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L-INJECTIVE HULLS OF MODULES

LixiIN MAO AND NANQING DING

Let R be a ring and £ a class of R-modules. An R-module N is called L-injective if
ExtL(L,N) =0for all L € £. An L-injective hull of an R-module M is defined to be
a homomorphism ¢ : M — F with F L injective such that for any monomorphism f:
M — F' with F' L-injective, there is a monomorphism g : F — F' satisfying g¢ = f.
The aim of this paper is to study L-injective hulls and their relations with £-injective
envelopes in Enochs’ sense.

1. INTRODUCTION

Recall that an injective module E is called an injective hull of a module M if M
essentially embeds in E. It is well known that the injective hull of M can be regarded
simultaneously as the unique minimal injective extension and also the unique maximal
essential extension of M (up to isomorphism). Eckmann and Schopf [3) proved that
every module has an injective hull. The result together with the Matlis’ structure theo-
rem [11] for injective modules has played an important role in homological algebra and
commutative algebra.

Let R be a ring, C a class of R-modules and M an R-module. Enochs [4] introduced
the concepts of C-(pre)envelopes of M. A homomorphism ¢ : M — F with F € C is
called a C-preenvelope of M if for any homomorphism f: M — F' with F' € C, there
is a homomorphism g : F — F such that g¢ = f. Moreover, if every endomorphism
g : F — F such that g¢ = ¢ is an isomorphism, the C-preenvelope ¢ is called a C-
envelope of M. C-envelopes may not exist in general, but if they exist, they are unique
up to isomorphism. In particular, let C be the class of all injective modules, then C-
envelopes in Enochs’ sense agree with the injective hulls in Eckmann-Schépf’s sense by
(17, Theorem 1.2.11].

Given a class £ of R-modules. We let £* be the class of R-modules M such that
Exth(L,M) = 0 for all L € L. Similarly, 1L denotes the class of R-modules N such
that Extp(N,L) = 0 for all L € £. An R-module M is called L-injective (see [7)) if
M € £, or equivalently, if M is injective with respect to every exact sequence 0 — A

Received 16th February, 2006
This research was partially supported by SRFDP (No. 20050284015), NSFC (No. 10331030), NSF of
Jiangsu Province of China (No. BK 2005207) and the Nanjing Institute of Technology of China.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/06 $A2.00+-0.00.

37

https://doi.org/10.1017/50004972700035553 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035553

38 L. Mao and N. Ding (2]

— B — C — 0 with C € L. L-injective modules stand for several known modules such
as injective modules, F P-injective modules, divisible modules and cotorsion modules in
case of different £. L-injective (pre)envelopes of modules for some special £ have been
studied by many authors (see, for example, [6, 10, 16, 17]).

In this short note, we introduce the concept of L-injective hulls of modules which
generalises that of injective hulls of modules from another point of view. An L-injective
hull of a module M is defined to be the “minimal” L-injective extension of M. More
precisely, an L-injective hull of a module M is a homomorphism ¢ : M — F with F
L-injective such that for any monomorphism f: M — F’ with F' L-injective, there is a
monomorphism g : F — F satisfying g¢ = f. It is shown that, if an R-module has an
L-injective hull, then it is unique up to isomorphism. It is also shown that, if £ is closed
under extensions, quotients and direct limits, then every R-module has an L-injective
hull. Some relations between L-injective hulls and L-injective envelopes are also studied.

Throughout this paper, R is an associative ring with identity and all modules are
unitary right R-modules. £ stands for a class of R-modules which is closed under isomor-
phisms and contains 0. For an R-module M, E(M) denotes the injective hull of M. We
use N €. M to indicate that NV is an essential submodule of M. For other unexplained
concepts and notations, we refer the reader to (1, 6, 14, 17].

2. DEFINITION AND RESULTS
We start with the following

DEFINITION 2.1: Let £ be a class of R-modules and M an R-module. A homo-

morphism ¢ : M — F with F L-injective is called an L-injective hull of M if for any
monomorphism f: M — F’ with F' L-injective, there is a monomorphism g : F — F’
such that g¢ = f.
REMARK 2.2. (1) If we choose L to be the class of all R-modules, then L-injective
hulls agree with injective hulls by [1, Corollary 18.11]. However, if we choose £ such
that the class of injective modules is a proper subclass of L-injective modules, then there
exists an L-injective M whose L-injective hulls do not agree with its injective hulls.

(2) Note that the injective hull E(M) of M is L-injective and is an essential ex-
tension of M, so every L-injective hull ¢ : M — F is an essential monomorphism by [1,
Exercise 5.14 (1), p. 77] (if it exists).

It is well known that L-injective envelopes are unique up to isomorphism if they
exist. Now we have the analogous result for £-injective hulls.

THEOREM 2.3. If an R-module has an L-injective hull, then it is unique up to
isomorphism.

PROOF: Let M be an R-module and 6 = {N : M < N < E(M), N is L-injective}.
Note that the set G is nonempty since E(M) € &. We shall show that & has a minimal
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element. Let {N, € & : a € I} be a descending chain. It is enough to show that NN, € &
by Zorn’s Lemma. We shall prove that any exact sequence 0 — NN, LHP5Co0
with C € L is split (we may regard 7 as an inclusion). In fact, we have the following
pushout diagram of the inclusions i and A,4:

0 AN, ~—p C 0

e

0 N, —=> A, C 0,

where A, = (P ® N,)/{(a, —a) : a € NNy}, pa(p) = (p,0) for any p € P, v,(q) = (0,q)
for any ¢ € N,. Since N, is L-injective, the second row is split. Thus we get a split
exact sequence 0 — NN, 4 NnA, 4 C > 0. We claim that P & NAg,. Indeed, there
exists § : P — NA, such that S(p) = pa(p) for any p € P and a € I. Note that 8 is
monic since p, is monic. Now we define v : NA, = P via (pq, Na) H* Po + No. Assume
m € NAg, then for any 8 € I, (pa,Ne) € Ap, and so (Pa, na) = (pg, ng) for some
ps € P and ng € Ng. Then (po — pg,na — ng) = 0, and hence n, — ng = —a for some
a € NN,. Thus n, = ng — a € Np, it follows that n, € NN,. Therefore p, + n, € P,
and so v is well-defined. Note that 8y = 1, and hence S is an isomorphism. Thus the
first row in the pushout diagram above is split, and so NN, is L-injective. Consequently,
S has a minimal element N,.
~ Suppose ¢ : M — F is any L-injective hull of M. Then there exists a monomorphism
¥: F — Ny such that ¢¥¢ = ¢, where . : M — N is the inclusion. It is obvious that
Y(F) C No. In addition, M = +«(M) = ¢y¢(M) C y(F). Since ¢(F) = F is L-injective,
Y(F) € 6. So ¥(F) = Ny by the minimality of Ny, and hence F = Ny.
This completes the proof. 0

REMARK 2.4. By Theorem 2.3, if an R-module M has an L-injective hull, then we may
choose the minimal L-injective extension of M contained in E(M) as its L-injective hull.
PROPOSITION 2.5. Let¢: M — F be a homomorphism.
(1) If ¢ is an L-injective preenvelope, then ¢ is an L-injective hull if and only
if ¢ is an essential monomorphism.
(2) If M admits an L-injective envelope, then ¢ is an L-injective hull if and
only if ¢ is an L-injective envelope and ¢ is an essential monomorphism.
ProoF: (1) The necessity follows from Remark 2.2 (2). Conversely, assume that
¢ is essential. For any L-injective module N and any monomorphism f : M — N, there
exists g : FF — N such that g¢ = f since ¢ is an L-injective preenvelope. Thus g is a
monomorphism by [1, Corollary 5.13], and so ¢ is an L-injective hull.
(2) The sufficiency holds by (1). Conversely, suppose that ¢ is an L-injective hull.
Let A : M — N be an L-injective envelope of M, then there exists f : N — F such that
fA = ¢, and there exists a monomorphism g : FF = N such that g¢ = A. Thus gfA= A,
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and hence ¢f is an isomorphism. Thus g is an isomorphism. It follows that ¢ : M — F
is an L-injective envelope. 1]
Recall that an R-module M is called cotorsion [5] if Extk(F, M) = 0 for all flat
R-modules F. It is well known that every R-module has a cotorsion envelope [6]. So, if
¢ : M — F is a cotorsion hull of M, then ¢ is a cotorsion envelope of M by Proposition
2.5 (2). But the converse is not true in general as shown by the following example.
EXAMPLE 2.6. Let P={p:p isa prime}, Ly = {a/b :b ¢ Zp, (a,b) = 1}, where
p € P. Then
(723 Z— Hpe pZ(,,)
z— (z/1)
is a cotorsion envelope of Z. However ¢ is not essential. In fact, it is easy to observe that
Huep (p/(p+1)) #0, but im(p) N Mpep (p/(p+ 1) = 0. Thus ¢ is not a cotorsion hull
of Z by Proposition 2.5 (1).
PROPOSITION 2.7. Iff:N — M is a monomorphism with M L-injective and
coker(f) € L, then the following are equivalent:
(1) f is an L-injective hull of N.
(2) f is an essential monomorphism.
Moreover, if L is closed under quotients, then the above conditions are also
equivalent to:
(3) [ is an L-injective envelope of N.

PROOF: We first note that f : N — M is an L-injective preenvelope by assumption.

(1) & (2) holds by Proposition 2.5 (1).

(3) = (2). Let X be a submodule of M such that f(N)NX =0, and let w: M
— M/X be the quotient map. Put g = =f, then we get an exact sequence
0+ N3 M/X 5 H > 0. So wehave H = M/X/g(N). Note that g(N)
= (f(N)+ X)/X, and hence

H=M/X/(f(N)+X)/X =M/ (f(N)+ X) = M/{(N)/(f(N) + X)/F(N).

Since M/f(N) € L and L is closed under quotients, we have H € L£. Thus there exists
h: M/X — M such that f = hg = hrf, and hence hr is an isomorphism by (3).
Consequently X £ hr(X) = 0. It follows that f is essential.

(2) = (3). Let a be an endomorphism of M such that af = f. Then a is an essential
monomorphism by [1, Corollary 5.13 and Exercise 5.14 (1)] since f is essential. Note that
the sequence M/f(N) = M/af(N) = M/a(M) — 0 is exact. Therefore M/a(M) € L
by assumption, and we obtain a split exact sequence 0 = M =3 M — M/a(M) — 0. So
a(M) = M since a(M) <. M. Thus « is an epimorphism, and hence an isomorphism,
as desired. 1]
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REMARK 2.8. Let S be a set of R-modules, then for every R-module N, there is an
exact sequence 0 =& N 4 M — € - 0 such that M is S-injective and C € +(S*) by [6,
Theorem 7.4.1]. Thus f is an S-injective hull if and only if f is an essential monomorphism
by Proposition 2.5 (1). In addition, if +(S*) is closed under direct limits, then N has an
S-injective envelope by {6, Theorem 7.2.6], and so f is both an S-injective hull and an
S-injective envelope by Proposition 2.5 (2) if f is essential.

As is well known, for two R-modules M and N, if N <, M, then E(N) = E(M)
(see 1, Proposition 18.12]). Next we consider the similar question when N and M share
a common L-injective hull under the condition that N <. M.

PROPOSITION 2.9. Lett: N — M be an essential extension of N with M|/N
eL.
(1) If £ is closed under cokernels of monomorphisms, and N has an L-injective
hull f : N = K withcoker(f) € L, then M has an L-injective hull M — K.
(2) If L is closed under extensions, and M has an C-injective hull A\ : M — H
with coker(\) € L, then N has an L-injective hull N — H.

ProoOF: (1) Since M/N € L, thereis @« : M — K such that o« = f. Thus
K/a(N) = K/f(N) = coker(f) € L. By the exactness of 0 — M/N 5 K/a(N)
— K/a(M) — 0, we have K/a(M) € L since L is closed under cokernels of monomor-
phisms. In addition, « is an essential monomorphism since f and ¢ are essential. So
a: M — K is an L-injective hull by Proposition 2.7.

(2) Consider the exact sequence 0 & M/N 3 H/A(N) - H/A(M) — 0. Then
H/X(N) € L since L is closed under extensions. Note that A: is essential, and hence
Av: N — H is an L-injective hull by Proposition 2.7. g

Now we give a sufficient condition for the existence of L-injective hulls.

THEOREM 2.10. If L is closed under extensions, quotients and direct limits,
then every R-module has an L-injective hull.

PROOF: Let M be an R-module. Put T = {N : M < N < E(M), and N/M € L}.
Then ¥ is a nonempty set since M € T. Let {N; € T : ¢ € I} be an ascending chain.
Note that M € UN; £ E(M) and (UN;))/M = U(N;/M) = I'E;(N.-/M) € ¥ since L
is closed under direct limits. Thus UN; € T, and so T has a maximal element N’ by
Zorn's Lemma. We shall prove that N’ is L-injective. It is enough to show that any
exact sequence 0 — N’ LhBaCcoowithCeLlis split. Let ¢ : N’ — E(N') be the
inclusion and 7 : E(N') — E(N")/N' the quotient map. Then there exist a : B — E(N')
and 8: C = E(N')/N’ such that the following diagram commutes:

o1i’r"3 c 0

L

0 —= N' —4» E(N") — E(N")/N' — 0.
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Since B(C) < E(N')/N', there exists H such that N' < H < E(N’) and B(C) = H/N'.
So H/N' € L since C € L and L is closed under quotients. Thus the exactness of
0> N/M — H/M — H/N' — 0 implies that H/M € L by hypothesis. But the
maximality of N’ forces that N' = H, and hence 8(C) = 0. So a(B) C N'. It follows
that the first row is split, and hence N’ is L-injective.

On the other hand, M is an essential submodule of N’ since M < N' < E(M).
Therefore the inclusion M — N’ is an L-injective hull by Proposition 2.7. 0

Recall that an R-module M is called F P-injective (or absolutely pure) [12, 15] if
ExtL(N, M) = 0 for any finitely presented R-module N. M is called divisible (or P-
injective) [13, 16) if Extp(R/aR, M) = O for all a € R. If R is a commutative domain,
then M is divisible if and only if Mr = M for any 0 # r € R. A ring R is called
right semihereditary (right PP) if every finitely generated (principal) right ideal of R is
projective.

COROLLARY 2.11. The following are true:

(1) Every R-module over a right semihereditary ring R has an FZI-injective
hull, where FI denotes the class of all F P-injective R-modules.

(2) Every R-module over a right PP ring R has a DI-injective hull, where DT
denotes the class of all divisible R-modules.

PRrROOF: (1) Note that FZI is closed under extensions, direct limits by [15, Theorem
3.2] and quotients by {12, Theorem 2] since R is a right semihereditary ring. Thus (1)
follows from Theorem 2.10.

(2) DI isclearly closed under extensions and direct sums. Since R is right PP, DI
is closed under quotients by [18, Theorem 2]. Note that the sequence ®M; — 1-119 M; -0
is exact, and so DT is closed under direct limits. Therefore (2) holds by Theorem 2.10. []

It is known that every finite direct sum of L-injective envelopes is still an £-injective
envelope. But L-injective envelopes are not closed under arbitrary direct sums in general
(even if the class of L-injective modules is closed under arbitrary direct sums) (see [17]).
The next proposition shows that L-injective hulls are preserved under arbitrary direct
sums.

PROPOSITION 2.12. The following are true:
(1) If¢i: M; = F; is an L-injective hull for i = 1,2, then ¢, & ¢ : My & M,
— F, & F; is an L-injective hull.
(2) If the class of L-injective modules is closed under direct sums, and ¢; :
M; — F; is an L-injective hull for any i € I, then ®¢; : ®M; — &F; is an
L-injective hull.
PROOF: (1) Let f : M; & M, — N with N L-injective be any monomorphism.
Suppose ¢ : M; =& M,; ® M, is the canonical injection and m; : F} @ F> — F; the
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canonical projection, ¢ = 1,2. Then there exist monomorphisms g; : F; — N such that
gidi = fi;. Define g : F; ® F, — N by g(z1,22) = g1(z1) + g2(z2). It is easy to verify
that g(¢; ® ¢2) = f. Note that ¢; @ ¢, is an essential monomorphism by [1, Proposition
5.20] since ¢; are essential monomorphisms by Remark 2.2 (2). So g is a monomorphism
by {1, Corollary 5.13], as desired.

(2) Note that @¢; is an essential monomorphism by [9, Proposition 1.1 (d)]. Thus
(2) holds by the proof of (1). 0

We should point out that, although the class of L-injective modules is closed under
direct products, L-injective hulls are not preserved under direct products in general (see
{17, Example, p. 15]).

Finally, as an application of the results above, we consider the special case that R
is a commutative domain.

PROPOSITION 2.13. The following are equivalent for a commutative domain
R:

(1) Every free R-module has a divisible hull which is a divisible preenvelope.
(2) R has a divisible hull which is a divisible preenvelope.
(3) R has a divisible envelope.

Proor: (1) = (2) is trivial.

(2) = (1) follows from Proposition 2.12 and {17, Proposition 1.2.4] since the class
of divisible modules is closed under direct sums.

(2) = (3). Let f: R — N be a divisible hull of R. We may assume that f is
an inclusion. For any 0 # r € R, there exists ¢, € N such that r¢t, = 1 since N is
divisible. Define p, : R — N via s — st,. If st, = 0, then s = srt, = rst, =0,
so pr is a monomorphism. Thus there exists a monomorphism g, : N — N such that
t, = p,(1) = ¢.f(1) = g,(1). Define h, : N = N via £ +— rz, then f = g.h f.
Thus g,h, is a monomorphism since f is essential by Remark 2.2 (2), and hence h, is
a monomorphism. It follows that N is torsionfree. So N is injective by [2, Proposition
VIL. 1.3] or (8, Theorem VI. 4.1]. Therefore f is an injective hull (envelope) since f is
essential. Hence every endomorphism g : N — N such that gf = f is an isomorphism.
Thus f is a divisible envelope since f is a divisible preenvelope.

(3) = (2). Let f: R — N be a divisible envelope of R. We may assume that f is
an inclusion. It is easy to show that NN is injective using an argument similar to that in
the proof of (2) = (3). Therefore f is an injective envelope (hull) since f is a divisible
envelope. Hence f is a divisible hull by Proposition 2.5 (1) since f is essential. 0
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