET‘((Z/ T)7u> b2, XF) = Z Wa,r((y 1)7“’3 b2, XF)T/)(‘W),
ack

where

Wa,r(gy u, ¢27 XF) = H Wa,r,v(g7 Uu, ¢2,U7 XF,U)7
v

with, for each v and a € F,,
Wa,r,v (97 u, ¢2,v7 XF,U) = L(p) (17 anF,v) /F 5xp,v,r (wn(b)gwr)r(wn(b)g)¢2,v(07 u)wv(_ab) db.

Here LW)(s,&,) := L(s,&,) if v p and LW (s,&,) := 1 if v|p, and we use the convention that
ry =0 if v {p.

Proof. The standard expansion of Eisenstein series reads

E?”(gwruua ¢25 XF) = 6XF,T(ng‘)r(g)¢2(07u) + Z W;,r(g)uv ¢27 XF)@b(Cm)a
acl

where W, = L®) (1, nxF) "' W,.; but it is easy to check that Sy, (Y wr) = 0. O
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We choose convenient normalisations for the local Whittaker functions: let v, , = v(Va,, uq)
be the Weil index and, for a € F, set

W;,r,v (g’ u, ¢2,va XF,v) = 'Y;,};Wa,r,v (ga u, ¢2,v7 XF,v)'
For the constant term, set

Varo
L(p) (07 77’UXF,”U)
Then for the global Whittaker functions we have

W(ir,v (g, u, ¢2,va XF,v) = WO,r,v (97 u, ¢2,va XF,U)'

Wa,r(g, u, d’?a XF) = _5(V2) H W;,r,v(gv u, ¢2,UXF,’U) (321)

if a € F*, where (Va) = [[, Yuv equals —1 if Vy is coherent or +1 if V3 is incoherent; and

WO,T‘(g7 u, ¢27 XF) - —E(VQ)L(p) (07 77XF) H W(i'r‘,’v(g7 u, ¢2,’U7 XF,U)- (322)

We sometimes drop ¢s from the notation in what follows.
LEMMA 3.2.2. For each finite place v and y € F,}, x € F,,, u € F,, we have
Wao (Y 9),1) = tu(az)xe(y) " 1y * Way,o (1,5 0).
The proof is an easy calculation.

ProroOSITION 3.2.3. The local Whittaker functions satisfy the following.
(1) Ifv{poo, then W, . = W, does not depend on r and, for all a € F,,

a,v,r
o
Wao(Lu, xp) = |2 L(1, MXFw)(1 = XFo(@0)) ZXF,v(wv)nq%,v/ ( P2,0(2, u) dya,
n=0 Dn(a
where d,x9 is the self-dual measure on (Va,,uq) and
Dy (a) = {z2 € Vo, | ug(xz2) € a +pﬁd;1}.

(When the sum is infinite, it is to be understood in the sense of analytic continuation from
characters x| - |* with s > 0; cf. the proof of Lemma 3.3.1 below.)

(2) Ifvlp and ¢o, is the standard Schwartz function, then

’dv‘3/2|Dv’1/2XF,v(_1) ifv(a) = —v(dy) and v(u) = —v(d,),

we. . (1 =
aro(1 1 XF) {0 otherwise.

(3) Ifv|oo and ¢, is the standard Schwartz function, then

272" ifua > 0,

Wan(liu) =<1 ifa =0,
0 if ua < 0.
2019
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Proof. Part (1) is proved similarly to [YZZ12, Proposition 6.10(1)], whose Whittaker function
W, (s,1,u) equals our L(1,m,] - [5) "' We ,(1,u,| - [5). The proof of Part 2 is similar to that of

(2

[Dis15, Proposition 3.2.1, places |M/§]. Part (3) is also well known; see e.g. [YZZ12, Proposition
2.11], whose normalisation differs from ours by a factor of v, L(1,7,)™ = 7i. O

LEMMA 3.2.4. Let a € F. For all finite places v, ]d|;3/2|Dv|_1/2Wa°’v(1,u, Xr) € Q[xF, ¢ and,
for almost all v, we have

1 ifv(a) > —v(dy) and v(u) = —v(d,),

dl=3/2| D, |~ /20 1, _
4l 1D: a’v( XF) 0 otherwise.

Proof. This follows from Proposition 3.2.3(1) by an explicit computation which is neither difficult
nor unpleasant: we leave it to the reader. O

3.3 Eisenstein family
Recall from § 1.2 the profinite groups I' and I'r and the associated rigid spaces #”, %', %5 (only
the latter is relevant for this subsection). For each finite place v 1 p of F', there are local versions

Yy, Yoy Drw, (3.3.1)

which are schemes over M representing the corresponding spaces of G, ar-valued homomorphisms
with domain E}/(VP N EY) (for %/, %,, where VP C EX,~ is the subgroup fixed in the
Introduction) or F¢ (for #f,).!" Letting @’ denote the restricted tensor product with respect
to the constant function 1, and the symbol #° stand for any of the symbols #', %, %, we let

Onr (T C Opr ()P

denote the image of ®pr O @p L — Opo (D7),

LEMMA 3.3.1. For each a € F, y € A, and rational Schwartz function ¢4, there are:

(1) for each v 1 poo:

(a) a Schwartz function ¢z, () € ' (Vau, O(¥Fy)) such that ¢o,(1) = ¢a, and ¢o,(-) is
identically equal to ¢2,, if ¢o, is standard;
(b) a function
Waw (Yo, U, 2,0) € Oy (F)

satisfying
%ﬁv (Yo, Us P20 XF) = ’dv|_3/2|Dv|_1/2W;,r,v((yv 1) U G20 (XF0), XF’”)
for all xr, € #r(C);

(2) a global function
Waly,u, 057°) € O, (Fr)",

which is algebraic on @}'C' and satisfies

Wa(y7 U, QSIQ)OO7XF) = ‘DF|1/2’DE’1/2WG?,OT((ZI 1)7“’7 ¢2(XF)7XF)

17 Concretely, they are closed subschemes of split tori over M; cf. the proof of Proposition 3.6.1.
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for each xr € #p“(C); here da(xr) = [Lypoo P2.0(XFw)202,p00 With ¢, the standard
Schwartz function for each v|poc. The function |y|_1/2%(y,u,¢’2’°°) is bounded solely in
terms of max |¢5>°| and, if a # 0, then ¥, € O(%r)".

Proof. If a # 0, by Lemma 3.2.4 and Proposition 3.2.3(2), we can deduce the existence of the
global function in part (2) from the local result of part (1). If a = 0, then by (3.2.2) the same is true
thanks to the well-known existence [DR80] of a bounded analytic function on %% interpolating
XF = L) (0,7xF)-

It thus suffices to prove part (1), and moreover we may restrict to y = 1 in view of Lemma
3.2.2. We can uniquely write ¢z, = c¢5, + ¢4, where ¢3 , is the standard Schwartz function
and ¢ = ¢2,(0). Then we set

L(1,n)
b2,0(XFw) = ch3,, + (L m0) )qﬁg,v. (3.3.2)

L (17 NwXFw
We need to show that, upon substituting it in the expression for the local Whittaker functions
given in Proposition 3.2.3(1), we obtain a Laurent polynomial in xz,(w,) (which gives the
canonical coordinate on %5, = Gy, ar). By linearity and Lemma 3.2.4, it suffices to show this
for the summand (L(1,7,)/L(1,nuXFw))P3,,, Whose coefficient is designed to cancel the factor
L(1,n,, xv) appearing in that expression. The only source of possible poles is the infinite sum.
For n sufficiently large, if a is not in the image of ug, then D, (a) is empty and therefore the
sum is actually finite. On the other hand if a = ug(z,), then for n large the function ¢, is
constant and equal to ¢z, (z,) on Dy (a); it follows that

/ $2,0(2,u) dyrs = dqp
Dn(a)
for some constant ¢ independent of n and x . Then the tail of the sum is

ng
C/XF o) = C/ XF,v(wv) :
Z fU( U) 1— XF,U (YD)

nz=ngo

its product with the factor 1 — xp,(w,) appearing in front of it is then also a polynomial in

XFw (wv)
Finally, the last two statements of part (2) follow by the construction and Lemma 3.2.2. O

PRrROPOSITION 3.3.2. There is a bounded #r-family of g-expansions of twisted modular forms of
parallel weight 1
& (u, 957°)

such that for any xr € %% (C) and any r = (r,),|, satisfying c(xr)|p", we have

v|p

L(p)(la nXF)

VISR —
g(u7¢2 7XF) - ’DF| L(p)(l,n)

qET(u7 ¢27 XF)7

where ¢a = ¢5°° (X F) 2, poo With ¢a,, the standard Schwartz function for v|poo.

Proof. This follows from Lemma 3.3.1 and Proposition 3.2.3(3): we take the g-expansion with
coefficients (27" Dp[1/2/|Dp|V2|LP) (1, 0) Waly, u, ¢57). O
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3.4 Analytic kernel
We first construct certain bounded #”-families of g-expansions of modular forms for #”° = %
or #'. In general, if #” is the space of p-adic characters of a profinite group I'’, then it is
equivalent to giving a compatible system, for each extension L’ of L, of bounded functionals
€(I'",L') — M(KP, L), where the source is the space of L'-valued continuous functions on I'*.
This can be applied to the case of %% (with I'r), and to the case of %’ with the variation
that #/-families correspond to bounded functionals on the space €(I',w, L) of functions f on I'
satisfying f(zt) = w™1(2)f(t) for all z € A>X,

Let B be a (coherent or incoherent) totally definite quaternion algebra over A = A and let
FE be a totally imaginary quadratic extension of F with an embedding Epo — B which we fix.
Let V be the orthogonal space B with reduced norm ¢q. We have an orthogonal decomposition

V=V6V,y,
where
Vi=Ex, Vy=FEaj, j¢Ea, i’€A”

The restriction of ¢ to Vi is the adelisation of the norm of E/F.
We have an embedding (cf. [YZZ12, p. 36])

AX\B* x BX < GO(V),

where BX x BX acts on V by (hq, ha)z = hyzhy .

Let ¢pP>® € ./ (VP> x AP>*) bhe a Schwartz function and let UP C B®* be a compact open
subgroup fixing ¢P>°. For ¢ € (V1 x AX) a Schwartz function such that ¢; o is standard, let
0(u, ¢1) be the twisted modular form

9(97“7 ¢1) = Z T(g)Qsl(xl’u)'
r1€ER

We define the modular form

» L®)
Ip, (91 ® g2, xF) = |DC§’1/2 : L(]S)l(’;?i;;) > 0(u, 1) Er(u, g2, xF) (3.4.1)

uepdp \F*
for sufficiently large 7 = (7y),|p, and the Zp-family of g-expansions of weight-2 modular forms
Tp(¢F° @5 xp) =cur > W0(u, $1)E (u, 9575 xr), (3.4.2)
uepdp \F*

where, letting uy» = F* NUPOg ,, we set

[F:Q]-1
cyr = % (3.4.3)
[ﬁF : MUP]
and ¢(z1, 22, u) = ¢1 (21, u)P2(z2, u) With ¢; = ¢'°¢; poo for ¢; ., the standard Schwartz function
if v|oo or ¢ = 2 and v|p. The definition is independent of the choice of UP (cf. [YZZ12, (5.1.3)]).
The action of the subgroup T(A) x T(A) C B* x B* on ./ (V x A*) =.7(V1 X A*) ®
7 (Vax AX) preserves this tensor product decomposition and thus it can be written as r = r1 @7,
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for the actions r, r2 on each of the two factors. We obtain an action of T'(A*) x T'(A*°) on the
forms Ir, and the families .#F with orbits

cor LW, nxr :
Ip,((t1,t2), 91 ® g2, xF) == |DF‘p1/2 L(IE)(l,n) : QZ:\ O(u,r1(t1,t2), d1) Er(u, ¢2, Xp),
uEpGp \FX

Ir((t,12), 65 @ 0575 xr) == cor Y W(a(t)u, r1(t, t2)$1)E (a(t)u, 95775 xr).

ue,u%]p \E'%

It is a bounded action in the sense that the orbit {75 ((t1,t2), p3° @ ¢5™°) | t1,t2 € T(A>)}
is a bounded subset of the space of #p-families of g-expansions, as both & and 46 are bounded
in terms of max |¢pP>|.

Define, for the fixed finite-order character w : F*\A* — M*|

I w-1((t1,t2), 67° @ 95 xF) 3_][1;X w (2)xF(2) Ir((2t, t2), 7° ® 95 xp) dz,  (3.4.4)

a bounded #p-family of g-expansions of forms of central character w™!, corresponding to a

bounded functional on ¢’ (I'r, L) valued in M(KP,w~!, L) for a suitable KP.
We further obtain a bounded functional .# on %'(I',w, L), valued in M(KP?,w™!, L), which is
defined on the set (generating a dense subalgebra) of finite-order characters x’ € € (T',w, L) by

f(gbpw’ X,) = /[T} X,(t)fF,w*1 ((tv 1)7 (bzljd)lvp ® ¢§;w ’ X/|A>< ) d°t
if pP = P> ® ¢h™. Here ¢5° = ¢/ ¢y, with
¢10(21,4) = 01U, (21)1 5% (u) (3.4.5)

if v|p, where Ury, C O » is a compact open subgroup small enough that X};‘UT,T, =1 and

vol(Og ,, dx)
1,0z, (1) = vol(Ur o, dz) vunog (21)-

(The notation is meant to suggest a Dirac delta at 1 in the variable x1, to which this is the
finest U, x U,-invariant approximation. Both volumes are taken with respect to a Haar measure
on E,.)

By construction, the induced rigid analytic function on %’ = % still denoted by .7, satisfies
the following.

PROPOSITION 3.4.1. There is a bounded %" -family of g-expansions of modular forms & (¢P>)
such that for each x' € #'*(C), we have

F(";X) = |De|?|Dp| (6, X'"),
where

Ir(qbaxl) = /* X/(t)IF,T((t7 1)’ ¢7XF) dt

(7]

with I, (¢) as in (3.4.1), with ¢, chosen as above.
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3.5 Waldspurger’s Rankin—Selberg integral
Let x' € @A’/}(‘;)(C) be a character and ¢ : M(«) < C be the induced embedding. Let ¢ : A/F —

C* be an additive character and let r = 7y, be the associated Weil representation.

PROPOSITION 3.5.1. Let ¢ € o' be a form with factorisable Whittaker function, and let

»=Q, P € 7 (V x AX). For sufficiently large r = (rv)v‘p, we have
[T ea(@e) ™ - (@ (6, X)) = [] B (War b, X0, (3.5.1)
v|p v
where »
— L (1 nUXFv)
° ! = Ty 2\ TIVALY)
RT,’U(WU7 bu, Xvs ¢v) = Lav(wv) L(p)(l, ’I’]U) an
with
Reo= [ Woro(@ber,(9) [ XuOr(gu; (e at) de dg.
Z(Fy)N(Fy)\GLa(Fy) T(F)

Here ®,, = ¢, if v is non-archimedean and ®,, is a preimage of ¢,, under (3.1.3) if v is archimedean,
W_1,, is the local Whittaker function of ¢ for the character 1,,, and we use the convention that
Ty =0, Wy =1, tay(wy) ™ =1 ifv{p.

Note that the integral R, , does not depend on 7 > 1 unless v|p and it does not depend on
X if v|oo; we will accordingly simplify the notation in these cases.

Proof. This is shown similarly to [YZZ12, Proposition 2.5]; see [YZZ12, (5.1.3)] for the equality
between the kernel functions denoted there by I(s, x, ¢) (similar to our c;;3 I(¢, x')) and I(s, x, ®)
(which intervenes in the analogue in [YZZ12] of the left-hand side of (3.5.1)). 0

We will sometimes lighten a bit the notation for R;, by omitting v, from it.

LEMMA 3.5.2. When everything is unramified, we have

O o L(1/2,08, ® X))
Ry (Wy, dv, X)) = Cro(2)L(1, 1)

Proof. With a slightly different setup,'® Waldspurger [Wal85, Lemmes 2 and 3] showed that

L(1/2,080 ® X,)
’ o ) ) v
RU(Wv7¢v7X’U) - CF,’U(2)L(17T,UXF’U)

when x g, =|-|°, but his calculation goes through for any unramified character x . O

Define

CF,U(2)L(17 M)
(1/2,08,0 ® X3)

Then the previous lemma combined with Proposition 3.5.1 gives the following result.

R (Wo, 60Xy, o) = |do| 72Dy 12— RS o (Wo, Xy, o)- (35.2)

!8 Notably, the local measures in [Wal85] are normalised by vol(GLz2(&r,,)) = 1 for almost all finite places v,
whereas we have vol(GLa(Cr.)) = Crw(2) 7t d|2 (cf. [YZZ12, p. 23]; the second displayed formula of [YZZ12,
p. 42] neglects this discrepancy).
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PROPOSITION 3.5.3. We have

™ (0, w  1(6, X))

L(*)(1/2 ® °

— |Dp| Y| Dp| 2 (/2,05 & x) [T R (W, 0 Xs) [T B We, @0, XL),
C(OO)( ) oo) 1
F 77 vfoo v|oo

where all but finitely many of the factors in the infinite product are equal to 1.

Archimedean zeta integral. We compute the local integral R, when v|oc.

LEMMA 3.5.4. If v|oo, ¢, Is standard, and W_y, is the standard antiholomorphic Whittaker
function of weight 2 of (2.1.2), then

Ry (W, do, Xy) = Ro(Wa, do, x,) = 1/2.

Proof. By the Iwasawa decomposition, we can uniquely write any g € GL2(R) as

(1 z\ (= Y cosf  sinf
9= 1 z 1/ \—sinf cosf

with z € R, z € R*, y € R*, 6 € [0,27); the local Tamagawa measure is then dg =
dx d*z (d*y/|y|) (d0/2). The integral in Z(R) C T'(R) realises the map ® — ¢; and it is easy to
verify that r(g)¢(1,1) is the standard holomorphic Whittaker function of weight 2.

We then have, dropping subscripts v,

2m o d¥y d
Ry(p,d) = / / / yle 22 L 2 gy
T(R)/Z(R RX ly| 2
2. (4m) "t =1/2,

where (47)~! comes from a change of variable, 2 = vol(T(R)/Z(R)), and 7 comes from the
integration in d6. O

3.6 Interpolation of local zeta integrals
When v 1 p, the normalised local zeta integrals admit an interpolation as well. Recall from §1.2
that ¥, denotes the scheme of all local additive characters of level 0.

PROPOSITION 3.6.1. Let v { p be a finite place, and let J# (o, Yuniv,y) be the universal Kirillov
model of o,,. Then, for any ¢, € S (V,, x F)}), Wy, € H (04, Yuniv,w), there exists a function

(W, d0) € L(L,0uXF0) O xw, (%) 00X niv)
such that for all x|, € %,(C), ¥, € ¥,(C), we have
R (W, dui X o) = BEW, 60(X0) X o),
where ¢,(X),) = ¢1,002,0(XFv) With ¢2,(XFe) Is as in (3.3.2).

In the statement, we consider L(1,7,Xry) ! as an element of (%) (coming by pullback

from % ). Note that it equals the non-zero constant L(1,7,)~! along %, C %//.
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Proof. Note that the assertion on the subsheaf of Oy .y, of which ,@5 is a section simply
encodes the dependence of Ri on the additive character, which is easy to ascertain by a change
of variables. By the definitions, it suffices to show that

L(1/2,05, ® X}) " Ro(Wa, $u X) (3.6.1)

extends to a regular function on %,/. We will more precisely show that L(1/2,05, ® x,)"! is a

product of various factors all of which extend to regular functions on %/, and that the product
of some of those factors and R, (W,, ¢y, X,) also extends to a regular function on %,/. Concretely,
if AC E)/(ESNVP)is any finite set, then the evaluations x) — (x,(a))sca define a morphism
evy: ¥ — Gi} Ao so that finite sums of evaluations of characters are regular functions on %,/
obtained by pullback along ev 4.

Interpolation of R,. Within the expression for R,, we can use the Iwasawa decomposition and
note that integration over K = GL2(0F,) yields a finite sum of integrals of the form (dropping
subscripts v)2°

/ ') / YOty g(t)) dt dy
Fx T(F)

for some Schwartz functions ¢’ and elements f’ of the Kirillov model of o: namely, the translates
of W_1 and of ¢, by the action of K. (More precisely, taking into account the dependence on y’
of ¢, also products of the above integrals and of L(1,mxp,) ! can occur; the factor L(1,nxry) "
clearly interpolates to a regular function on %,.)

It is easy to see that the integral reduces to a finite sum if either W is compactly supported
or ¢} (-,u) is supported away from 0 € E. It thus suffices to study the case where ¢} (z1,u) =
1, (21)¢m(u), and f’ belongs to the basis of the quotient space # introduced in the proof of
Lemma 2.3.1. Moreover, up to simple manipulations, we may assume that ¢r(u) is close to a
delta function supported at u = 1. We distinguish three different cases.

o, is supercuspidal. In this case # = 0 and there is nothing to prove.

0y is a special representation St(p|-|™!). In this case £ is spanned by f, = - 15, —{0y- We find
that the integral is essentially?! 0 if there is a place w of E above v such that, for x/, := x/| X
the character x/, - po g of E is ramified; and it essentially equals

[T = X (@) mla(@w))agh,) ™ (3.6.2)

wlv
otherwise.?? In the latter case, L(1/2, 0., ®X),) is also equal to (3.6.2). We conclude that (3.6.1)
extends to a regular function on %, .

oy is an irreducible principal series Ind(u, pi'| - |71).%% The space # has dimension 2 and f,, as
above provides a non-zero element. Again the corresponding integral yields either 0 or (3.6.2),

19 Moreover, if A is sufficiently large, the morphism ev4 is a closed embedding.

20 See Proposition A.2.2 and Lemma A.1.1 for some more detailed calculations similar to the ones of the present
proof.

21 Here we use this adverb with the precise meaning: up to addition of and multiplication by finite combination
of evaluations of x’.

221 the last expression, ¢ is the norm of E.,/F,, whereas ¢g,. is the cardinality of the residue field of E,,. We
apologise for the near-clash of notation.

23 Here Ind is plain (un-normalised) induction.
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the latter happening precisely when (3.6.2) is a factor of L(1/2,0p ® x). If 4/ # u, then a second
basis element is f,/, for which the same discussion applies. If 1 = p, then a second basis element
is f,,(y) == v(y)(y)1op—f0y(y). The integral is essentially 0 if some x, - p1 0 ¢ is ramified, and

110 = X (ww)ula(ww))agh,) (3.6.3)

wlv

otherwise. In the latter case, L(1/2,05, ® X,,) equals (3.6.3) as well.

Interpolation of L(1/2,05, ® x,)~!. Depending only on o,, as recalled above, for each place
w|v of E, there exist at most two characters vy, of E; such that for all x) € #/(C), we can
write L(1/2,05, ® X,,) "1 = H;)’iw(l — VXl (), where the product [ extends over those
pairs (w,4,) such that vy, ;, x,, is unramified. We can replace the partial product by a genuine
product and each of the factors by

(Y @@ ) ()

€0y ./ (VPNEY)

where S’ denotes average. This expression is the value at x! of an element of &(%,/), as desired.
O

3.7 Definition and interpolation property
Let .#z_s be the multiplicative part of &(%”)! consisting of functions whose restriction to %
is invertible. (Recall that &(2")f ¢ €0(#")P is the image of Qipoo C(Z))-)

v

THEOREM 3.7.1. There exists a unique function
-1 br -1
Lp,oc (JE) € ﬁ@'x\l’p(@/7 wPXF,univ,p) [%@’—5’/]

which is algebraic on @1\/41(0;) x W, and satisfies

QU D[ L (1/2, o', 1"

L o ,? =
pa(0E)(X's ¥p) 2L(°0)(1,7)L(>) (1, 0¢, ad)

T 2206 60)
vlp

for every x' € @A’/[(a)(C) inducing an embedding ¢ : M (a) — C. Here Z; is as in Theorem A.

Let #'° C %' be any connected component, %° := % N %'° the corresponding connected
component of %, and let B be the quaternion algebra over A* determined by (1.1.1) for any
(equivalently, all) points x € #°. For any P> € o> and ¢P>®° € ./ (VP>® x AP>*) we have

lop o (I (°)|are = Lypalon)lwexy, [ ZEWo, ¢0)loxw, (3.7.1)

vipoo

in On/(%'°)P, where both .# and %' are constructed using V. On the right-hand side, the
product [, A% makes sense over '° x VU, by the decomposition o = J# (o?,V),) @ K (op, ¥p)
induced by the Whittaker functional fixed in the definition of &pp,a.M

24 The p-adic L-function L, o(0x) does not depend on this choice. Here, letting ¥/, denote the space of all non-
trivial additive characters of F), the space J# (o7, ¥,) is the restriction of H;@ A (0, U, via an embedding

Up = [, W', obtained as follows: fix any non-trivial character 1o of A/F in pq; then ¢, = (vo/VplF, )o-
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Proof. The definition can be given locally by taking quotients in (3.7.1) for any given
(WP ¢P>). Note that on the right-hand side of (3.7.1), the product is finite since by Lemma
3.5.2 we have %E(Wv,qﬁv) = 1 identically on %" if all the data are unramified. The analytic
properties of Ly, o(0g) are then a consequence of the following claim. Let S be any finite set of
places v { poo, containing all the ones such that either o, is ramified or the subgroup V,, C & E’v
fixed in the Introduction is not maximal. Let % be a connected component and B be the
associated quaternion algebra. Then for each v € S, there exists a finite set of pairs (W, ¢)
such that the locus of common vanishing of the corresponding functions %E(Wv, Ou)|ave is empty.

We prove the claim. Let x, € #,° be any closed point, where v € S and %" C %, is
the union of connected components corresponding to #°. By Lemma 5.1.1 below, we have
RNW,y, bus Xo) = Qu(Opo(Wy, dv), Xv), Where 0y, is a Shimizu lift sending o, x 7 (V, x F*)
onto 7, ® m,/, with 7, the Jacquet-Langlands transfer of o, to B.*. By construction of B, and
the result mentioned in § 1.1, the functional @,(-, x,) is non-vanishing. Therefore, given x, € %,
we can find (W, ¢,,) such that %’E(WU, ®v; Xv) # 0.

Consider the set of all functions %’E(WU, ¢v)|ze for varying (W, ¢,). As the locus of their
common vanishing is empty, it follows by the Nullstellensatz that finitely many of them generate
the unit ideal of &(%,°).25 This completes the proof of the claim.

We now move to the interpolation property. The algebraicity on @ﬁ; is clear from the
definition just given. By ¢, which we will omit from the notation below, we can identify ¢ with
an antiholomorphic automorphic form ¢*. By the definitions and Proposition 3.5.3, we have

wpa( (¢an,))
HUJ(pOO ( OR) ¢U7 Xya ’va)
_ IDP[V2¢r(2) \DE\1/2|Dpra*’“< w16, X))
2L(170’ ad) Hqﬂ(poo ( U?d)U?X 7wv)

_ 1Dr2p(2) L1208, X)
2L(1,0,ad) (109 (9) (o) (1, )

Lp,a (0F) (le wp) =

T2 (G0 W, X o) [ [ R (D0 W, X )
v]oo vlp

Croo(2) |Dp|Y2L(®)(1/2,08, x H
: R

/
2F-QIL(1,00,ad) 2L09)(1,7)L(>®)(1,0,ad) Wo: $us X, o).

Here 9P is any additive character such that ¢ = 91,1 vanishes on F. For v|oo, we have
Cro(2)/L(1,0,,ad) = 71 /(773/2) = 272, so that the first fraction in the last line equals w2 Ql.
The result follows.

The proof is completed by the identification REW = Zg for v|p carried out in Proposition
A2.2. O

4. p-adic heights

We recall the definition and properties of p-adic heights and prove two integrality criteria for
them. The material of §§4.2—4.3 will not be used until §§8-9.

25 Recall that %, is an affine scheme of finite type over M (more precisely, it is a closed subscheme of a split torus).
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For background in p-adic Hodge theory, see the summary in [Nek93, §1] and references
therein. The notation we use is completely standard; it coincides with that of [Nek93] except
that we shall prefer to write Dgr instead of DR for the functor of de Rham periods.

4.1 Local and global height pairings
Let F be a number field and ¥ := Gal(F/F). Let L be a finite extension of Q,, and let V be
a finite-dimensional L-vector space with a continuous action of ¥r. For each place v of F, we
denote by V;, the space V considered as a representation of 9z, := Gal(F,/F,).

Recall that the Bloch—Kato Selmer group of V'

H}(F,V)

is the subset of H'(F,V) = Ext}(L,V) (extensions in the category of continuous %p-
representations over L) consisting of the classes of those extensions 0 - V — F; — L — 0
which are unramified at all v { p and crystalline at all v|[p (that is, such that Ej is).

Suppose that:

— V is unramified outside of a finite set of primes of F’;

— V, is de Rham, and hence potentially semistable, for all v|p;

— H%F,,V) = H(F,,V*(1)) = 0 for all v { p;

- Dcrys(Vv)Wz1 = Dcrys(Vv)‘P:1 = 0 for all v|p (where ¢ denotes the crystalline Frobenius).

Under those conditions, Nekovar [Nek93] (to which we refer for more details; see also [Nek06])

constructed a bilinear pairing on the Bloch-Kato Selmer groups
() H}(F,V)x H{(F,V*(1)) > Tp® L (4.1.1)
depending on choices of L-linear splittings of the Hodge filtration
Fil’Dag (Vo) € Dar(Va) (4.1.2)

for the primes v|p. In fact in [Nek93] it is assumed that V, is semistable; we will recall the
definitions under this assumption, and at the same time see that they can be made compatible
with extending the ground field (in particular, to reduce the potentially semistable case to the
semistable case). Compare also [Benl4] for a very general treatment.

Post-composing (, ) with a continuous homomorphism ¢ : I'p — L', for some L-vector space
L', yields an L'-valued pairing (, ), (the cases of interest to us are L’ = L with any ¢, or L' =
I'r ® L with the tautological £). For such an £ we write £, := E]va and we say that ¢, is unramified
if it is trivial on &}, (note that this is automatic if v 1 p).

Let x1 € H}(F, V), o € H}(F, V*(1)) and view them as classes 1 = e; = [F1], z2 = ea = [E3]
of extensions of Galois representations

e1: 0>V —>FE —-L—0,

ea: 0—>V*(1)—> Ey— L— 0.
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For any eg, es as above, the set of Galois representations E fitting into a commutative diagram

0 0
0 L(1) E;(1 1% 0
0 L(1) E Ey 0
L L
0 0

is an H'(F, L)-torsor [Nek93, Proposition 4.4]; any such F is called a mized extension of e,
e5(1). Depending on the choice of (extensions e; and ey and) a mixed extension E, there is a
decomposition

(w1, w2 = Y (@10, T20) 0, B0 (4.1.3)

vESE
of the height pairing into a (convergent) sum of local symbols indexed by the non-archimedean
places of F. We recall the definition of the latter [Nek93, §7.4]. The representation E can be
shown to be automatically semistable at any v|p; for each v it then yields a class [E,] € HL(F,, Es)
with * = @ if vt p, x = st if v|p. This group sits in the following diagram of exact sequences.

0 —— H'(Fy, L(1)) —— H{(Fy, By) — H}(F,,V) —=0
T T (4.1.4)
OHH}(FvﬂL(l))HHf(FvaEQ)*)Hf F’U7V —0

If v|p, the chosen splitting of (4.1.2) uniquely determines a splitting s, : H}(F,, Ey) —
H'(F,, L(1)); if v { p, there is a canonical splitting independent of choices, also denoted by s,.
In both cases, the local symbol is

(T1,0, Z2,0) 0y, B = —Lo(Su([EW])),

where we still denote by ¢, the composition H'(F,,L(1)) =2 F*®L — I'p®L — L'. When
v|p, we say that [F,] is essentially crystalline if [E,] € H}(F/U’EQ) C HL(F,, F2); equivalently,
su([Ey]) € H}(FU,L(I)).

Behaviour under field extensions. If F) /F, is a finite extension of local non-archimedean fields,
the pairing

() )ewoNpy, /p, Hf(F’ Vi) X Hf(F;},VU*;( ) —> L' (4.1.5)
defined using the induced Hodge splittings and the map £, := £, o Nf, /p, satisfies

/ F/

(coresp”z1, ¥2)¢, = (T1,T€SE" T2)0,0Np, /1, (4.1.6)

for all vy € H}(Fy, Vi), wa € Hi(F;, VI, (1),
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Back to the global situation, it follows that extending any ¢ : I'r — L’ to the direct system
(UF)Fr/F finite DY

1
Ew = €|F&)X = m&) o NF!,J/FU (417)

we can extend (, )¢ to a pairing
(,)e:lim Hi(F', Vig,,) x Hy(F', Vg, (1)) > L', (4.1.8)

where the limit is taken with respect to restriction maps. This allows us to define the pairing in
the potentially semistable case as well.

Ordinariness. Let v|p be a place of F.

DEFINITION 4.1.1. We say that a de Rham representation V,, of ¥F, satisfies the Panchishkin
condition or that it is potentially ordinary if there is a (necessarily unique) exact sequence of de
Rham %, -representations

0_>VU+_>VU_>V1;__>O

with Fil"Dgr (V") = Dgr(V,")/Fil° = 0.
If V,, is potentially ordinary, there is a canonical splitting of (4.1.2) given by
Dar(Vy) = Dar(V,") = Fil’Dgr(V4). (4.1.9)

Abelian wvarieties. If A/F is an abelian variety with potentially semistable reduction at all

v|p, then the rational Tate module V' = V,,A satisfies the required assumptions, and there is
a canonical isomorphism V*(1) = V,,AY. Suppose that there is an embedding of a number field
M — End’(A); its action on V induces a decomposition V = @p‘pr indexed by the primes
of Oy above p. Given such a prime p, a finite extension L of M,, and splittings of the Hodge
filtration on Dqr (Vple;., ) @, L for v|p, we obtain from the compatible pairings (4.1.8) a height
pairing

(V:A(F)x AY(F) > Tp&L (4.1.10)

via the Kummer maps s @ A(F') — H}(F’, V) — H}(F’, Vp) and scqv pry o A(F') —
H(F', V(1)) for any F C F' C F.

If p is a prime of M above p and V,A® L is potentially ordinary for all v|p, the height pairing
(4.1.10) is then canonical (cf. [Nek06, § 11.3]). Such is the situation of Theorem B. In that case
we consider the restriction of (4.1.10) to A(x), coming from the Kummer maps

2ag P AX) = Hi(B, RAX)),  save1) AV (T = Hp(B, (VA1)

where

Ve A(x) := VoAlgp @ L(X)x-

Note that by the condition x|z« = w', we have (V,A(x))*(1) = V,A(x).
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4.2 Heights and intersections on curves

If X/F is a (connected, smooth, proper) curve with semistable reduction at all v|p, let
V = H}\ (X7 Qp(1)). Then V satisfies the relevant assumptions; moreover, it carries a non-
degenerate symplectic form by Poincaré duality, inducing an isomorphism V 2= V*(1). For
any finite extension L of Q,, any Hodge splittings on (Dgr(V, ® L)) and any continuous
homomorphism ¢ : I'r — L', we obtain a pairing

v|pr

() x.0:DivY(XE) x Divl(X5) — L (4.2.1)

via the Kummer maps similarly to the above. The pairing factors through DivO(XF) — Jx(F),
where Jx is the Albanese variety; it corresponds to the height pairing on Jx (F) x Jy(F) via
the canonical autoduality of Jx.

The restriction of (4.2.1) to the set (Div"(X%) x Div?(X%))* of pairs of divisors with disjoint

supports admits a canonical decomposition

(xe= Y ()Xtwar

’LUGSF/

Namely, the local symbols are continuous symmetric bi-additive maps given by

(D1, D2) x 0, = (X1, Z2) 00 B (4.2.2)

where z; is the class of D; in H} (F',V) and, if Z1, Zy C X3 are disjoint proper closed subsets of
X% such that the support of D; is contained in Z;, then E, E, Fy are the extensions obtained
from the diagram of étale cohomology groups

0——= H%Z, L(1)) —= H'Y((X% — Z1,25), L(1)) —= HY (X% — Z1, L(1)) —=0

HE, (X, L(1)) === H}, (X7, L(1))

0 0

by pullback along clp, : L — Hj (X3, L(1)) and pushout along —Trp, : H%(Za, L(1)) — L(1).
If X does not have semistable reduction at the primes above p, we can still find a finite
extension F'/F such that Xps does, and define the pairing on Xpr. If X = [, X; is a disjoint
union of finitely many connected curves, then DiVO(XF) will denote the group of divisors having
degree zero on each connected component; it affords local and global pairings by direct sum.

A uniqueness principle. Suppose that D1 = div(h) is a principal divisor with support disjoint from
the support of Do, and let h(D2) := [[p h(P)"?. Then the mixed extension [E,] = [Ep, p,w] is
the image of h(D9) ® 1 € F/X ® L = HY(F!, L(1)) in H}(F!, F2) under (4.1.4); it follows that

(D1, D2)x 4, = lw(h(D2)) (4.2.3)
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independently of the choice of Hodge splittings. When ¢,, is unramified, this property in fact
suffices to characterise the pairing.

LEMMA 4.2.1. Let X/F, be a smooth proper curve over a local field F,, and suppose that ¢, :
E) — L is unramified. Then there exists a unique locally constant symmetric bi-additive pairing

{,)x¢, : (DV'(XE,) x Div'(XR,))* — L

such that
(div(h), D2)x ¢, = £y(h(D2))

whenever the two arguments have disjoint supports.

Proof. The result is well known, see e.g. [CG89, Proposition 1.2], but for the reader’s convenience
we recall the proof. A construction of such a pairing has just been recalled, and a second one
will be given below. For the uniqueness, note that the difference of any two such pairings is a
locally constant homomorphism J(F,) x J(F,) — L. As the source is a compact group and the
target is torsion free, such a homomorphism must be trivial. O

Arithmetic intersections. Let F' C F be a finite extension of F' and 2" /Op be a regular integral
model of X. For a divisor D € Div?(Xp), we define its flat extension to the model 2~ to be the
unique extension of D which has intersection zero with any vertical divisor; it can be uniquely
written as D + V, where D is the Zariski closure of D in 2" and V is a vertical divisor.

Let Dy, Dy € DivO(Xf) be divisors with disjoint supports, with each D; defined over a finite
extension Fj; assume that ' C Fy C F} C F. Let 2" /OF, be a regular and semistable model.
Then, for each finite place w € Sk, we can define partial local intersection multiplicities iy, ju
of the flat extensions D1 + V; of Dy, Dy + Vs of Dy to ‘%ﬁﬁ,w‘ If the latter model is still regular,

they are defined by
iw(D1,D2) = ——— (D1 - D3)y,
e 5 ]( . (4.2.4)

(Dl . Vv?)’wa

Jw(D1,D2) = i Fl

where on the right-hand sides (- ),, are the usual Z-valued intersection multiplicities in ‘%ﬁFLw;
see [YZZ12, §7.1.7] for the generalisation of the definition to the case when %pFlyw is not regular.
The total intersection

mw(Dl, Dg) = iw(Dl, Dg) +jw(D1, Dg)

is of course independent of the choice of models.

Fix an extension @ to F of the valuation v on F. Then we have pairings 4y, jz on divisors on
X% with disjoint supports by the above formulas. We can group together the contributions of
i and j according to the places of F' by

M(Dl,DQ):][  M(DF. D) do
Gal(F/F)

for v any finite place of F' and A\ =i, j, or A\,(D1, D2) = (D1, D2),. Here the integral uses the
Haar measure of total volume 1, and reduces to a finite weighted average for any fixed Dy, Ds.
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PROPOSITION 4.2.2. Suppose that D1 and Dy are divisors of degree zero on X, defined over an
extension F' of F. Then, for all finite places w{ p of F',

<D1aD2>X,€w = My (D1, D2) - bw(w@w) = (iw(D1, D2) + ju(D1, D2)) - £w(@w)-

Proof. This follows from Lemma 4.2.1 and (4.2.3); the verification that the arithmetic intersection
pairing m,, also satisfies the required properties can be found in [Gro84]. O

4.3 Integrality criteria

The result of Proposition 4.2.2 applies with the same proof if w|p when £, is an unramified
logarithm such as the valuation. In this case we will view it as a first integrality criterion for
local heights.

PROPOSITION 4.3.1. Let ¢, : F)f ®L — I'r ® L be the tautological logarithm and let ¢,, be as
in (4.1.7). Let v: F) ® L — L be the valuation. Then, for all Dy, Dy € Div®(Xp/), we have

v((D1, Da)xs,) = [l : Fo] - mu(Dy, D).
In particular, if m., (D1, D) = 0, then

(D1, D2) x4, = bw(5w([EDy Do) € OF & L = Ly(H(Fu, L(1)));

equivalently, the mixed extension [Ep, p, ] is essentially crystalline.

We need a finer integrality property for local heights, slightly generalising [Nek95, Proposition
1.11]. Let F, and L be finite extensions of Q,, let V be a ¥ -representation on an L-vector
space equipped with a splitting of (4.1.2), and let ¢, : F,* — L be a logarithm. Suppose that the
following conditions are satisfied:

(a) 4, : F) — L is ramified;
(b) the space V admits a direct sum decomposition V = V'@ V" as ¥, -representation, such that
V' satisfies the Panchishkin condition, with a decomposition 0 — V'* — V' — V'~ — 0,

and the restriction of the Hodge splitting of Dgr (V') to Dgr(V”’) coincides with the canonical
one of (4.1.9);
(¢) HY(F,,V'") =H°(F,, V'™ (1)) = 0.

By [Nek93, Proposition 1.28(3)], the last condition is equivalent to Dpg(V')?=! =
Dyt (V'*(1))#=! = 0, where Dpst (V') = limpc pr Dst(V’|gF,)Gal(F’/F) (the limit ranging over
all sufficiently large finite Galois extensions F'/F).

Let T be a ¥p,-stable Op-lattice in V, T :=TNV', T" =T NV"; let dyp > 0 be an integer
such that deOT CcT' @T" CT, where py, € L is the maximal ideal of O7,.

Let F, C F,0 C F2® be the intermediate extension determined by Gal(F2P/F, ) =
ker(¢,) C F,* under the reciprocity isomorphism. Let

Neo, H}(Fy, T') := (") coresy,” (H}(F,, T'))
F,

be the subgroup of universal norms, where the intersection ranges over all finite extensions
F, C F!, contained in F, .
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PROPOSITION 4.3.2. Let 1 € H}(FU,T), X9 € H}(FU,T*(l)), and suppose that the image of x
in H}(FU,T”*(l)) vanishes. Let dy be the Op-length of H'(F,,T"*(1))tors and do the length of
H(Fy, T")/Noo ., H}(F,,T'). Then

LTI (1, 20)0, 5.0 C Lo(F) © OL)
for any mixed extension E. If moreover [E,| is essentially crystalline, then

p%°+d1+d2 <a;1, $2>ZU’E7v C £U<ﬁ;ﬂ) ® ﬁL)

Proof. The first assertion (which implicitly contains the assertion that H} (F,, T/
NOO’gUH}(Fv,T’ ) is finite) is identical to [Nek95, Proposition 1.11], whose assumptions however
are slightly more stringent. First, L is assumed to be Q,; this requires only cosmetic changes
in the proof. Secondly, in [Nek95] the representation V' (hence V') is further assumed to be
crystalline. This assumption is used via [Nek93, §6.6] to apply various consequences of the
existence of the exact sequence

0— H}(F,, V') »> H{(F,,V') > H{(F,,V'") - 0, (4.3.1)

which is established in [Nek93, Proposition 1.25] under the assumption that V' is crystalline.
However, (4.3.1) still exists under our assumption that H(F,,V’~) = 0 by [Benl1, Corollary
1.4.6].26

The second assertion follows from the proof of the first one: the height is the image under
¢, of an element of H'(F,, L(1)) = F) ® L, which belongs to H}(Fv, L(1)) =0, ®Lif [E,]is
essentially crystalline. O

5. Generating series and strategy of proof

We introduce the constructions that will serve to prove the main theorem. We have expressed
the p-adic L-function as the p-adic Petersson product of a form ¢ in 04 and a certain kernel
function depending on a Schwartz function ¢. The connection between the data of (¢, ¢) and
the data of (f1, f2) appearing in the main theorem is given by the Shimizu lifting introduced
in §5.1. An arithmetic-geometric analogue of the latter allows us to express also the left-hand
side of Theorem B as the image under the p-adic Petersson product of another kernel function,
introduced in §5.3. The main result of this section is thus the reduction of Theorem B to an
identity between the two kernel functions (§5.4).

5.1 Shimizu’s theta lifting

Let B be a quaternion algebra over a local or global field ', V = (B, q) with the reduced norm
q. The action (hy, he) - 2 := hyzh, " embeds (B* x BX)/F* inside GO(V). If F is a local field,
o is a representation of GLy(F'), and 7 is a representation of B*, then the space of liftings

Homgy,(r)xBx xBx (0 @ S (V x F*),7@n")

has dimension zero unless either B = Ms(F) and m = o or o is a discrete series and 7 is its
image under the Jacquet—-Langlands correspondence; in the latter cases the dimension is one. An
explicit generator was constructed by Shimizu in the global coherent case, and we can use it to
normalise a generator in the local case and construct a generator in the global incoherent case.

%0 The finiteness of H(Fy,T")/Noo,e, Hf (F,,T") under our assumption is also in [Nek06, Corollary 8.11.8].
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Global lifting. Let B be a quaternion algebra over a number field ', V = (B, q) with the reduced
norm. Let o be a cuspidal automorphic representation of GLo(A ) which is a discrete series
at all places where B is ramified and 7 the automorphic representation of By attached to o
by the Jacquet—Langlands correspondence. Fix a non-trivial additive character ¢ : A/F — C*.
Consider the theta series

0(g,h,®) = > rylg,h)®(z,u), g€ GLa(A),he (BS x By)/A* C GO(Va)

ueFx eV
for ® € (VA x A*). Then the Shimizu theta lift of any ¢ € o is defined to be
¢r(2) / v
0(p, ®)(h) = —————— ©(g)0(g,h,®)dg €mxXm
(. 2)(R) 2L(1,0,ad) JGrL,(F)\GLa(A) 9)6 )

and it is independent of the choice of . o

If F is totally real, B is totally definite, and ¢ € .(Va x A*), we denote (p, ¢) := 0(p, @) for
any O(Vy)-invariant preimage ® of ¢ under (3.1.3). Let .# : t®@ ¥ — C be the duality defined
by the Petersson bilinear pairing on By (for the Tamagawa measure). By [Wal85, Proposition
5], we have

( 2/2)[F.Q |dv|_3/2<F,v(2)2

DI ) oo L0 ad)
2<F,v(2)

% H w2 L(1,0,,ad)

v]oo

Fb(p, ®) = / Wi 1.0(9)r(9)®0(1,1) dg
N(F)U\GLQ(FU)

/ We,—10(9)r(9)®u(1,1) dg. (5.1.1)
N(F),\GLa(F,)

The terms in the first line are all rational if Wy _1, and ®, are, and almost all of the factors
equal 1.27 For v a real place, if W, —1, is the standard antiholomorphic discrete series of weight
2 and ®, is a preimage of the standard Schwartz function ¢, € 7 (V,, x F)¥) under (3.1.2), the
terms in the last line are rational too,?® and in fact equal to 1 by the calculation of Lemma 3.5.4.

Local lifting. In the local case, depending on the choice of v, we can then normalise a generator
Ou =0y, € Homgyr, p s px By (W (00,0,) @S (Vy x FX), 1, @)

(where # (04,1,) is the Whittaker model for o, for the conjugate character 1,) b

CvCF,v(Q)

Fo0y (W, ®) = /
( ) L(1,00,ad) JN(F),\GLa(F)

Wi(g)r(g)®(1,1)dg (5.1.2)

with ¢, = |dy|~3/2Cr,(2) if v is finite and ¢, = 2772 if v is archimedean. Here the decompositions

T=Q,m, 1/ =, aretaken to satisfy .# =[], %, for the natural dualities .%, : m, @
— C.
Then by (5.1.1) we have a decomposition
2 /) [F:Q)
% Dy Oy (5.1.3)
1Dl (2)

As in the global case, we define 0, (W, ¢) := 0,(W, ®) for ¢ = & € .7 (V,, x FX).

27 The analogous assertion in [YZZ12, Proposition 2.3] is incorrect.
28 The analogous statement holds for discrete series of arbitrary weight.
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Incoherent lifting. Finally, suppose that F' is totally real and B is a totally definite incoherent
quaternion algebra over A = Ap, and let V = (B,q). Let ¢ be a cuspidal automorphic
representation of GLy(A) which is a discrete series at all places of ramification of B and
let 1 = @, m be the representation of B* associated to o by the local Jacquet-Langlands
correspondence. Then (5.1.3) defines a lifting

0 e HOmGLQ(A)XBXXBX (o0 ®.7(V x AX),ﬂ'@ﬂ'v).

It coincides with the lifting denoted by the same name in [YZZ12].

Rational liftings. If M is a number field, o™ is an M-rational cuspidal automorphic representation
of GLs of weight 2 as in the Introduction, and = is its transfer to an M-rational representation of
B> under the rational Jacquet-Langlands correspondence of [YZZ12, Theorem 3.4], let o* be
the associated complex automorphic representation, and 7* = 7 ®p7, C for any ¢ : M — C. Let
0" =@, 0: be the liftings just constructed. Then, if B is coherent, using the algebraic Petersson
product of Lemma 2.4.2, there is a lifting 6 : 0° ® .7 (V> x A®*X) — 7 ® 7", which is defined
over M and satisfies

WB(p,9™) = 0°(¢", 07 d5,) (5.1.4)

if ¢* is as described before Lemma 2.4.2 and ¢ is standard. On the left-hand side, we view 7
and 7 indifferently as a representation of B®* or B* by tensoring on each with generators
of the trivial representation at infinite places which pair to 1 under the duality (this ensures
compatibility with the decomposition). After base-change to M ® Oy, (V,), there are local
liftings at finite places Oy . v 1 # (0v, Yuniy ) @ L (Vo X FY) = m @ ) @ Oy, (V) satisfying
Oupyi, (W 9) (1h0) = 63 (W*, ¢*). They induce an incoherent global lifting on 0™ @ (V™ x
A~ which is defined over M independently of the choice of an additive character of A trivial
on F,? and satisfies (5.1.4).
Finally, for an embedding ¢/ : M — L with L a p-adic field, we let

0y : (0°® LS (VO x A )@y L — (nx 1) @y L

be the base-change.

Local toric periods and zeta integrals. Recall from the Introduction that for any dual pair of
representations m, ® . isomorphic (possibly after an extension of scalars) to the local component
of 7 @ 7", the normalised toric integrals of matrix coefficients of (1.1.2) are defined, for any
X € Z,(C), by

L(1,n,)L(1, my, ad)
Cro(2)L(1/2, 7, ® Xo)

Q’U(fl,”uu f2,v7 X) = ’D‘;lﬂ‘d’;lﬂ Qg)<f1,vv f2,v7 Xi})v

Q4 (Fron fomn Xo) = / o) (1 (8) Fros fo) dt. (5.1.5)

B [P

The following lemma follows from the normalisation (5.1.2) and the definitions of the local
toric zeta integrals REW in (3.5.2).

291n the following sense. Let ¥ := [I, ¥» and let ¥° C ¥ be defined by [], ¥»|r = 1. Then the global lifting is first
defined on 0™ ® .7 (V> x A7) ® Oy (V). Its restriction to 0™ ®.7 (V™ x A *)® Oy (¥°) is invariant under the
homogeneous action of & on ¥° and hence is the base-change of an M-linear map 0 ®.7 (V= x A ) - wxn".
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LEMMA 5.1.1. Let x € Z’/Al/ﬁd)(C) and ) = @), ¥y : A/F — C be a non-trivial additive character.

Let Q, and Qg, be the pairings defined above for the representation Oy, ,,(# (04, 1,) @7 (Vy X FX)).
Then, for all v { co, we have

’d‘gg/zR:,u(an Puy Xvs Yv) = Qi(ew,v(Ww LaU(wv)_”wr_’g@,), Xv);

where as usual if vt p, we set a, =1, 1, =0, Wy, = 1.
If vt p, we have
%h(Wm ¢U7Xm%) = Qv(gw,v(Wmd)v)aXU)

and, for the product QP = proo Qv, we have
D¢ (2)
| | : _ ZF Sk \%)
L@T’v(va (rb’l}) X’U) /l/]’l)) - (7-(-2/2)[FQ]

vfpoo

QP (04 (¢, @) "w; ' 9), ).

5.2 Hecke correspondences and generating series

Referring to [YZZ12, §3.1] for more details, let us recall some basic notions on the Shimura
curves Xy. The set of geometrically connected components is mo(Xy,7) = F\A>> /q(U). The
curve Xy admits a canonical divisor class (the Hodge class) &y = (1/deg Ly) Ly of degree 1 on
each geometrically connected component; here

Ly =wx,/r+ Z (1—-e; ')z,

IGXU(F)

a line bundle defined over F'; here wy,, /r is the canonical bundle and e, is the ramification index
(see [YZZ12, §3.1.3] for the precise definition) of the point z.

Hecke correspondences. For x € B®* let T, : X 7,1 — Xy be the translation, given in the
complex uniformisation by Ty([z,y]) = [z,yx]. Let p : Xpynzue—1 — Xu be the projection and
let Z(x)y be the image of

(pvp © Tm)  Xvnevao—1 — Xu X Xy

We view Z(z)y as a correspondence on Xy, and we will sometimes use the same notation for
the image of Z(x)y in Pic(Xy x Xy) (such abuses will be made clear in what follows).

We obtain an action of the Hecke algebra Jpecx 1y := C2°(B*)V*U of U-bi-invariant
functions on B>®* by

Thr= Y h@)Z@u.

zeU\B>x /U

Note the obvious relation Z(x)y = T(1y.v)u. The transpose T(h)' equals T(h') with h*(x) :=
h(z~1). It is then easy to verify that if 2 has trivial components away from the set of places
where U is maximal, we have

Z(x)y = Z(q(x) v Z(z)v. (5.2.1)
Finally, for any simple quotient A’/F of J with M’ = End’(A’), we have a Q-linear map

Talg LA Qppr T AN —> HOI’HO(J, Jv)

fi® for> f5 o f1.
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If . : M’ — L’ is any embedding into a p-adic field L', we denote by

Tae®1
Talg,L A Qppr Tay Qg L/ —L) TaA Qrnpr TaANV ®Q L L>HOH10(J, JV) ®Q L

the composition in which the first arrow is deduced from the unique L'-linear embedding L' <
M’ ®q L’ whose composition with M’ ®q L' — L', z @ y — «(z)y, is idp.

Generating series. For any ¢ € .#(V x AX) invariant under K = U x U, define a generating
series

Z(¢) := Zo(9)u + Zu(d)v,
where
Zo(P)u = — > Y Eo(B'u,¢)Lip,
BEFY\ A% [q(U) uep?y \FX

Za@u =ws Y élw,aq(@) ) Z(@)y fora € FX,
€K \Boox

Z(d)v =Y Za(d)v

aceFXx

with wy = |[{£1} NU|. Here Lk g denotes the component of a Hodge class in Pic(Xy x Xv)q
obtained from the classes Ly (see [YZZ12, §3.4.4]) and

EO(U? (b) = ¢(07 u) + WO(ua ¢)

is the constant term of the standard Eisenstein series: its intertwining part Wy(u, ¢) is the value
at s =0 of

Wo(s,u, ¢) = /A 5(wn(b))*r(wn(b))$(0, u) db,

where 8(g) = |a/d|'/? if g = (* 5)k with k € GLa(0F)SO(2, Fu).
For g € GL2(A), define

Z(g,9) = Z(r(9)¢9),

and similarly Zo(g, ®)v, Za(9,®)vs Z:(9, d)u-
Let U = UPU, and cy»r be as in (3.4.3). By [YZZ12, §3.4.6], the normalised versions

Z(gu¢) = cUpZ(g7¢)U7 Za(g7 ¢) = CUpZa(gv¢)U7

are independent of UP. A key result, which is essentially a special case of the main theorem of
[YZ09], is that the series Z(g, ¢) defines an automorphic form valued in Pic(X x X)q.

THEOREM 5.2.1. The map

(6,9) > Z(g,9)

defines an element

7 € Hompx g« (Z(V x AX), C®(GLy(F)\GLy(A)) ® Pic(X x X)q).
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Here the target denotes the set of Pic(X x X)-valued series Z such that for any linear
functional A : Pic(X x X)q — Q, the series /\(Z) is absolutely convergent and defines an
automorphic form. Its constant term is non-holomorphic in general (in fact, only when F' = Q
and 3 = 00). (However, the geometric kernel that we introduce next will always be a holomorphic
cusp form of weight 2.) See [YZZ12, Theorem 3.17 and Lemma 3.18] for the proof of the theorem.

Assume from now on that ¢ is standard; we accordingly only write Z(¢>°), Z (¢°), ....
Define, for each a € A*,

Za(¢™) := cyrwy|al Z ¢ (x,aq(z)™) Z(x)y (5.2.2)
z€K\B>X

for any sufficiently small U. This extends the previous definition for ¢ € F*, and it is easy to
check that for every y € A°* a € F*, we have

Za((y 1)a ¢OO) = ‘ay|ooZay(¢oo)¢(iayoo)'

In other words, the images in Pic(Xy x Xy) of the Za(gboo) are the reduced g-expansion
coefficients of Z(¢*°), in the following sense: for any functional A as above, (A(Zo(y,9)),
(MZa(6%°)))a) are the reduced g-expansion coefficients of the modular form A(Z)(¢).

Hecke operators and Hecke correspondences. For the following lemma, let S be a set of finite
places of F' such that for all v ¢ S, B, is split, U, is maximal, and ¢, is standard. Fix any
isomorphism 7 : BS — Ms(A%) of AS-algebras carrying the reduced norm to the determinant
and Ogs to MQ(@'S ); such an isomorphism is unique up to conjugation by ﬁé S5

LEMMA 5.2.2. Let U'S = GLQ(@S), and identify the commutative algebras %US,S =

S
%GLQ(

h e %”Uézs, we have

A8 with %”éiox y Via the isomorphism ~* induced by v above. Then, for each

T(h)Z«(6%)u = T(Y h)u 0 Z«(67)u-

In the left-hand side, we view Z,($>°) as a reduced g-expansion of central character z — Z(z),
and T'(h) is the usual Hecke operator acting by (2.2.1); in the right-hand side, the symbol o
denotes composition of correspondences on Xy .

In particular, the right-hand side is independent of the choice of ~.

Proof. 1t suffices to check the statements for the set of generators of the algebra %”US, s consisting
of elements h = h,h¥°, with h*S the unit of %”J,% and h, = 1y,,,v, for x, = (w” 1) or T, =

+1
(w” wﬂ) and v ¢ S. In the second case the statement is clear.

Suppose then that x, = (w” 1). Decomposing Z,(¢)y = Zav (¢V) vy Za, (¢v)u, the ath coefficient
of the left-hand side equals

Zaw, (7)U + Z(wv)UZa/wv () = Zaw (9")U © (Zayw, (P0)U + Z(wv)UZau/wv (¢0))-

It is not difficult to identify this with the ath coefficient of the right-hand side using the Cartan

decomposition '
Za,(d0)u = > Z((w“ wg>)U (5.2.3)

0<j<i<v(a),i+j=v(a)
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and the relation

A 0)), oo ), A5 ), (( ),

valid whenever i > (.30 O

5.3 Geometric kernel function
Fix a point P € X¥*(E?") as in the Introduction and, for any h € B®*, denote

[h} = TyP, [h}o =h— gq(h)a

where we identify mo(X, 7) = F\A*/q(U) so that Py is in the component indexed by 1 (the
point T'(h)P is then in the component indexed by g(h); see [YZZ12, §3.1.2]).

LEMMA 5.3.1. Fix L-linear Hodge splittings on all the abelian varieties A'/F parametrised by
J and let (,)a . be the associated local (for * = v) or global (x = {}) height pairings. There are
unique local and global height pairings

<,>J,* . JV(F) X J(F) — FF®L
such that for any A’ and f| € mar, f4 € T4, and any Py € JV(F), P, € J(F),

(P, Py)y = (f3" o fi(PL), Pa) s

Proof. For each fixed level U, there is a decomposition Jyj ~ @, A ® WX’,EVJ in the isogeny
category of abelian varieties, induced by Pav ® f'V + fV(Pas). Then the Hodge splittings on
each A" induce Hodge splittings on J;7. The associated pairing on J}y x Jys is then the unique one
satisfying the required property by the projection formula for heights (see [MT83]). The same
formula implies the compatibility with respect to changing U. O

We consider the pairing given by the lemma associated with arbitrary Hodge splittings on
VpA' for A’ # A, and any splittings on V,A® L = D, WA M, L which induce the canonical
one on V,A. The subscript J will be generally omitted when there is no risk of confusion.

Let ¢ be a Schwartz function and Z((b) be as above. Each Zl(d)) gives a map

Za(9) : J(F)q = J'(F)q

by the action of Hecke correspondences. When a has trivial components at infinity and ¢ is
standard, we write Z,(¢>) := Z,(¢). Then, for g € GL2(A), h1, he € B>, we define the height
generating series

Z(g,hy, ha, 6°°) = (Z(g, $)[h]°, [h2]°).

PROPOSITION 5.3.2. The series Z(g, hi, ha, ¢) is well defined independently of the choice of the
point P. It is invariant under the left action of T(F') x T(F') and it belongs to the space of
weight-2 cuspforms Sa(K',T'r ® L) for a suitable open compact subgroup K' C GLg(A).

30 Note that a term with i = 0 appears in (5.2.3) only in the case v(a) = 0, which is easily dealt with separately.
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Proof. We explain the modularity with coefficients in the p-adic vector space I' ® L. Suppose
that U is small enough so that ¢ is invariant under U and U is invariant under the conjugation
action of hy, hy. Pick a finite abelian extension E’ of E such that P € Xy (E’) and a basis {z;}
of JV(E')q, and let ¢; : JY(E')q — Q be the projection onto the line spanned by z;. Then we
can write B B
Z(g, (h1, h2), ) =Y (2, [h2]”) Mi(Z(g, ™)),
(2
where A(T) = ¢;(T[h1]°). Each summand X;(Z(g, $>)) is automorphic by Theorem 5.2.1, and
in fact a holomorphic cuspform by [YZZ12, Lemma 3.19] (the weight can be easily computed

from the shape of ¢,). The other statements are also proved in [YZZ12]. O
Define
Zg.5%0 = | () Z(g, (1), 6%) &t
T(F)\T(A)/Z(A)
-/ O Z(g, (1,471, 6%) d°t
T(F\T(A)/Z(A)
-/ (O Z1 (g, (1,67, 6%) d*,
T(F)\T(A)/Z(A)
where
Z-1(g, (1,t71), %) 2][ wN(2)Z(g, (1,271, ™) dz.
Z(A)
Note that we have B B
Z(¢>,x) = |Dg|? 2V (6%, x) (5.3.1)

if Z[YZZ](gbO", X) is the function denoted by Z(X, ¢) in [YZZ12, §§3.6.4 and 5.1.2].

5.4 Arithmetic theta lifting and kernel identity

Similarly to [YZZ12], we conclude this section by reducing our main theorem to the form which
we will prove, namely as an identity between two kernel functions. The fundamental ingredient
is the following theorem of Yuan—Zhang—Zhang.

THEOREM 5.4.1 (Arithmetic theta lifting). Let o be the M-rational automorphic represen-
tation of GL2(A) attached to A. For any ¢ € 0, we have

(807 Z(QSOO))O‘X’ = Talg(e(gpv qboo))

in Hom(J, J¥) @ M.
For any ¢*° € 0, we have

(¢7Z(¢m))aoo = ‘DF’Talg(6(907 ¢oo))

in Hom(J, JY) @ M.
Let vy : M — M, C L. For each ¢? € ¢° ® L, completing ¢” to a normalised (Uy),,-
eigenform ¢ € 0 ® L as before Proposition 2.4.4, we have

lor.a(Z(6™)) = |Dp[Taig (8, (¢, (@) "wr ™))

for any sufficiently large r > 1.
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Proof. In the first identity, both sides in fact belong to M («), and the result holds if and only if
it holds after applying any embedding ¢ : M («) < C. It is then equivalent to [YZZ12, Theorem
3.22] via Proposition 2.4.4 and [YZZ12, Proposition 3.16]. The second identity follows from the
first one and the properties of £p 4. O

We can now rephrase the main theorem in the form of the following kernel identity.

THEOREM 5.4.2 (Kernel identity). Let ¢? € o4 and let ¢P> € .F (VP> x AP>X). For any
compact open subgroup Urp = [[, Ury C 1+ (I1,, @v) Ok, such that xplu,, = 1, let ¢>° =
¢poo¢p7UT,p7 Where ¢p7UT,p = ®U‘p ¢U7UT,’U Wlth

¢v»UT,U (‘T’ u) = 61,UT,UHV1 (xl)lﬁVQ (xQ)]-d;lﬁ;’v

for 81,y as in (3.4.5).
Suppose that all primes v|p split in E. Then we have

lora(dr I (673 X)) = 2|Dp|Lip) (L) - byr,a(Z(6™, X))-
The proof will occupy most of the rest of the paper (cf. the very end of §8 below).

PROPOSITION 5.4.3. If Theorem 5.4.2 is true for some (pP, pP>°) such that for all v t poo, the
local integral R, (W, ¢y, Xv) # 0, then it is true for all (WP ¢P>°), and Theorem B is true for all

fienm foer v,
Proof. Consider the identity

<Talg,bp (fl ® f2)va P, —1>

= (7‘1’2/2) FgﬂéEP/QL 1 "7 HZO Oéy,Xv . dFLp,a(UA,E)(X) . Q(fl)fZ,X), (5'4.1)

where ¢, : M — L(x), and we set
P — ]{T] Ty(P — p)X(t) dt € J(F) 1.

The identity (5.4.1) is equivalent to Theorem B by Lemma 5.3.1, but it has the advantage of
making sense, by linearity, for any element of 7 ® 7. By the multiplicity-one result, it suffices
to prove it for a single element of this space which is not annihilated by the functional Q(-, x).
Such element will arise as a Shimizu lift. (The similar assertion on the validity of Theorem 5.4.2
for all (P, pP>°) follows from the uniqueness of the Shimizu lifting.)

By (3.7.1), we can write

&pp,a(dFj(flspoo§ X)) dFLp7 H %U ’U; §Z5U7 Xv)

vipoo

(note that as the functional £ » o is bounded, we can interchange it with the differentiation; the
fact that the Leibniz rule does not introduce other terms follows from the vanishing of .# (¢P>°; x),
which will be shown in Proposition 7.1.1(3) below). By Lemma 5.1.1, this equals

D 3/2 o0
’F2|/2€£Q] HQU (Wo, a@0)y " wr b 0), xo) ™ dp Ly a(08) () - Q(0, (9, o) w1 6), x).
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For the geometric kernel, by Theorem 5.4.1 and the calculation of [YZZ12, §3.6.4], we have
lor.alZ(6,x)) = 2|Dp[ /2| Dp| > L(1,7)(Taig 1, (6., (0, (@) "w; ' 0)) Py, PY).
Then (5.4.1) follows from Theorem 5.4.2 provided we show that, for all v|p,
Qu(0s (W, o () ™ wya b0, Xo) = L(1,m0) ™"+ Z (xw).-

This is proved by explicit computation in Proposition A.3.1. |

6. Local assumptions

We list here the local assumptions which simplify the computations, while implying the desired
identity in general. We recall on the other hand the essential assumption, valid until the end of
this paper, that all primes v|p split in E.

Let Sr be the set of finite places of F'. We partition it as

SF = Snon—split U Ssplit
with the obvious meaning according to the behaviour in F, and further as
SF = Sp U Sl U 52 U (Snon—split - Sl) U (Ssplit - Sp - 52)7

where:

— Sp C Sgpiit is the set of places above p;

— 51 is a finite subset of Syon-spiit containing all places where E/F or F/Q is ramified, or
o is not an unramified principal series, or x is ramified, or B is ramified; we assume that
1S1] > 2;

— Sy consists of two places in Sgpliy, — Sp at which o and x are unramified.

We further denote by S the set of archimedean places of F.

6.1 Assumptions away from p
Consider the following assumptions from [YZZ12, §5.2].

AsSsUMPTION 6.1.1 (Cf. [YZZ12, Assumption 5.2]). The Schwartz function ¢ = ® ¢, € .7 (B x
A*) is a pure tensor, ¢, is standard for any v € S, and ¢, has values in Q for any v € Sp.

ASSUMPTION 6.1.2 [YZZ12, Assumption 5.3]. For all v € S, ¢, satisfies
du(z,u) =0 if v(ug(x)) = —v(dy) or v(ug(za)) = —v(dy).
ASSUMPTION 6.1.3 [YZZ12, Assumption 5.4]. For all v € Sy, ¢, satisfies
r(g)du(0,u) =0 for all g € GLao(F,),u € F,\.
See [YZZ12, Lemma 5.10] for an equivalent condition.

ASSUMPTION 6.1.4 [YZZ12, Assumption 5.5]. For all v € Shon-split — S1, ¢ is the standard
Schwartz function ¢,(z,u) = 1o (2)1,-1,x (u).
v v F,v
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ASSUMPTION 6.1.5 [YZZ12, Assumption 5.6]. The open compact subgroup UP = vap U, C
B(AP>) satisfies the following:
(i) U, is of the form (1 + w,Og,)* for some r > 0;
(ii) x is invariant under U2 := UP N T(AP>);
(iii) ¢ is invariant under K? = UP x UP;
(iv) U, is maximal for all v € Spon-split — 51 and all v € S;
(v)
)

(vi

UPUp, does not contain —1;

UPUy,), is sufficiently small so that each connected component of the complex points of the
Shimura curve Xy is an unramified quotient of £ under the complex uniformisation.

Here we have denoted by Up, C B, the maximal compact subgroup.
See [YZZ12, §5.2.1] for an introductory discussion of the effect of those assumptions.

LEMMA 6.1.6. For each v { poo, there exist W, € o, and a Schwartz function ¢, satisfying all of
Assumptions 6.1.1-6.1.5 such that

R (W, ¢) # 0.

For all but finitely many places v, we can take W, to be an unramified vector and ¢, to be the
standard Schwartz function.

Proof. The existence of the sought-for pairs (W, ¢,) is proved in [YZZ12, Proposition 5.8]. The
second assertion follows from the unramified calculation, Lemma 3.5.2. O

6.2 Assumptions at p

We make some further assumptions at the places v € S,. After stating the restrictions on ¢, and
U,, we will impose at the end of this section some restrictions on x, and on choices of a p-adic
logarithm.

Concerning (¢, U, ), we need two conditions. On the one hand, that the centre of the open
compact subgroup U, is sufficiently large so that, roughly speaking, for all but finitely many
characters y, no non-zero vector in a T'(F,)-representation can be both y,-isotypic and invariant
under Ur, := U NT(F,); we will apply this in particular for the space generated by the Hodge
classes on Xy7. On the other hand, we need ¢, to be sufficiently close (a condition depending on
Xv) to a Dirac delta, so as to match the Schwartz functions used in the construction of the p-adic
analytic kernel. As stated, this is apparently incompatible with the previous condition. However,
as Xo|px = wy ! (fixed), an agreeable compromise can be found. We therefore state two distinct
assumptions; while we will eventually work with the second assumption (the ‘compromise’), it
will be convenient to reduce some proofs to the situation of the first one.

ASSUMPTION 6.2.1. For each v € S, U, and ¢, satisfy the following:

(i) the subgroup U, = 1+ w,* OB, for some r, > 1;
(ii) xo is invariant under Ugy;
(iii) v is invariant under ¢(U,);
)

(iv) the Schwartz function is

o (l'a U) = 51,UT,U (ml)lﬁv2 (x2)5q(U) (u)a
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where, as in (3.4.5),
vol(Ey)

Vo) 4
vol(Uz.y) U (1)

517UT,’U (1‘1) =

and
vol(O'%
5 (0) = e 0 )

ASSUMPTION 6.2.2. For each v € S, U, and ¢, satisfy:

(i) Us = Up, Uy with Up, = (1 + @} Op,)* C Z(F,) C By for some ny > 1, and U, =
L'+ O, satisfes (1)-(ii) of Assumption 6.2.1;

wy is invariant under Ug ;

Q(Uv) - (Ulg‘,v)Z;

v is invariant under (Ug )%

the Schwartz function ¢, is
b ::][ wo(2)r((2 1))3y dz, (6.2.1)
Ok

where &, is as in Assumption 6.2.1 for U,.

Remark 6.2.3. By (ii), the function ¢, in Assumption 6.2.2 is invariant under K, = U, X U,,.
The subgroup Uy, in Assumption 6.2.2 can be chosen independently of x.

In view of the previous remark, we can introduce the following assumption after fixing Uy, .

ASSUMPTION 6.2.4. The character x is not invariant under V> :=[],, q’l(U%v) C Oy,

LEMMA 6.2.5. The set of finite-order characters x € % which do not satisfy Assumption 6.2.4
is finite.

Proof. Recall that by definition % = %/,(V?) parametrises some VP-invariant characters for the
open compact subgroup V? C Ezpoo fixed (arbitrarily) in the Introduction. Then a character x
as in the lemma factors through

Exe/EXVPVe,
a finite group. O

p-adic logarithms. Recall that a p-adic logarithm valued in a finite extension L of Q, is a

continuous homomorphism
{:Tr— L;

we call it ramified if for all v|p the restriction £, := ¢|,« is ramified, i.e. non-trivial on 0} .

LEMMA 6.2.6. For any finite extension L of Q,, the vector space of continuous homomorphisms
Hom(I'p, L) admits a basis consisting of ramified logarithms.

Proof. If F = Q, then Hom(I'q, L) is one dimensional with generator the cyclotomic logarithm
{q, which is ramified. For general F, {q o Np/q : I'r — I'q — Q) is ramified (and it generates
Hom(I'p, L) if the Leopoldt conjecture for F' holds). Any other logarithm ¢ can be written as
¢ =alqgo Np/q + (¢ —alg o NF/Q) for any a € L; for all but finitely many values of a, both
summands are ramified. O
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7. Derivative of the analytic kernel
For this section, we retain all the notation of §§3.2-3.4, and we keep the assumption that V is

incoherent. We assume that all v|p split in E.

7.1 Whittaker functions for the Eisenstein series
We start by studying the incoherent Eisenstein series &

ProrosiTionN 7.1.1.

(1) Let a € F}.

(a) If a is not represented by (Va,,uq), then Wg,(g,u,1) = 0.
(b) (Local Siegel-Weil formula.) If there exists x, € Vg, such that uq(z,) = a, then

Waul( 1) = [ () )ty
(2) For any a, u € F*, there is a place vt p of F' such that a is not represented by (Va,uq).
(3) For any ¢h™ € /(VE™ x AP>X) y € F*, we have

&(u, $5>;1) =0
and consequently
Tp(";1) =0, I(¢"5x) =0
for any ¢pP>® € S (VP® x APX) vy € %,.

Proof. Part (1) is [YZZ12, Proposition 6.1] rewritten in our normalisation: except for (b)

when v|p, which is verified by explicit computation of both sides (recall that ¢o, is standard

when v|p). Part (2) is a crucial consequence of the incoherence, proved in [YZZ12, Lemma 6.3].

In view of the expansion of Proposition 3.2.1, the vanishing is a consequence of the vanishing of
the non-zero Whittaker functions (which is implied by the previous local results) and of

Wo(u, 1) = —L@(0,n) [ Wi (. 1):

here we have
_ LO.m)
Hv‘p L(()? 771))

as L(0,n) is defined and non-zero whereas L(s,n,) has a pole at s = 0 when v splits in E. O

L(p)(O,n) - -0

7.2 Decomposition of the derivative

Fix henceforth a tangent vector £ € Hom(I'p, L(x)) = Th%r @ L(x) = Ny jayr|x; We assume that
¢ is ramified when viewed as a p-adic logarithm (cf. Lemma 6.2.6). For any function f on %,
we denote by

f'(1) = Dyf(1)

the corresponding directional derivative.
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Our goal is to compute, for any locally constant x, the derivative

T 75x) = /[ O I((81), 675 1) Pt

T]

¥
= [ X7 o= et
(T
where the first identity (of g-expansions) follows from the vanishing of the values Zp(pP>°;1).
We can decompose the derivative into a sum of g-expansions indexed by the non-split finite
places v. For each u € F* and each place v of F, let F,(v) be the set of those a € F* represented
by (V3,uq); by Proposition 7.1.1, we have W, ,(u, 1) = 0 for each a € F,,(v), and moreover F,(v)
is always empty if v splits in E.
Then

olFQ) ]Dp\l/Q N
e PL(,y oY) ~ (Do, )

&'(u;1) = S w20 (u;1) o

v non-split
a€Fy(v)

For a non-split finite place v, let

olF: Q]\DF|1/2
&' (u, 9577;1)(v) == — (w; )7 (u;1) 9%,
|Dpgyp|V/2L0P)( aeFZ(U
Tp((t,t2), 7% 1) (0) i=cor D> O(u,r(t1, 12)$1)E (u, $57°5 1) (v),
uepdp \F*

(75 () = /[T] NOIB((1,E), 7%: 1) () dt

if pP® = @™ @ ¢b™, with ¢ obtained from ¢{° as in (3.4.5), and extended by linearity in
general.

PRrROPOSITION 7.2.1. Under Assumption 6.1.2, we have

TR = Y IR 1)(v).
v non-split
Proof. By the definitions, we only need to show that under our assumptions we have
Wi 1) =0.

This is proved similarly to [YZZ12, Proposition 6.7]. |
7.3 Main result on the derivative

We give explicit expressions for the local components at good places, and identify the local
components at bad places with certain coherent theta series coming from nearby quaternion

algebras B(v); these theta series will be orthogonal to all forms in o by the Waldspurger formula
and the local dichotomy.

PROPOSITION 7.3.1. Let v be a finite place non-split in E. Then, for any (t1,t2) € T(A), we
have

I ((tr, 1), P 1) (v) = 2\19F|L<p><1,n>]{T1 0 ((tt, o)) dt
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and

S x)(0) = 2D | Lyy(1,1) / ][ AL (4, 7)) db ot
[T]/[T]
where

A3, (1) = 2400 W)

= Cyr Z Z kT(t1,t2)¢u (y7 z, u)r((y ]_)7 (t17 tQ)) ¢UOO (.T7 U) quq(:r)

ue“%p\px zeV -V

with kg, (y,x,u) the linear function in ¢, given when ¢ = ¢1,, ® ¢2,, by

/| D]/

kd)v(y?mvu) = VOl(El)

7-((:[/“ 1))¢1,U(x17 u)%ZEyQ)m(yv u, ¢2,v)'

Proof. This follows from the definitions and the Siegel-Weil formula (Proposition 7.1.1(b)). The
computation is as in [YZZ12, Proposition 6.5]. O

LEMMA 7.3.2. Assume that ¢ is Q-valued. For each non-split finite place v, the values of the
function

kiv (y, m,u) := €(wy) kg, (Y, 2, u)

and the coefficients of the reduced g-expansions

Al = U(e) T A
TP (v) = Um) T I(67) (0)

belong to Q.

Proof. By Lemma 3.3.1, the local Whittaker function #;°,(y, u, ¢2,»; xr) belongs to 0(%f,,) =
M[XF] and actually to Q[XF!], where X, (xFy) := Xro(wy) for any uniformiser w,. (Recall
that the scheme #%p, of (3.3.1) parametrises unramified characters of F‘.) Therefore, its
derivative in the direction ¢ is a rational multiple of Dy X, = ¢(w,). O

The following is the main result of this section. It is the direct analogue of [YZZ12, Proposition
6.8 and Corollary 6.9] and it is proved in the same way, using Proposition 3.2.3(1). To compare
signs with [YZZ12], note that in Proposition 7.3.1 we have preferred to place the minus sign in
the definition of k4, ; and that our ¢(w,), which is the derivative at s = 0 of xp(w,)*®, should be
compared with —log ¢p,, in [YZZ12] (denoted by —log N, there), which is the derivative at s =0
of |y %

ProproSITION 7.3.3. Let v be a non-split finite place of F', and let B, be the quaternion algebra
over F,, which is not isomorphic to B,,.

(1) Ifv € Snon-split — S1, then

kiu(l, xT,u) = 1, <03, (x,u
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(2) Ifv € S; and ¢, satisfies Assumption 6.1.2, then kiv (y,x,u) extends to a rational Schwartz
function of (x,u) € B, x F*, and we have the identity of q-expansions

A (1, 12)) = W0((11, 1), K, @ 0Y),
where, for any ¢/,
0(g, (t1,ta), ) =cow > Y r(g, (tr,t2))¢ (z,u)
UE/AIZva\FX zeV

is the usual theta series.

8. Decomposition of the geometric kernel and comparison

We establish a decomposition of the geometric kernel according to the places of F', and compare
its local terms away from p with the corresponding local terms in the expansion of the analytic
kernel. Together with a result on the local components of the geometric kernel at p proved
in §9, this proves the kernel identity of Theorem 5.4.2 (hence Theorem B) when x satisfies
Assumption 6.2.4.

8.1 Vanishing of the contribution of the Hodge classes
Fix a level U as in Assumptions 6.1.5 and 6.2.2.
Recall the height generating series

Z((t1,t2), 6°°) = (Z(6™)(t1 — Eg0))s L2 — Eg(t))

and the geometric kernel function

260 = [ XOZ0.7,6%)ar
They are modular cuspforms with coefficients in ' & L(x).

ProprosITION 8.1.1. (1) If Assumption 6.1.3 is satisfied, then
deg Z(¢™) 0 =0
for all o € FY\A*/q(U).
(2) If Assumption 6.1.3 is satisfied, then
Z((boo)éa =0
for all « € FY\A*/q(U).
(3) If Assumption 6.2.4 is satisfied, then

/ X(t)&v,qt) dt = 0.

(T]
(4) If Assumptions 6.1.3 and 6.2.4 are both satisfied, then

qZ(gboo’ X)U = <q2*(¢oo)l’ tX>7
where

£, = /[ R [ty d°t € DivY(Xy) 1.
T
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Proof. Note first that part (4) follows from parts (2) and (3) after expanding and bringing the
integration inside. Part (2) follows from part (1) as in [YZZ12, §7.3.1], and part (1) is proved in
[YZZ12, Lemma 7.6].

For part (3), note first that the group V7 of Assumption 6.2.4 acts trivially on the Hodge
classes; in fact, we have r(1,t71)&y o = U,aq(t) and, by definition, ¢(V,7) C U. On the other hand,
we are assuming that the character x is non-trivial on V7. It follows that the integration against
x on V7 C T(A) annihilates the Hodge classes. O

8.2 Decomposition
Let
(:Tp— L(x)
be the ramified logarithm fixed in §7.2. For the rest of this section and in §9, we will abuse

notation by writing Z(d)oo, x) for the image of Z(qﬁ"o, x) under ¢ : T'r & L(x) — L(x).

LEMMA 8.2.1. If Assumption 6.1.2 is satisfied, then for all a € AS1°>* and for all t;, ty € T(A>),
the support of Z,(¢>°)t1 does not contain [ta].

Proof. This is shown in [YZZ12, §7.2.2]. O

Let S’ = §/S1 (L(x)) be the quotient space, relative to the set of primes Si, introduced after
the approximation lemma (Lemma 2.1.2).

PROPOSITION 8.2.2. Suppose that Assumptions 6.1.2, 6.1.3, and 6.2.4 are satisfied. If H is
any sufficiently large finite extension of E and w is a place of H, let ()¢, be the pairing
on Divl(Xy y) associated with £, of (4.1.7). Let 97,(¢>®) be the image of Z.(¢>) in
S’ ® Corr (X x X)q. Then in S’ we have the decomposition

9Z(6™,X) = ZZ ¢, X)(v

where

Z(6,0(0) = D _{VZ.(™) L, ty) e

wlv

Proof. By Proposition 8.1.1(4), we have Z,(¢™,x) = (Za(éoo)l,tx> for all a € A*. If a €
A% the two divisors have disjoint supports by Lemma 8.2.1, and we can decompose their
local height according to (4.2.2). O

For each place w of E, fix an extension @ of w to F O E and, for each finite extension H C F
of E, let (,)w be the pairing associated with l := (1/[Hzg : Fy])ly o Ny /g, The absence of the
field H from the notation is justified by the compatibility deriving from (4.1.6). By the explicit
description of the Galois action on CM points we have

Z(¢™,x > ][T (IZ, (¢, tty ) dt

‘ E‘weS

in S’ and, if v { p, by Proposition 4.2.2, we can further write

Z(6™,x)(v) = S, J(;]][r] o)ttt x () dt d°ty
(2. ()t tt ! dt d°t;. 8.2.1
" /m J{Tﬂ (Z (@)t 47 )X () dt dty (8:2.1)
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8.3 Comparison of kernels
Recall that we want to show the kernel identity

lona( T (675 X)) = 2L ) (1, m)lgr,a(Z(67, X)) (8.3.1)
of Theorem 5.4.2 (more precisely, we have here projected both sides of that identity to L(x)
via /).
Similarly to Proposition 8.2.2, we have by Propositions 7.2.1 and 7.3.1 a decomposition of
reduced g-expansions

(P00 =Y, I (F500)

v non-split
with i
S X)(v) = 21Dp| Ly (1,1) / A (¢t () dt Ao, (83.2)

(11111

and the g-expansion % e Wi %(pvol - {(w,)~! has rational coefficients.

We thus state the maln theorem on the local components of the kernel function from which the
identity (8.3.1) will follow, preceded by a result on the components away from p which facilitates
the comparison with [YZZ12].

ProPOSITION 8.3.1. Suppose that all of the assumptions of §6.1 are satisfied together with
Assumptions 6.2.2. Then for all t1,to € T(A) we have the following identities of reduced q-
expansions in s’

(1) Ifv € Sgplit — Sp, then
iv(Z, (371, t2) = Jp(IZ.(6°)t1, 12) = 0.
(2) Ifv e Snon-split — Sl, then
in(AZ (™), t2) = H WL (11, 1), Jo(TZu(™)t, 1) = 0.

3) If v € S1, then there exist Schwartz functions ke, , me.,, ls, € L (B(v), X F)) depending
d)v Qb'u (bv v
on ¢, and U, such that

HE (b, ) = 90((tr, 1), heg, © ),
iv(q%w“)thh) W0((t1,t2), mg, ® ¢),
Go(Z.(6%)t, t2) = W0((t1, 12), 1, ® 6°).

Here B(v) is the coherent nearby quaternion algebra to B obtained by changing invariants
at v and, for ¢’ € .7 (B(v)a x A*), we have the automorphic theta series

0(g, (t1,12), ¢/) = Cyr Z Z r(g, tl,tg (:ZZ,U)

uepdp \F* t€B(v)
We denote by

/][ (t1)0(g, (t,t7 1), ¢') dt d°ty (8.3.3)
(7]

the associated coherent theta function.
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Proof. Part (1) is [YZZ12, Theorem 7.8(1)]. In part (2), the vanishing of jz follows by the
definitions; the other identity is obtained by explicit computation of both sides as in [YZZ12,
Proposition 8.8], which gives the expression for the geometric side;*! on the analytic side we use

the result of Proposition 7.3.3(1). Part (3) for (}i’(po)o is Proposition 7.3.3(2), whereas for iz and
Juv it is [YZZ12, Theorem 7.8(4)]. O

THEOREM 8.3.2. Suppose that all of the assumptions of §6.1 are satisfied together with

Assumptmns 6.2.2 and 6.2.4. Then we have the following identities of reduced g-expansions
inS.

(1) Ifv € Seplit — Sp, then
Z(¢>,x)(v) = 0.
(2) Ifv e Snon—split — S, then

I (875 x)(v) = 2| Dp| Ly (1,1) Z(6%, X) (v).

(3) Ifv € Sy, then there exist Schwartz functions kg,, ng, € % (B(v), X FX) depending on ¢,
and U, such that, with the notation (8.3.3),

T (@75 x) () = Uk, ® 6", ),
Z(¢™, x)(v) = U(ng, ® ¢*, x).
(4) The sum N N
Z(6™,0)(0) =Y Z(¢™,x)(v)
vES)

belongs to the isomorphic image S C S’ of the space of p-adic modular forms S, and we
have

wpa( (¢Oo )( )):0-

Proof (to be completed in § 9). Parts (1)-(3) follow from Proposition 8.3.1 by integration via
(8.2.1) and (8.3.2). They imply the identity in S’

2| D[ Ly (1, M) Z (6%, X) (p) = 2| Dp| Ly (1,m)AZ (6, %) — Y Z(6™, x
vip
= 2|Dp| Ly (1,)3Z(6%, x) — &' (6™ X)
=) U ®dy,), (8.3.4)
vEST

where dg, = 2|Dp|L,)(1,7)ng, — kg, for v € S1. As all terms in the right-hand side belong to S,
so does Z(¢>, x)(p). The proof of the vanishing statement of part (4) will be given in §9. O

Proof of Theorem 5.4.2 under Assumption 6.2./. We show that Theorem 5.4.2 follows from
Theorem 8.3.2, under the same assumptions. By Proposition 5.4.3 and Lemma 6.1.6, only
Assumption 6.2.4 on the character x is restrictive. Moreover by Lemma 6.2.6 it is equivalent

31 Recall that, on the geometric side, iz is the same Q-valued intersection multiplicity both in [YZZ12] and in our
case.
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to show that the desired kernel identity holds after applying to both sides a ramified logarithm
By (8.3.4),

lora2IDFIL(1,0) - 9Z(6, x) = '(675X) = Y Loral(W(8" @ dy,)) + Lora(Z(67,X)())-
VEST

The vanishing of the terms indexed by 1 can be shown as in [YZZ12, §7.4.3] to follow from the
local result of Tunnell and Saito together with Waldspurger’s formula. The term fy» o(Z(¢>,
X)(p)) = 0 by part (4) of Theorem 8.3.2. O

9. Local heights at p

After some preparation in §9.1, in §9.2 we prove the vanishing statement of part 4 of Theorem
8.3.2. We follow a strategy of Nekovar [Nek95] and Shnidman [Shn16].
For each v|p, fix isomorphisms

E,:= E®p F, ~ F,&F, (9.0.5)

and B, = Ms(F,) such that the embedding of quadratic spaces F, — B, is identified with
(a,d) — (“ d); then for the decomposition B, = Vi, & Vy, = E, ® E, the first (respectively
second) factor consists of the diagonal (respectively antidiagonal) matrices. Let w, w* be the
places of E above v such that E,, (respectively E,+) corresponds to the projection onto the first
(respectively second) factor under (9.0.5). We fix the extension ¥ = w of v to F O E to be any
one inducing w on F, and we will accordingly view the local reciprocity maps rec,, : £ = F* —
Gal(Fy/F,)* = Gal(Fy/E,)®.

9.1 Local Hecke and Galois actions on CM points
Let U = UpU = [[,U, C B*®* be an open compact subgroup and ¢ € Z(B x AX) satisfy
Assumption 6.2.2 for integers r = (ry),|p- Fix throughout this subsection a prime v|[p.

By Lemma 3.1.1, the generating series Z (¢>) is invariant under K'(w" ), for some 1’ > 0.
We compute the action of the operator U, . on it.

LEMMA 9.1.1. For each a € A*, v|p, the ath reduced q-expansion coefficient ofUMZ(gZ)OO) equals

Z(wv_l)ZawU (9>,
where the (aw,)th g-expansion coeflicient of Z(¢>) is given in (5.2.2).

Proof. We have

U, u) =l Y r((])) do(@,u)

jEWF,v/wv

= |@y| by (woz, w;lu)

under our assumptions on ¢,. B
Inserting this in the definition of Z and performing the change of variables 2’ = w,x, we
obtain the result. |
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We wish to give a more explicit expression for

Zuwy (0)Wy = conlaz’| Y 6™(a,amig(a) Hlaly (9.1.1)
z€U\B>®x /U

as s varies. Let

Z(w™) = {(Z Z) € My(Op)

a,d€el +w£”ﬁp’v} UI?“,U'

Then Z(w)*) C B, is the image of the support of ¢, under the natural projection B, x F, — B,;
and, for each x, € U,\B, /U, some z¥ € B"*>* such that z"z, contributes to the sum (9.1.1)
exists if and only if z, belongs to

E(wZ”)awgv = {x, € E(w,?), q(xy) € awy’ (1 + @' OFy)}.

LEMMA 9.1.2. Let U,, ¢, be as in Assumption 6.2.2, and let a € F,* with s, = v(a) > r,. Then
the quotient sets Uy \Z(wy )o /Uy, E(w)?)a/Uy, and U,\E(w]?), are in bijection and, for each of
them, the set of elements

1 by ry+s
mv(bfuva) = (bl(l — a) 1> < MQ(FU) =By, b€ (ﬁﬂv/zvver U)X

is a complete set of representatives.

Proof. We drop the subscripts v. By acting on the right with diagonal elements belonging to U,
we can bring any element = € Z(w"), to one of the form x(b,a’) with b € O, d' € a(1+w"OF).
The right action of an element v € U sends an element x(b,a) to one of the same form z(b',a’)
if and only if

—buw”

14+ \w” Hw

= — A" —
b 1+

for some A\, 4 € OF; in this case, we have

1—auw” Aua
/ ! 2
b—bil_a , a-a(l—wr()\—i—u)—wrl_a r).

The situation when considering the left action of U is analogous (as can be seen by the symmetry
b <> b~1(1 — uw®)). The lemma follows. O

Henceforth we will just write x,(b,) for x,(b,, a) unless there is risk of confusion.
LEMMA 9.1.3. Fix a € Ff with v(a) > r,.

(1) Let x = a¥xy(by), ¢y € Opy = O, . The action of the Galois element recg(1 + ¢,w,") is

rec(l + cyw,?)[z]y = [Ty (by (1 + cvwy))]|u- (9.1.2)
(2) We have
E(wy)a/Uy = H recg((1+ @™ Opy/1 + @™ OFy))x,(b)Uy,
be(Op [wy)*

where b is any lift of b to O, /@™ 5.
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Proof. Both assertions follow from the explicit description of the Galois action on CM points:

we have
,
recg(l+ cowy’)[alu = Kl o 1> f] ;
U

and a calculation establishes part (1). In view of Lemma 9.1.2, part (2) is then a restatement of
the obvious identity (Op, /@, t%)* = (1 4+ @"OFy) /(1 + @*OF,))(OF, /@h) <. ]

Norm relation for the generating series. Let

2" i=cor Yy ¢ aq(@”) ) 2"

aveBUeoX /U

Then we have

Zaw ()W = [l 3 Z2(6") o,

Tov

where the sum runs over z, € (") y(a)4v(d)+s0/ Uo-
For s > r,, let H, C E®® be the extension of F with norm group

UpUp (1 + w;, O w),

where Ur = U N EXOO. Let Hy, = U8>Tv H,. If r, is sufficiently large, for all s > r, the extension
H,/H,, is totally ramified at w, and we have

Gal(Hs/H,) = Gal(Hs, w/Hrpw) = (1 4+ @,  OFy) /(1 + @y, OF ). (9.1.3)
For convenience, we set
H; = My +s
for any s € {0,1,...,00} and, when s < oo, we denote by Trs, and similarly later Ny, the trace

(respectively norm) with respect to the field extension H}/H|.

PROPOSITION 9.1.4. Fix any a € A>* with v(a) = r,. With the notation just defined, we have

st(qﬁ)[l](] = Z Z Trs ¢i[z]zy (b, aw®)]u,

i€l ge(ﬁnv/wr)x

where the finite indexing set I, the constants c; € Q, and the cosets x;U" are independent of s.
Moreover, there exists an integer d # 0 independent of a such that ¢; € d~'Z for all i.

Proof. By Lemma 9.1.3, we can write

Faer @0 =l S 226" Gal(HY g/ ) - 20(by a0
be(Op /@)%

=@, 7 Y Tr(ZY(6°) (b, aw®)]y)
be(Op /@)%

using (9.1.3), as by construction the correspondence Z(¢)y is defined over Hj. We obtain the

result by writing Z}l’(gb”)U = Zie[ aZ (V).
Finally, the existence of d follows from the fact that ¢>° is a Schwartz function. O
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The extension Hoow/Ey. After de Shalit [dSha85], given a non-archimedean local field K, we
say that an extension K’ C K of K is a relative Lubin-Tate extension if there is a (necessarily
unique) finite unramified extension K € K° C K’ such that K’ ¢ K2 is maximal for the property
of being totally ramified above K°. By local class field theory, for any relative Lubin—Tate
extension K, there exists a unique element w € K* with vg(w) = [K° : K] (where v is the
valuation of K) such that K’ ¢ K2 is the subfield cut out by (@) C K* via the reciprocity map
of K. We call w the pseudo-uniformiser associated with K’.

LEMMA 9.1.5. The field Hy w is the relative Lubin-Tate extension of E,, associated with a
pseudo-uniformiser wyr € E,5 which is algebraic over E and satisfies q,,(wrr) = 1.

Proof. 1t is easy to verify that H., 5 is a relative Lubin-Tate extension. We only need to identify
the corresponding pseudo-uniformiser . It suffices in fact to find an element 6 € E* satisfying
q(#) = 1 and lying in the kernel of recg, : E)S — Gal(Hsw/Ew), as then wpr must be a root
of 6 and hence also satisfies the required property.

Let w, € E, be a uniformiser at w, and let d = [Ex. : E*Ur], where U} is as before,
Urw CO va is arbitrary, and Ur,, is identified with Uf},v under £, &£ E,,«. Then we can find
t € E*, u € Ur such that w? = tu. We show that the image of § := ¢/t in EX lies in the kernel of
recg, : B}y — Gal(Hoow/Ew). Letting v, : E)y <> Ex+ be the inclusion, we show equivalently
that ¢,,(0) is in the kernel of recg : Ex o — Gal(Hoo/E) or concretely that iy, (t/t) € EXULUS.
Now we have

L (E/T) = - u¥ Ly (Ui ) Lap> (U ).

By construction, u” € Uj, and ty (Uy* )ty (ty+) belongs to Uf?,v- This completes the proof. O

9.2 Annihilation of local heights

Suppose still that the open compact U and the Schwartz function ¢ satisfy all of the
assumptions of §6.1 together with Assumption 6.2.2. In this subsection, we complete the proof
of Theorem 8.3.2 by showing that the element Z(¢>, x)(p) € S is annihilated by yr o. Let S be
a finite set of non-archimedean places of F such that, for all v ¢ S, all the data are unramified,
U, is maximal, and ¢, is standard. Let K = KPK, be the level of the modular form Z(¢*),
and let T, (0V) € #5(L) = #°(M) @1, L be any element as in Proposition 2.4.4(4). By that
result, it suffices to prove that

lora(T, (0¥)Z(6™,X)(p) = 0. (9.2.1)

We will in fact prove the following.

PROPOSITION 9.2.1. For all v|p, the element T,, (eV)Z(¢>,x)(v) € S’ is v-critical in the sense
of Definition 2.4.1.

Recall from §2.2 that the commutative ring A5 (M) acts on the space of reduced g-
expansions S'(KP) and its quotient S (K?), so that the expression T,,(0¥)Z (4>, x)(v) makes

sense. Proposition 9.2.1 implies that T, Lp(av)Z (¢, x)(p) is a p-critical element of S and hence
it is annihilated by f,» o by Proposition 2.4.4(3), establishing (9.2.1).

By Lemma 5.2.2, there is a Hecke correspondence T(c")y on Xy (with coefficients in M)
such that

T,,(60)9Z (™) = Ty, (0 )u 0 Zo(¢®)u
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as correspondences on Xy. Then T, (V) Z(¢°,X)u(v) is an average of

(T, (0" )02 () (1], b = (IZu (6™ (1] Ty (0¥t 9.2.2)
for w)v.
We study the class of T, (¢t in H}(E, Ind¥ V,Ji7|4,. ), where H C E? is any sufficiently
large finite extension. Let L’ denote Qp or any sufficiently large finite extension of Q,. As
“p-representations, we have

Vilu®q,L'= B wi e, VA"
AWM g — L
for some pairwise non-isogenous simple abelian varieties A’/ F with End® A’ = M4/; here VAt =
VA" @1, L. More generally, let

V = Ind% V,July, (9.2.3)
for a finite extension H of E as above; then we have
Vegq, Ll = P % @, VoA (X)), (9.2.4)
Al M 4> I X' :Gal(H/ E)— L'*
where V,A"(x') := VpA' ®u,, 0 LY -

Let V' := 7Y, ®@n V, AV (x™1) C V, where ty : M — L C L(x) is the usual embedding. Let
V" C V be its complement in the direct sum (9.2.4), V =V @ V".

PROPOSITION 9.2.2. The class of T,,(c¥){;ty in H}(E, V) belongs to the subspace Hy(E,V").

Proof. We may and do replace L(x) by a sufficiently large finite extension L'. It is clear that the
class of t, belongs to H} (E,VpJu(x™")). Then it is enough to verify that T, (c")}, annihilates
D a1 (av ) (VpA")™4 . Equivalently, we show that for any (A, 1) # (4, Lp) and any fi € ma/,
J2 €Ema,
Talg,b(fla f2) o TLp (Uv)%] =0
in Hom(Jy, Jy)).
We have

Talg,b(fla f2)o pr (Uv)%] = pr (Uv);] © Talg,b(fla f2) = TLp (UV)U °© Tag, (0 ( ¢OO/))

for some ¢’ € 0% and some rational Schwartz function ¢>’. By Theorem 5.4.1, this can be
rewritten as

T,y (0") 0 (19, Z:(6™))oms, = (19, Tuy (0¥)lr 0 Zu (™))
using an obvious commutativity. Applying Lemma 5.2.2 again, we have
Ty (") 0 Zu(#™') = T (0) Zu(#™),
where in view of (5.2.1), it is easy to see that we are justified in calling T'(¢) the Hecke operator
corresponding to T'(c")};; i.e. this Hecke operator acts as the idempotent projection onto ok

Ms(K, M) for the appropriate level K. It is then clear that modular forms in the image of T'(¢)
are in the right kernel of (, )U;o/ if 041 # 0 4v or equivalently (as A’ — o 4/ is injective) if A’ # AV.

If A’ = AV, then the expression of interest is the image of ¢’ @T(0') Z, (™) € o 4v @ (Hom(Jy,
Jy7) ® So(M)) under the M-linear algebraic Petersson product and two projections applied to
the two factors, induced respectively from ¢ : M ® L’ — L' and vy : M @ L' — L'. If v # 1, their
combination is zero. O
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PROPOSITION 9.2.3. For each w|p and each a € AS1%0X the mixed extension E associated with
the divisors Z,(¢>°)u[1] and T,,(c)ty is essentially crystalline at w.

Proof. By Proposition 4.3.1, it is equivalent to show that

mﬁ(za(¢m)U [1] ) TLp (Uv)tx) =0.

Under Assumptions 6.1.2 and 6.1.3 (which are local at S;US, and hence unaffected by the action
of T,,(c")), this is proved in [YZZ12, Proposition 8.15, §8.5.1]. a

Proof of Proposition 9.2.1. For each w|v, by the discussion preceding (9.2.2) it suffices to show
that B

(1Z.(6=)u (1], Tup (0 irts)w
is a v-critical element of S’, that is (by the definition and Lemma 9.1.1), that

(Zaws (6™ [1], Toy (0 V)it )w € ay Orin)

for all @ with v(a) = r, and some constant ¢ independent of a and s.

We may assume that w extends the place w of E fixed above.

By Proposition 9.1.4, when v(a) = 7, the divisor Z,5s(¢>)y[1] is a finite sum, with p-adically
bounded coefficients, of elements Trs[x; )7, where Try denotes the trace map on divisors for the
field extension H}/H{, and [z} ]y € Div®(Xy g ).

Recall that (,)w = (, )¢, for a fixed f : Fr — L(x).*2 By (4.1.6), we have

<Tr8 [‘Tj,S]Uv pr (UV)%tX>Zw = <[xj78]U7 TLp (Uv);JtXMmONs,m? (925)

where we recall that Ny = N,z is the norm for HQ’E/H(’)@.

Now take the field H of (9.2.3) to be H = H], and consider the ¥, -representations V' C
V = Vs over L(x) defined above Proposition 9.2.2. By our assumptions, V' satisfies the condition
D, (V")?=! = 0 and the Panchishkin condition, with an exact sequence of ¥, -representations

0>VTSsV 5>V~ 0.

The representation V; has a natural ¥g-stable lattice, namely Ty := Ind T JU\g . . Let T :=
TNV T/ :=T,nV" T :=T' NV, T =T'/T'"; note that V', T, T’jE are mdependent of
s (hence the notatlon).

Let Ew/E, be a finite extension over which V, A (hence V') becomes semistable. We may
assume that the extension Fy C E is abelian and totally ramified (see [Nek06, Propositions
12.11.5(iv) and 12.5.10 and their proofs]). For s € {0,1,...,00}, let H’f = EgH 4 be the
compositum. B

We can then apply Proposition 4.3.2, with the fields H playing the role of the field denoted
there by ‘F,’; together with Proposition 9.2.3, it implies that (9.2.5) belongs to

pL((;l;)erl ﬁdQ)é* N (ﬁH' ® OL(x) C pL((x())M1 ) JS%CO OL(x)s
where dy, di s, d2 are the integers of Proposition 4.3.2,33 Ny is the norm of ﬁ;/ﬁ(’), and d’
accounts for the denominators coming from (4.1.7). The containment follows from the fact that

32 We only need to consider ¢z on the field H{ recalled just below.

33 Note that by construction there is an obvious direct sum decomposition Ts = Tp @ T°~! for a complementary
subspace T°7!; so that the integer do is independent of s.
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the extension Hy/Hj is totally ramified at w of degree ¢ ,, so that H'/ fl{) has ramification
degree at least ¢, for some constant c.
To complete the proof, we need to establish the boundedness of the integer sequence

dis =lengthy,  H'(Hj g, T4 (1) @ L(x)/ 0Ly tors:

Hl(ﬁ(l),ﬁv Ts”*(l) ® L(X)/ﬁL(X))tors
= HO(Hf 3, TV*(1)) € H(Ew, T,J55(1) ® O [Gal(H, 3/ Ew))),
the boundedness follows from the next lemma. O
LEMMA 9.24. Let 'l := Gal(H tow/ Ew). Then
(Eanp‘]U( ) ® Opy[Tir]) = 0.

Proof. We use the results and notation of Lemma 9.1.5. Note first that we may safely replace
L(x) by a finite extension L’ splitting E,/Qp. As V,Jy = V,J};(1) is Hodge-Tate, we have

HO(Bw, Vpdu ®6,, Oy [Tix]) € @ HO(Bw, Vpdu () (&),
P

where 9 runs through the Hodge-Tate characters of g factoring through I'{,;. Since the latter is
a quotient of ES dominating I'yy = Gal(Heo i/ Ew) = E /(wrr), we have I'l = EJ /(wfp) for
some e > 1. Then the condition that 1 factors through I'{ . is equivalent to ¢ orecg (wfy) =1
for the pseudo-uniformiser wyr € E,;.

By [Ser68, Appendix III.A], a character ¢ of ¥g, is Hodge-Tate of some weight n €
ZHom(E,, L")] if and only if the maps E) — L'* given by v o recg, and z +— z72% :=
[T ctom(pa,0) 7(@ x)~™7) coincide near 1 € E)X. By [Con, Proposition B.4(i)], ¢ is crystalline
if and only if those maps coincide on &} ; therefore, we may write any Hodge-Tate character
¥ as Y = Y1 with g of finite order and wl crystalline.

Then, letting F, o be the maximal unramified extension of Q, contained in FE,, and
d=[Ey, : Eyp|, we can first write

H°(Ey, Vpdur($)) = Derys(VpJur (1))7~F € Derys(VpJur (1))~

for the E,, o-linear endomorphism ¢ (where ¢ is the crystalline Frobenius) and then

d_ d_y—1
Derys(VpJu ()7~ = Derys (VpJu (0)) M
where \; € L’ is the scalar giving the action of ¢¢ on Derys (7).
By [Mok93, Theorem 5.3], all eigenvalues of ¢ on Deys(V,Ju(10)) are Weil g ,,-numbers

of strictly negative weight. To conclude that Dcrys(V;,JU(w))S"d:1 = 0, it thus suffices to show
that A\ is an algebraic number of weight 0.

By [Con, Proposition B.4(ii)], we have

A =10 recE,w(wa1 ST,
where w,, € E; is any uniformiser and n are the Hodge-Tate weights. Writing w" = uwyy for
m = w(wyr) and some u € O}, , we have
A" =10 1recE7w(quT)_1 . u_ﬂwg%

Now )1 o recgq(u) = u™™ by the crystalline condition, and ¥ o recg ,(wrr) = 1 as ¢ factors
through I'},;. Hence, \{" = wLT By Lemma 9.1.5, wrr is an algebraic number of weight 0 and
hence so is ;. O
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10. Formulas in anticyclotomic families

In §§10.1-10.2, we prove Theorem C after filling in some details in its setup. It is largely a
corollary of Theorem B (which we have proved for all but finitely many characters), once
a construction of the Heegner—theta elements interpolating automorphic toric periods and
Heegner points is carried out. Finally, Theorem B for the missing characters will be recovered
as a corollary of Theorem C.

In §10.3, we prove Theorem D.

We invite the reader to go back to §1.4 for the setup and notation that we are going to use
in this section (except for the preliminary lemma (Lemma 10.1.1)).

10.1 A local construction

Let L and F be finite extensions of Q,,, and denote by v the valuation of F' and by w € F' a fixed
uniformiser. Let m be a smooth representation of GLo(F') on an L-vector space with central
character w and a stable Op-lattice mp,. Let EX C GLy(F) be the diagonal torus. Assume
that 7 is nearly ordinary in the sense of Definition 1.2.2 with unit character o : F'* — L*.
Let f5 € m — {0} be any non-zero element satisfying U} fS = a(w)fS, which is unique up to
multiplication by L*. For r > 1, let s, = (WT %) and

faur = || a(@) s fo

It is easy to check that f,, is independent of the choice of w, and it is invariant under V, =
("t Ore VWi, where Vi = Ker(w) C Z(F).

LEMMA 10.1.1.

(1) The collection fq v, = far, for r > 0, defines an element
foz = (fa,V) € 1(1‘1/_1171"/,

where the inverse system runs over compact open subgroups Vi C V. C E*, and the transition

! .
maps 7V — w are given by

fr m(t)f dt.
A%

_ (2) Let mg, C m be a GLg(F)-stable O-lattice containing fg. The collection of elements
fav, == |@|" fa,r = a(w)"s, fS defines an element

~ . v
fa € 1<1_r£17TﬁL7
\%

o e / .
where the transition maps ¥ — v are given by

f— Z m(t)f.

tev/v!

Proof. We need to prove that

][ () forst At = for (10.1.1)
Vr/Vr+1
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A set of representatives for V,./V,; is {(ijT 1)}
Y jcor (¥ 7). From the identity

(o)) E D)

jeop /=t O the other hand, recall that U} =

we obtain
-1 -1
F o aWsafs = ahs Ui = =l e S
VT‘/VT+1
as desired. The integrality statement of part 2 is clear as o(w) € O} |
Let us restore the notation 7+ = m, 7~ = 7, employing it in the current local setting. Then

if 7T is as in the previous lemma, it is easy to check that 7~ is also nearly p ordinary. Explicitly,
the element

fa W) = 1op—qoy (W) yloen (y) (10.1.2)
in the L-rational subspace®? of any Kirillov model of 7 satisfies U ;[ © = oy (toy) ;{ ° and the
element

f2° W) = Lot @)lylow ™ (y) o (y) (10.1.3)

in the L-rational subspace of any Kirillov model of 7, satisfies U, . fa'® = ay(wy) fo .
We can then construct an element f, = (f, /)v = (f,,)r with the property of the previous

—-r

lemma as fy, := |w|"a(w) sk fo with sf = (1 =70).
Local toric periods. Let us restore the subscripts v. Recall the universal Kirillov models

H(7E, Yunivw) of §2.3. Then the elements f&%;,o of (10.1.2) and (10.1.3) yield, by the proof
of the lemma, explicit elements

fo:iv € l(iﬂlj(ﬂuivl/}univ,v)vu (1014)
\%

where the transition maps are given by averages.

Recall the local toric period Q,(f;, f;, xw) of (1.1.2), for a character yx, € #*, which we
define on 2 (7, Yuniv.w) ® H (7, Yunivw) using the canonical pairing of Lemma 2.3.2 on the
universal Kirillov models.

By the previous discussion and the defining property of f, for any character x, € %, the
element

. L(1,m,)L(1,m,,ad) / _
Quv(fovs fows Xv) == lim )(m(t)foovs % d°t
U( ’ J v X ) 14 CP,’U(Z)L(]‘/2? TEy & Xv)v EX /Y XU( )( ( ) a wv )

is well defined and it belongs to M(xy) ® Ow,(wy). In fact, if M(a,,x,) C L is a subfield
containing the values of oy, wy, and x,, then Qv(fctv, faw> Xv) belongs to ﬁ\I’u,M(av,M)(wv)'

LeEMMA 10.1.2. With notation as above, we have

Q’U(f;:'m foj,v) = CF,U(Q)il : ZE

as sections of Oy, vy, (wy); here Z7 is as in Theorem A.

31 Cf. §2.3.
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Proof. Tt suffices to show that the result holds at any complex geometric point (X, %,) € Z¢ x
U, (C). Drop all subscripts v, and fix a sufficiently large integer r (depending on x). Recalling
the pairing of Lemma 2.3.2, we have by definition

L(lan)L(lvﬂ—?ad) dt
S ETLZ m ] e XOTOLI)

We denote by E,, (respectively E,) the image of F' under the map F — M;(F') sending
t— (t 1) (respectively ¢ — (1 t)), and by x. (respectively x.,+) the restriction of x to E
(respectively E.).

We can then compute that

QU fax) =

Cr(1)L(1/2,78, x)

b o
L(l,n) Q( a?fa?X)

equals
|d|_1 /F>< /F>< |w‘_ra(w)_T5rf;,0(ty), |w|_Ta(w)_TSif(;’o(y)Xw(t) dxydxt

= / ol () (1) lty |ty ") L0y (")
x @] ol(@) " (y)w (@) lyw lalym")w ™ (o) Lo (o) (y@" ) xw(t) dy d¥t.

We now perform the change of variables ¢ = ty and observe that X, (t) = xw(t)xy'(y) =
Xw(t)w(y)xw= (y); we conclude after simplification that the above expression equals

d ! / B () (t) *E / () ylo(y)xw () .
o(t')>—r v(y)>—r

If r is sufficiently large, the domains of integration can be replaced by F*. The computation of
the integrals is carried out in Lemma A.1.1. We obtain

L(l, 7]1})
L(1/27 7TE,1}7 XU

QU( ;,mfof,mxv) = CE'U HZ Xw CF,’U<2)71 'Z;j(Xfu)- g
Cra(D) L

10.2 Gross—Zagier and Waldspurger formulas

Here we prove Theorem C. We continue with the notation of the previous subsection, and we
suppose that 7rvi is isomorphic to the local component at v|p of the representation 7+ of the
Introduction. Let w, w* be the two places of E above v, and fix an isomorphism B, = My (F,)
such that the map E, = E,, ® Ey,~ — B, is identified with the map F, ® F,, — My(F,) given
by (t1,t2) = (")

We go back to the global situation with the notation and assumption of §1.4. Choose a
universal Whittaker (or Kirillov) functional for 7% at p, that is, a BX—equlvarlant map %, +
TR0y, (V) - Qupp £ (77, Yuniv.y)- By the natural dualities of and the Kirillov models it
induces a B/ -equivariant map ,/“i/‘w X, Ip H(m ,d)umv,v) — 7 ® Oy, (¥p), whose inverse v
is a universal Kirillov functional for m, . Letting 77 v, (0p) = ®U|p H (7%, Yuniv,w), We obtain a

unique decomposition 7+ @ Oy, (V) = wﬁf (@) ® ;—Lﬁ\p (0,)° The decomposition arises from
’ P
a decomposition of the natural M-rational subspaces 7+ = 7P ® ﬂ;,t.%

35 However, the M-rational subspaces are not stable under the B®*-action.
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Heegner—theta elements. For each f*P € 7P @ M(a), let

+=V

+p . ptp + +.p ; )
fat =@ fap €My ® Hm mG

vcog,

where fjfp = Qup féfv with f3, the elements (10.1.4).
Fix a component % C %, of type € € {+1,—1} as in § 1.4. Then the elements

O = f ) v (1)t € 0 (%) (10.2.1)
EX\E} oo
PE(FEP) = lim ][ k(2 (recr (t)ie(P)) © X o (1) d
Urp={1}J BX\EX o /U =T
€ Sy(AE, Xiui» 22), (10.2.2)

or rather their restriction to % C %4, satisfy the property of Theorem C(1). Here aniv’UT :
I' - 0% (%)Y is the convolution of aniv with the finest Ur-invariant approximation to a delta
function at 1 € I'.

We explain the boundedness in the case of ZE(f*P). The rigid space %4 is the generic
fibre of an @p-formal scheme Q) := SpfOL[I]/((wF (7)[y] — [1]),eax.x).*® (Similarly, each
geometric connected component Z¢ has a formal model 9% C 9).) This identifies Oy, (%) =
Oy, (D+) ®¢, L. By Lemma 10.1.1(2) applied to the natural lattice W;L C 7t ® L given by
Hom(J, A%) ®End(4) 0L C Hom"(J, A*) ® L, after possibly replacing f* by a fixed multiple,
the elements f&= (Ttte(P)) belong to A*(E?P). Then each term in the sequence at the right-hand
side of (10.2.2) is a fixed multiple of

Yoo KR (recs(t)w(P)) ® Xy p (1), (10.2.3)
teEX\E[ oo /Ur

which belongs to the &7-module H}(E,TPAjE ® ﬁ@i(ﬁ‘ji)UT(Xfmv v,))- Hence, some non-zero
multiple of Z2F(f*P) belongs to the limit 1(1_1_1r1UTH}(E,TpAjE ® Oy, (P+)V" (aniV,UT)), whose
tensor product with L is indeed S, (Ag, aniw )P,

Local toric periods away from p. Given the chosen decomposition 4+ : 7Ti®ﬁ\pp(\lfp) = W;\’I}p (¥,) ®
p

4+ . o . —+,p —,p . + —_ . .
M Oy (Up)? let (, )P be the unique pairing on Tou, ®7r%p which makes v™ ® v~ into an isometry

+

- + 37 _ Le. :
for the natural pairings on 7= and M O (Ty)" Then, for each x = xPx, € #°"“, the toric

period QP of (1.4.7) is defined. By Lemma 5.1.1, Theorem C(2) then follows from Proposition
3.6.1. It is also proved in slightly different language in [LZZ15, Lemma 4.6(ii)].

Formulas. We prove the anticyclotomic formulas of Theorem C, and at the same time complete
the proof of Theorem B for the characters who do not satisfy Assumption 6.2.4.

LEMMA 10.2.1. Let L be a non-archimedean local field with ring of integers O, n > 1, and
let 9y be the rigid analytic polydisc over L in n variables, that is, the generic fibre of
Spf OL[X1,...,X,]. Let ¥, C 2,(L) be the set of points of the form x = ({; — 1,...,(y — 1)

36 The quotienting ideal finitely generated as the image of A°* in T is a finitely generated Z,-submodule.
37 Recall that the natural pairing on the factor at p comes from its description as a Kirillov model.

2064

https://doi.org/10.1112/50010437X17007308 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007308

THE p-ADIC GROSS—ZAGIER FORMULA ON SHIMURA CURVES

with each (; a root of unity of p-power order. Let
IS ﬁ(@n)b = ﬁL[[Xla ce aXn]] ®L
be such that f(x) = 0 for all but finitely may x € ¥,,. Then f = 0.

Proof. This is by induction on n, the case n = 1 being well known [AV75]; we will abbreviate X =
(X1,...,X,) and X' = (X1,..., X,—-1). Up to multiplying f by a suitable non-zero polynomial,
we may assume that f € Op[X] and that it vanishes on all of 3,,. We may write, with multi-
index notation, f =Y ;- nn asX” (where N = {0,1,2,...,}) with each ay € Oy. Let f;(X’') :=
S prenn—1 a(X')7 € 6L[X']; then

FX) =) (X)X,
3=0

By assumption, fo(X’) = f(X’,0) vanishes on all of 3,,_; and hence by the induction hypothesis
fo =0 and X,|f. By induction on j, repeatedly replacing f by X,,1f, we find that each f; =0
and hence f = 0. a

LEMMA 10.2.2. Let #° C % be a connected component of type ¢ = —1, and let #°" C %’
be the connected component containing %°. The p-adic L-function Ly, o(0g)|ze: is a section of
Iy C Og.

Proof. By the interpolation property and the functional equation, Ly o(0g) vanishes on #° N
aylean (L), We conclude by applying Lemma 10.2.1, noting that after base-change to a finite
(4)

(F:Q]

polydiscs, taking #<*"(L) to [[,; EEQ;Q]' -

extension of L, there is an isomorphism % — [[..; Z to a finite disjoint union of rigid

ProOPOSITION 10.2.3. The following are equivalent:

(1) Theorem B is true for all f1, f2, and all locally constant characters x € Z}-<;

(2) Theorem B is true for all fi, fa, and all but finitely many locally constant characters
Y e 7
(3) Theorem C(4) is true for all f*P and f~P.

Proof. 1t is clear that (1) implies (2). That (2) implies (3) follows from Lemma 10.2.1 applied to
the difference of the two sides of the desired equality, together with the interpolation properties
and the evaluation of the local toric integrals in Lemma 10.1.2. Finally, the multiplicity-one
result together with Lemma 10.1.2 shows that (3) implies (1). O

Since we have already shown at the end of §8.3 that Theorem B is true for all but finitely
many finite-order characters, this completes the proof of Theorem B in general and proves
Theorem C(4). Finally, the anticyclotomic Waldspurger formula of Theorem C(3) follows from
the Waldspurger formula at finite-order characters (1.4.2) by the argument in the proof of
Proposition 10.2.3.

10.3 Birch and Swinnerton-Dyer formula

Theorem D follows immediately from combining the first and second parts of the following
proposition. We abbreviate S,gi =85, (Af,xfniv, 2%°)P and remark that, under the assumption
w =1 of Theorem D, we have A= AT = A~ andr=7" =7".
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ProposiTION 10.3.1. Under the assumptions and notation of Theorem D, the following hold.

(1) Let
HCSS®S,

be the saturated A-submodule generated by the Heegner points 2% (f?) ® 2, (fP) for
fP € wP. The A-modules S;t are generically of rank 1, and moreover J€ is free of rank 1
over A, generated by an explicit element 25 @ P25".

(2) We have the divisibility of A-ideals

chary H}(E, VyA® AMlXuniv))tors | chara(S) ®4 S, /).

(3) Letting ( ) denote the height pairing (1.4.6), we have

¢
(PF @ P = 7E cdpLpa(oE)|we.

Proof. We define Qu(fu, Xv) = Qu(fu, for Xv) for fu € m,, and similarly Q(f,x) = [T, Q(fu: Xv)
if f=@Q, fo € m. By [Wal85, Lemme 13] (possibly applied to twists (m, ® py,, Xv - (1o © qw))
for some character u, of F), the spaces H(m,, x») = Homva (my @ Xv, L(Xv)) are non-zero if

and only if Qu(-,Xv) is non-zero on ,. We also define 2,(fy) := 2y(fo, fo) and 2(f7) :=

Crp(2)71 [L,, 2(fo) € A for fP = @f, € 7P. If the local conditions (1.1.1) are satisfied, as we

assume, then the spaces H(m,, x,) are non-zero for all x € #°, and 2 is not identically zero
on 7P.

We will invoke the results of Fouquet in [Foul3| after comparing our setup with his. Let
Up = UP[], ), Urp C B®* be such that Uy, = Ko(w;) for v|p, r, > 1. Let eHét(XUr,fv 0r,(1))
be the image of Hét(XUTF, 0r(1)) under the product e of the projectors e, := lim, U™. Let

I C %”;thx be the annihilator of m viewed as a module over the spherical Hecke algebra t%”él;hx

for B>, and let
eHélt(XUpF, Or(1))[n] = eHé}t(XUTF, 01(1))/ =,

a Galois module which is independent of » > 1. The operators U, act invertibly on eH'(X U, T

01 (1)), and in fact by ay(wy) on eH}, (X 7, OL(1))[m]. Let fP € 7P be such that 2(fP) # 0.
Denote by x the Abel-Jacobi functor and by fo = [P ® fo,, with fg,, the product of the
elements f3, of (10.1.2) for v|p. Then, up to a fixed non-zero multiple, the class &2} (fP) is
the image under x(f3) of the limit of the compatible sequence

f@a,'r’ = U;r Z H(I'GCE@)TST%(P)) ® aniV,UT <t)
teEX\Ex oo /Ur

of integral elements of H}(E7 eHélt(XUpF, 01(1)) @ AUT (Xuniv.uy)). Fouquet takes as input a
certain compatible sequence (2(cp, S))s [Foul3, Definitions 4.11 and 4.14] of classes in the latter
space to construct, via suitable local modifications according to the method of Kolyvagin, an
Euler system [Foul3, §5]. Noting that the local modifications occur at well-chosen, good primes £
of E, his construction can equally well be applied to the sequence (), in place of (2(cp, 5))s.
This Euler system can then be projected via k(f,) to yield an Euler system for V;A® A. Under
the condition that the first element 221 (f?) € S (corresponding to zj ., in [Foul3]) of the
projected Euler system is non-torsion, it is proved in [Foul3, Theorem B(ii)] that Sg[ have
generic rank 1 over A. By the main result of [AN10], generalising [CV05], the family of points
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PL(fP) € Sy is indeed not A-torsion provided 2(f7) £0 (i.e. f, is a ‘local test vector’ for all
v 1 p). We conclude as desired that Sff have generic rank 1 over A and that the same is true of
the submodule JZ.

We now proceed to complete the proof of part 1 by showing that the ‘Heegner submodule’ 5Z
is in fact free of rank 1 and constructing a ‘canonical’ generator. First we note that by [Foul3,
Theorem 6.1], each special fibre ), (for arbitrary x € #'°) has dimension either 0 (we will soon
exclude this case) or 1 over L(x). Let {27 (fF) ® 25 (fF)" : i € I} be finitely many sections of
H. By [YZZ12], for each x € #l¢ 1= &° 0 @lean the specialisation 2] (f7) @ 2, (1) (x)
is non-zero if and only if .QV( ) (x) # 0, and moreover the images of the specialisations at x of
the global sections of .7

II eu) - ziuhe 20y (10.3.1)

jelj#i

under the Néron—Tate height pairing (after choosing any embedding L(x) < C) coincide. As
), has dimension at most 1, the Néron-Tate height pairing on #, ® C is an isomorphism
onto its image in C, and we deduce that that the elements (10.3.1) coincide over 2. Since
the latter set is dense in Spec A by Lemma 10.2.1, they coincide everywhere and glue to a global
section (25 @ P, ") of A over #°.3%

Similarly to what is claimed in the proof of Theorem 3.7.1, there exists a finite set {f} :i €
I} C @P such that the open sets % := {g(fzp) # 0} C #° cover #°. Then the section

riorst =120 (PLe o
el

is nowhere vanishing and a generator of . It is independent of choices since for any f? € 7? it
coincides with 2(fP)~! - PF(fP) @ P (fP)" over %s». This completes the proof of Part 1.

Part 2 is [Foul3, Theorem B(ii)] with 2 replaced by its submodule generated by a non-
torsion element zy . ® 2y € J; as noted above, we can replace this element by any of the
elements 22 (fP) @ 2, (fF)", and by a glueing argument with 22} ® 2, ".

Part 3 is an immediate consequence of Theorem C(4). O
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Appendix. Local integrals

A.1 Basic integral
All the integrals computed in the appendix will ultimately reduce to the following.

LEMMA A.1.1. Let F, be a non-archimedean local field, and let E,,/F, be an extension of degree
fe < 2, with f the inertia degree and e the ramification degree. Let q,, be the relative norm and
D € OF,, be a generator of the relative discriminant.

Let L be a field of characteristic zero, let a, : F,) — L* and X' : E)S — L* be multiplicative
characters, ¢, : I\, — L* be an additive character of level 0, and ¥ g, = 1y o Trg,, /. Define

S Y _db
Zol )= [ o U OV (O) o

where dt is the restriction of the standard measure on E,,.
Then we have

-1

1- v v X! w

, Qly (wv) U(D)Xu; (’ww) v(D) o (w ) Xw (w )7f
Zw(X's %) = 1- O‘v(wv)fXéu(ww)QF,v
7(Xow - w © ¢, YE,,) if X!, - @ © q is ramified.

if X, - oy © q is unramified,

Here for any character X., of conductor f,

dt

T(X ,¢Ew) = /u;(t)——w(f) Xw(t)¢E,w(t) W’
with n = —w(f(x},)) — w(dEw)-

Proof. If x' is unramified, only the subset {w(t) > —1 — w(d) — v(D)} C E contributes to the
integral, and we have

. ¢ I _

Zw(lew) = U(D)Xw( )7 <1 _Ean w) (]{;‘ @ fX,(w) !
1-a™Y(w ) tqp]
_ (D) —ev(d)—v(D) Fu

If \/ is ramified of conductor § = f(x’), then only the annulus w(t) = —w(f) — w(d) — v(D)
contributes, and we get

Zu(X' ¥) = ay YOI DI (! ). O

A.2 Interpolation factor
We compute the integral giving the interpolation factor for the p-adic L-function.
The following Iwahori decomposition can be proved similarly to [Hul6, Lemma A.1].

LEMMA A.2.1. For a local field F with uniformiser w and for any r > 1, the double quotient

N(F)A(F)Z(F)\GLy(F) /K (=")

admits the set of representatives
1 1 1
1/° C(i) o't 1)
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Note that we may also replace the first representative by (wlr 1) € Ki(=").

PROPOSITION A.2.2. Let X' € @J\’/}(Ca)(C) and let ¢+ : M(«a) — C be the induced embedding.

Let v|p, and let ¢, be either as in Assumption 6.2.1 for some sufficiently small Ur, C O}, .
or as in Assumption 6.2.2. Then, for any sufficiently large integer r, the normalised integral
RE,U(WU, ¢u, Xs) Of (3.5.2) equals

L(1 n
RE (W, by, Xo4) = Z2(x,) = CF” v Z(

with Z,(x,

'») as in Lemma A.1.1.

Proof. We omit the subscripts v and the embedding ¢ in the calculations which follow. By
definition, we need to show that the integral Ry, of Proposition 3.5.1 equals

Ry, = R(W.,x") = [DIY?dPL(1,0) [ ] Zu(x)-
wlv
Note that the assertion in the case of Assumption 6.2.2 is implied by the assertion in the case of
Assumption 6.2.1 by (6.2.1), so we will place ourselves in the latter situation.

By the decomposition of Lemma A.2.1, and observing that d,, , vanishes on K — Ko(w"),
we have

X

Rey=a@) " [ WA )8 ()
d*y

< / V() / Il (b Dyt~ v~ a(t)) dk ¢ Y.
T(F) P(w)\KL (") Y|

where P(w") = PN Ki(w") (recall that P = NZA). Here we have preferred to denote by d*t
the standard Haar measure on T'(F,) = E.S; later dt will denote the additive measure on E,.

Changing variables k¥’ = w,kw, !, we observe that by Lemma 3.1.1 the group K{(w") acts
trivially for sufficiently large r. Then we can insert

W_1((Y1)) = 1o,—0y W) lyla(y)
and
r(w, )p(,u) = | e u(uz) ey, (22)04w) (@ w),

where Yg = r(vol(U) '1y )¢ for the extension of r to functions on K (so that 1g ¢ is the
finest U-invariant approximation to ¥g). We obtain

Ry, Za(w)_qdll/QCF,v(l)_l/ |y|a(y)/ X (OYeu ()80 (@"y () dt d*y,
or—{0} T(F)
where |d|"/%¢r., (1)~ appears as vol(P(w”)\ K} (w"))|w|™". We get
Re, = ldlera [ jatola(at)N (00s(0) d
v(q(t)>—r

If r is sufficiently large, the domain of integration can be replaced with all of T'(F"). Switching to
the additive measure, and using the isomorphism E,* = E} x E. in the split case, the integral
equals

= IdIL(l,'n)/Ex a(q(8))X' (8)p(t) dt = | DIV dPL(Ln) [ ] Zu(X,),

v wlv

as desired. O
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A.3 Toric period
We compare the normalised toric periods with the interpolation factor.

PROPOSITION A.3.1. Suppose that v|p splits in E. Then, for any finite-order character x € &,
we have

Qu(0u(Wo, o wrydo), xo) = L(1,m0) ™" - Z5 (0w, xo)
for any ¢, as in Proposition A.2.2 and any sufficiently large r, > 1.

For consistency with the proof of Proposition A.2.2, in the proof we will denote by d*t the
Haar measure on T'(F') denoted by dt in the rest of the paper.

Proof. By the definitions and Proposition A.2.2, it suffices to show that for any y € #¢(C),
we have

’d|3/2Q§1(9U(WM a;rvwr_j%)’){v) = L(1777v)_1 ' R?,U(va ¢U7Xv)>

where Q% is the toric integral of (5.1.5).
By the Shimizu lifting (Lemma 5.1.1) and Lemma A.2.1, we can write

Q= ldIQu(0u(Wo, o " wiido) xo) = QEOV + 37 >0 QL0

1=1 ce(OF [w?)*

where, for each (i, ¢), omitting the subscripts v,

QL =) [ W (()n e
. d*y

x / X () / lylr(n™ (e )k oyt~ y q(t)) dkd*t T Y.

T(F) P(w)\K(w") |yl

Note that ng(o’l) = RY, where R is as in the previous proposition, since n~(w") € K{(@").
We will compute the other terms. .
We have ( w;t =w; (177 ) and, when & = (1, x) with 25 =0,

cw" Tt 1) r

r(n” (e Yw, ) p(w,u) = |w_r|/E@/)E(Wﬁ&)w(_ucwr_iQ(gl))5U(§1)5q(U)(wru) d&1

X U(—ucw " q(£2))6 41 (@) dés

Ov,
= @ Yeu (ur1) Yy (—cwm ™) g (@ u).

Inserting this, we obtain
QL) = IW\ia(W)TId\I/zéF,v(l)l/ W(("1)n"(c="™)) / x(t)
Fx T(F)
X Yp,u () gw)(—cw )y (@ y ™ q(t)) d*td*y.

We have already noted that Qg,(o’l) = R;. For ¢ = 1, if r is sufficiently large, then W is still
invariant under K{ (" 1); then >, QX1 equals C-Ry with C = [@| 3 (g > Yy (—cw ™) =
—|=@|.

Finally, we claim that for each i > 2, ). Qg)(l’c) = 0. Indeed, let ¢(U) = 1+ @w"OF,. If
i > n+ 1, then wq(U)(—cw_i) = 0; if 7 < n, then if r is sufficiently large W is still invariant
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under Ki(w"™%) C K{(w"™ ™), and summing the only terms depending on ¢ produces a factor

Zcé(ﬁ/wi)x T]Z)(C’ZD'_Z') = 0

Summing up, we have

Q="+ > QM =@, = L(Ln) " Ry,

c€(OF [wv)*

as desired. O

Question A.3.2. A comparison between Propositions 10.1.2 and A.3.1 suggests that the identity

lim L(1,n,) - ev(vaa;Twr_1¢v> = (rw(2) (Iv ® fO:v

T—>00

might hold in 1(1_111V(7r;r)v ® l(i_111V(7rU_)V (with notation as in Lemma 10.1.1). Is this the case?
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