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EMBEDDING THEOREMS IN GROUP C*-ALGEBRAST

BY

TAN-YU LEE

ABSTRACT. Let G be a locally compact group and H an open
subgroup of G. The embeddings of group C*-algebras associated
with H into the group C*-algebras associated with G are studied.
Three conditions for the embeddings given in terms of C*-norms of
the group algebras, group representations and positive definite
functions are shown to be equivalent. As corollary, we prove that
the full C*-algebra of H can be embedded into the full C*-algebra
of G in a natural way as well as the case for the reduced group
C*-algebras. We also show that the embeddings hold for their duals
and double duals.

$0. Introduction. Group C*-algebras provide some of the most interesting
and important examples in the theory of operator algebras. In studying these
algebras one naturally asks what are the connections between algebras as-
sociated with a group and algebras associated with its subgroups. The most
popular choices for group C*-algebras have been the full group C*-algebras
and the reduced group C*-algebras. For locally compact abelian group G,
these two group C*-algebras associated with G can be identified [10; 1.17] and
realized as Cy(G), the algebra of the complex-continuous functions vanishing
at 1nﬁn1ty on the dual group G of G. If H is an open subgroup of G, then
Co(H) can be embedded into CO(G) in a canonical way since Hisa quotient
group of G (cf. [14; Theorem 54, p. 274]). Furthermore, since the dual of
Co(G) is M'(G), the Banach involutive algebra (under convolution) of
bounded complex measures on G, the embedding of the dual of C,(H) into the
dual of Cy(G) exists. In general, the full C*-algebra is different from the
reduced one. Eymard showed in [10] that the natural embedding holds in
general for the reduced group C*-algebras. This paper deals with questions
concerning the embeddings of the general group C*-algebras [see §1 for
definition].
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Three conditions for the existence of the embedding in terms of C*-algebra
norms, group representations and continuous positive-definite functions are
shown to be equivalent as in Theorem 2.5. As corollaries, we obtain that the
embeddings hold for both the reduced and the full group C™*-algebras.
Moreover, the embeddings exist for their duals and double duals too. In the
last section, we give an example to show that embeddings of group C*-algebras
and their duals are independent. Also, we prove that if a locally compact group
G contains a nontrivial amenable normal open subgroup, then the reduced
C*-algebra C%(G) is not simple (cf. [16; Proposition 1.6]).

The author would like to express his hearty thanks to Professors C. A.
Akemann, A. Hopenwasser, and L. Harris for helpful discussions.

§1. Notations and preliminaries. We shall adopt the notations used by
Eymard [10]. Throughout this paper G will denote a locally compact group
with identity e. We choose, once and for all, a left Haar measure A on G; and
we denote by A the modular function of G. For 1 <p =, we define L"(G) as
the usual LP-space relative to A. We identify L'(G) with the closed two sided
ideal of M'(G) consisting of measures absolutely continuous with respect to A
by f — fdA. We designate the class of all continuous unitary representations of
G by 3(G), as shown in [8, Propositions 13.3.1 and 13.3.4] we may identify
3(G) with the class of all non-degenerate representations of L'(G). For
I'c 3(G) we renorm L'(G) by defining ||fllr = super |7 (llege,) where L(¥.,)
denotes the algebra of bounded operators on #,, the Hilbert space corres-
ponding to .

DerINITION 1.1. The group C*-algebra C¥(G) is the completion of L'(G)/Iy
under the norm || || where

Ir={feLYG) | w(f)=0, weT}.

If I'=3(G), then we have I+={0} and we shall use C*(G) to denote the
completion of L'(G) under the norm ||-|lsg,; C*(G) is called the full group
C*-algebra of G, and we are able to identify 3(G) with the class of all
non-degenerate representations of C*(G) (cf. [8; 13.9.3)). If I'={p} where p is
the left regular representation of G in L*(G), then again I, ={0} and C%(G) is
the C*-algebra generated by L'(G) (or rather p(L'(G))) in L(L*G)). We
define P(G) and B(G) as in [10, 1.21 and 2.2] for I'< 3(G). We note that
Pr(G) can be identified as the set of all positive linear functionals of C¥(G),
and B(G) can be regarded as the dual of C{(G). We denote by W(G) the
enveloping von-Neumann algebra of C¥(G), and we may identify WH(G) as
the second dual of CE(G) (cf. [8; 12.1.4]). We recall that P(G) is the set of all
continuous positive definite functions on G and B(G) consists of all finite
complex-linear combinations of functions in P(G). As in [10; 2.16], B(G) with
the dual norm of C*(G) is a commutative Banach algebra; and it contains an
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ideal, A(G) as defined in [10; 3.5], called the Fourier algebra of G. We denote
by VN(G) the von-Neumann algebra generated by L(G) in £(L*G)), and
note that A(G) may be regarded as the predual of VN(G). We remark that
W*(G), the enveloping von-Neumann algebra of C*(G), corresponds to the
“big group algebra” defined by Ernest in [9].

If Kc G, and if f: G — X, f| K is the restriction of f to K. If & is a family of
functions of G to X, then B | K={f | K: fe B}. If f: K —>C, then f*:G—C is
the extension of f such that f is identical zero outside K and f° | K =f, where C
is the set of complex numbers.

Finally, for A, '3 we shall write A=T if A is weakly equivalent to I'" (cf.
[12; chapter I1,57).

§2. Embedding theorems for group C*-algebras. Let H be a locally com-
pact subgroup of G with A(H)>0. Then A | H is a left Haar measure of H, and
we shall simply write A for A | H. In this section, we are concerned about the
extensions of the natural embedding f— f° from L'(H) into L'(G) to their
corresponding group C*-algebras. First, we note that A (H) >0 if and only if H
is an open subgroup of G (cf. [13; Vol. I, Corollary 20.17]). Therefore, from
now on H will denote an open subgroup of G for the extensions of the
embeddings. The following proposition is immediate since f — f is a *-homo-
morphism from L'(H) to LY(G).

ProposrTiON 2.1. Let ' 3(H) and A = 3(G) be such that ||fllr = ||| for all
feLY(H). Then the embedding f— f° from LY(H) into L(G) induces an
isometric *-homomorphism from CE(H) into C¥(G).

DEFINITION 2.2. We shall write CE(H)= C¥(G) if C§¥(H) can be embedded
in CX(G) as in Proposition 2.1.

THEOREM 2.3 (cf. [10; 2.31]). Let us denote by p, the left regular representa-
tion of H. Then we have C¥(H) = C*(G).

Proof. We shall show that |fl|,, =|f°||, for all fe L'(H). Let {Hx | xe I} be
the collection of right cosets of H in G. Then L*(G)=Y,.; L*(Hx), the direct
sum of L?(Hx)’s. Since

(P Ney) =" * g(y) = L f2)glzy) dz,

L?*(Hx) is invariant under p(f°). For ge L*(Hx), define g’ L*(H) by g'(y) =
A(x) Y2g(yx™"). Then g — g’ is an isomorphism of L*(Hx) onto L*(H) and for
every yeHx, (f”+*g)(y)=Ax)"fuf(z)g(z 'yx™") dz=f *g'(z). Hence
p(f®)| L*(Hx) is unitarily equivalent to p(f°)| L*(H)=p,(f). It follows that

llf”pl = ||p1(f)u_‘£(L2(H)) = ”P(fa)”.%(LZ(G)) = Ilf"Hp‘ Therefore, by Proposition 2.1,
C¥(H)=C*G).
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THEOREM 2.4. If C¥(H)=C%(G) and a is the embedding, then ‘a, the
transpose of «, is a norm decreasing homomorphism of B,(G) onto Br(H) such
that ‘a(u)=u|H for ue B,(G). The bitranspose "o is an isomeric normal
*_-homomorphism of WE(H) into WX(G) which extends a.

Proof. The transpose ‘@ maps B,(G) onto Br(H) since « is injective; and
for ue B,(G), fe L'(H), we have

(a@)(f) =(u, a°f)=Cuf7)= L f7(x)u(x) dx

_ J' o) | H)(x) dx =(u | H, ).
H

Therefore, ‘a(u) = u | H. ||'a(u)|<||u| is clear since a embeds the unit ball of
C¥(H) into the unit ball of C¥(G). "« is a normal *-homomorphism of W#(H)
into W#%(G) which extends o by [8; 12.5.11]. Since “a is injective, it is an
isometry.

THEOREM 2.5. Let I'c 3(H) and A < 3(G). Then the following conditions are
equivalent:
(i) C¥FH)=CR(G);
(i) Iflle =1f"lls for all fe L'(H);
(iii) T=A|H;
(iv) Pr(H)=P,(G)|H.

Proof. Proposition 2.1 gives (i) & (ii). For (ii) < (iii), we observe that ||f|lr =
[Ifllaiez for all fe L'(H) is equivalent to I'=A | H by [10; 1.24]. So it suffices to
show that |flaa=If’lla- Indeed, for meA and feL'(H), (w|H)(f)=
T m(xX)f(x) dx = [ w(x)f7(x) dx = 7 (f*); thus |fllae=lf"lla-

Assume (i), and let u € Pr(H). We may treat u as a positive linear functional
on C¥(H), and identify CE(H) as a C*-subalgebra of C%(G). Since positive
functionals on the subalgebra extend to positive functions on the containing
algebra, we obtain a veP,(G) and v| H=uecP,(G)| H. This shows that
P(H)< P,(G)| H. Conversely, let v e P,(G); then for fe L'(H),

v | H, )l =

=v(e) [If*|la.

J' v(x)f(x) dx

j v(x)f7(x) dx
G

Since |fl-=|lf’llx by the assumption, v|HePr(H) by [10; Proposition
1.21(ii)]. Thus P,(G)| H < Pr(H) and we have shown that (i) = (iv).

To prove that (iv) = (ii), we note that it suffices to show that (ii) holds for
hermitian elements in L'(H). Let fe L'(H) and f is hermitian. By [18; 1.5.4],
Il = sup{Kw, f)): u e Pr(H), ||ul|=1}. Since Pr(H)=P,(G)|H by assumption,
and for v € P,(G) (v, f7)=(v | H, f); it is easy to see that ||f||-=||f"||». The proof
of the Theorem is now complete.
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We let A~ be the class of all representation weakly contained in A < 3(G).

ProposITION 2.6. Let A<3(G). Then A~ is the class of all representations of
C¥(G).

Proof. Let N, be the kernel of the quotient map from C*(G) onto C%(G)
as in [10; 1.15]. Then 7 is a representation of C%(G) if and only if < 3(G)
and Nyckerm, ie.,, meA™.

CoROLLARY 2.7. Let T 3(H), A< 3(G) and T'=A | H. Then for any wel'~,
there exists a w'e A~ such that w=(w'| H) | %,,.

Proof. By Theorem 2.5, we may consider C§(H) as a C*-subalgebra of
C#¥(G). The corollary follows immediately from Proposition 3.5 and [8;
2.10.2].

LemmA 2.8. If ue P(H), then u® € P(G).

Proof. It follows from [13; vol. II, 32.43] and the assumption that H is
open.

THEOREM 2.9. C*(H)=C*(G) if H is an open subgroup of G.

Proof. By Lemma 2.8, we have P(H)< P(G) | H. Since P(G)| H<=P(H) is
obvious, P(H)=P(G)| H follows; and Theorem 2.5 asserts C*(H)=< C*(G).

ReEMARK 2.10. From [9; Remarks, pp. 476-477], for any locally compact
group G, we may embed G, LY(G), M*(G) and C*(G) into W*(G). If H is an
open subgroup of G, then Theorem 2.9 together with Theorem 2.4 enables us
to identify W*(H) as a W¥*-subalgebra of W*(G) and this identification
extends the natural embeddings from H(L'(H), M'(H), C*(H) resp.) into
G(L'(G), M'(G), C*(G) resp.)

§3. Embedding theorems for the duals. For A = 3(G), recall that the dual
BA(G) of CX(G) is a Banach subalgebra of the Fourier-Stieltjes algebra B(G).
This section centers at the question when Br(H) can be embedded in B,(G)
via u — u” for ue€ Br(H).

TueoreMm 3.1. For T<3(H) and Ac<3(G), the following conditions are
equivalent:

@) If| Hllr=<lflls for fe LY(G);
(i) There exists a bounded *-linear map v from C%(G) to CE(H) which
extends f— f| H for fe L'(G);
(iii) For every ue Pr(H), we have u® € P,(G).

Proof. (i) = (ii) is clear. Assume (ii) and consider the transpose ‘v : Br(H) —
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B,(G). Let ue Br(H). Then for fe L'(G),

(r(w), /Y=, ()= L u(x)f(x) dx = (u, f).

Thus ‘7(u)=u; and if ue Pr(H), then

[Ku?, H = Ku, (M= u(e) |7 (Pllr-
Since 7 is bounded, u® € P,(G) by [10; Proposition 1.21(iii)].

To show that (iii) implies (i), we need the following lemma which can be
shown by straight-forward calculation.

LemMaA 3.2. If we write H® = G\H, then for fe L'(G), ge L*(G) and x€ H,
f*gx)=(1H)=*(g| H)(x)+(f| H®) * (g | H)(x).

Now assume (iii), and let u e Pr(H). For fe LYG),
(e, f* = f)=(u, (f* = f) | H)
=(u, (f* | H) = (f | H))+(u®, (f* | H)” = (f| HY)").

Since u® € P,(G) and (f*| H®)” = (f | H°)? is positive in CX(G), it follows that
ue, f* = fy=(u, (f*| H) = (f| H)). Note that f*| H=(f| H)*, we have

IF 1 HD* = (fF | FDlle =<If* * flla

in view of [18; 1.5.4]; thus ||f| H|l-<|/fl. and the proof of Theorem 3.1 is
complete.

The equivalent conditions in Theorem 3.1 show when the map u— u?®
defines a homomorphism from Br(H) into B,(G). In order to assure that it is
an isometry, we have

THEOREM 3.3. If the conditions in Theorem 3.1 are satisfied and CF(H)=
C*(G), then the map u—> u® is an isometry from Br(H) into B,(G). Further-
more, the map f — f| H from L'(G) onto L'(H) induces an expectation ® from
W*(G) onto Wi(H) such that ®(CX(G)) = CE(H).

Proof. Let ueBr(H), feL'(H) and geL'(G). We have |(u% g)|=
Ku, g | H)l=<[lullllg | Hllr<[lullllgllx and [Ku, £ = Ku?, f=luIf"Ilx =lul Al
thus |lull =||u”|| and u — u® is an isometry from Bp(H) into B,(G). Let ® be
the dual of this isometry, then ® maps W#%(G) onto Wi(H). It is easy to see
that ®(f) =f| H for fe L'(G); thus if we identify W§(H) as a W*-subalgebra
of Wi(G) via the natural embedding, we have ® o ®(a) =®(a) and ||®(a)||<||al|
for all a € C%(G). Since C¥(G) is weakly dense in W#(G), we have ®od =
and ||®(a)||<||a|| for a € W¥(G); by a result of Tomiyama [19], it follows that ®
is an expectation. It is clear that ®(C*(G)) = C¥(H); hence ®(C*(G)) = C¥(H).
This completes the proof.
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THeEOREM 3.4. If H is an open subgroup of G, then the map u— u’ is an
isometry of B(H) into B(G), which maps B, (H) into B,(G). Furthermore, the
map f — f| H extends to an expectation ®(¥ resp.) from W*(G)(W%(G) resp.)
onto W*(H)(W¥ (H) resp.) and ®(C*(G)) = C*(H)(Y(C%(G)) = C¥(H) resp.).

Proof. Since C*(H)<C*(G) by Theorem 2.9 and ue P(H) implies u° e
P(G) by Lemma 2.8, it follows that u — u? is an isometry of B(H) into B(G)
by Theorem 3.3. To show the rest of the Theorem, it is sufficient to prove
If| Hl,,<Ifl, for feL(G) in view of Theorem 3.3. Let fe L'(G) and
geL*(H). Then f*xg=f|H=*g+f|H*g, and f| H® * ge L*(H°) by Lemma
3.2; thus ||f=gl,=|I(f| H)*gl.. It follows that ||f| Hl,, =supfli(f| H)* gl
ge L*(H) and |igll,=1}=|fl, for all fe LYG).

COoROLLARY 3.5 (cf. [10; 3.21]). Let H be an open subgroup of G. Then

(1) The map v—>v | H is a norm decreasing homomorphism of A(G) onto
A(H). Its transpose is an isometric *-homomorphism of VN(H) into VN(G)
which extends the embedding of C%(H) into C5(G);

(2) The map u— u® is an isometric homomorphism of A(H) into A(G). Its
transpose is an expectation of VN(G) onto VN(H) which maps C%(G) onto
CH(H).

Proof. (1) By Theorem 2.3 and 2.4, the map v — v | H is a norm decreasing
homomorphism of B,(G) onto B, (H). It follows from [10; Proposition 3.4]
that v - v | H maps A(G) onto A(H). Clearly, its transpose is injective and
extends f — f° of L'(H) into L'(G); hence the transpose extends the embed-
ding of C*(H) into C%*(G). Hence the transpose is a *-homomorphism from
VN(H) into VN(G) since Cfl(H) and C%(G) are weakly dense in VN(H) and
VN(G) respectively. It is an isometry since it is injective.

(2) It follows from Theorem 3.4 that u—u” maps A(H) into A(G)
isometrically, and its transpose is an expectation of VN(G) onto VN(H) if we
identify VN(H) as a subalgebra of VN(G) by the isometry in (1).

§4. Applications and examples. First we generalize a result of Paschke and
Salinas [16; Proposition 1.6].

COROLLARY 4.1. Let G be a locally compact group with a non-trivial amena-
ble normal open subgroup H. Then there is a tracial state T on C5(G) such that
7(f)= [ fdA for all fe L'(G). Furthermore, C%(G) is not simple.

Proof. Since H is amenable, the positive definite function 7,;, defined
by 7(x)=1 for all xeH, is in P, (H). By Theorem 3.4, 77 € P,(G). Write
7=77. Then 7 can be considered as a state of C%(G) and 7(f)=(r%,f)=
(ri, fIH)=fufdr for feL'(G). For f,geLG), 7(f*g)=fuf*gd\=
fa o T(xy)f(x)g(y) dx dy. Since H is normal in G, 7(xy) =7(yx) for x, y € G; it
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follows that 7(f * g) = (g * f); hence 7 is a tracial state. Let  ={T: 7(T** T)=0
for Te C%(G)}. Then I is an ideal of C}(G) as 7 is tracial. Observe that 7 is
multiplicative on the subalgebra C* (H) of C%(G), ker(r | C5 (H)) is not trivial
and contained in I. Thus C%(G) is not simple. This completes the proof.

Discrete groups have been used to construct examples (counterexamples) of
different types of operator algebras ever since Murry and von Neumann began
the serious study of operator algebras. Among them, the free group F, on two
generators was the most prominent. Recently, attention has been paid to
groups containing F, as a subgroup (see [1], [2], [5] and [6]). For the rest of
this section, G will denote a countable discrete group with identity e. F,
denotes the free group n generators and F, the free group on infinite
generators. We shall write elements of L*(G) as formal sums Y, g a,x where
Y el | <. For y € G, let B(y) be the operator is L*(G) defined by

B()’)(Z axx>: Z ayxy .

xeG xeG

It is immediate that B8 is a unitary representation of G in L*(G). We shall call
B the inner representation of G. Let H be a subgroup of G with $3,, the inner
representation of H in L?*(H). Unlike the left regular representation, 8 | H in
general is not weakly equivalent to 3, as the following example shows.

ExawmpLE 4.2. Let G=F, and H = F;. Then B, is just the trivial representa-
tion, however, B | H is not. Therefore, C (H) in general cannot be embedded
in C§(G) as a C*-subalgebra in the canonical way.

By a similar argument used by Akemann in [1; Theorem 3] and [4; Theorem
1], we prove the following theorem.

THEOREM 4.3. Let H be a subgroup of G such that C%(H) is simple and
{ze€ H: zw = wz} is amenable for e# w € G. Then C§ (H)=Cj(G).

Proof. It suffices to show that |flls, =|fll¢ for fe L'(H). For we G let
C,, ={xwx~': x € H}. We denote by L,, the closed subspace of L*(G) spanned
by C.,.

We claim that ||f*|lgi.. =|Ifll, for e#* we G and fe L'(H) where p is the left
regular representation of H. To prove the claim, we write f=), 4 a.x and
fixed e#we G. Write T={xec H: xw =wx}. Let H/T be the left coset space
and let @ be the unitary representation of H in L*(H/T) defined by left
translation. Since T is amenable by assumption, the trivial representation is
weakly contained in the left regular representation of T. By [11; Theorem 4.2]
and [14; p. 121], 6 is weakly contained in p. By [10; Lemma 1.23], [|fle <|Ifll,.
Therefore, the identity map i: L'(H)— L'(H) extends to a *~homomorphism
1:C%(H)— C§(H). Since C%(H) is simple, 7 is injective; hence ||fllo =||fll,- Now
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let geL, and g =Y,y a,xwx ', define g’ =Y, iy a, (xT). It is clear that g — g’
is an isomorphism of L,, onto L*(H/T), and we have, for every y € H,

B0)e) = (B0)( T awwn)) = T aoneT=00)(¢).
Hence B | L,, is unitary equivalent to 6 on H. It follows that ||flls. = |lflle, hence
Ifllgi. =1Ifl,» and the claim is proved.

It is clear that {C,: we G} partitions G and B(f°) reduces L, for weG.
Therefore, we have ||B(f*)|| =supwcg |B(f*) | Ly|. Since {C,,: w € H} partitions
H and B:(f)| L, is unitarily equivalent to B(f*)|L, for weH, we have
1Bl = supo cxIBU?) | L) By definition (see 81, 1BG)| Loll=Iflar.
whence it follows from the claim that ||B(f°)| L, ||=|fl, for e# we G. Thus

187 =max{llf | Lell, lIfll.} =[B:(Hll. This completes the proof.

REMARK 4.4. Under the same hypothesis of Theorem 4.3, we have ||fllg, =
”fGHB = max{leeH axla "f“p} fOI' f=2er axx SinCe ”f lLeH = IZXEH axl~

COROLLARY 4.5. Let G, and G, be nontrivial groups (not both of order 2) with
G = G, * G, their free product. Then Cj (F,) can be embedded in C5(G) as a
C*-subalgebra for n>1 or equals ® where B, denotes the inner representation of
F, on LXF,).

Proof. By [2; Corollary 6], G contains a free non-abelian subgroup F for
which {z € F: wz = zw} is abelian for each e# w € G. As any non-abelian free
group contains free subgroup of any rank, the corollary follows.

Using Corollary 4.5 and Remark 4.4, we can easily find examples of groups
and group representations such that they satisfy the conditions in Theorem 2.5
but fail the conditions in Theorem 3.1.

ExaMpLE 4.6. Let F; be the free group on generators u, v and w. Let F, be
the subgroup of F; generated by u and v. Let 8; denote the inner representa-
tion of F, on L*(F;) for i=2,3. Then by Corollary 4.5, we have Cj (F,) =
C§.(F5). Now let{x;|i=1,2,.. .} be afreeset of F,. Let f, = (37~; x;) —w. Then
f.€L'(F;) and f, | F;=Y!", x. By Remark 4.4, ||f,|ls,=max{n—1,]|f.|,} and
f. | Follg, =max{n,|f, | Fll,}. By Theorem 1V.K. of [3], |f.ll,=2vn and
If. | Fall, =2v(n—1). Therefore, by choosing a sufficiently large n, we have
Ifulls, <llf. | Fallg,- It follows by Theorem 3.1 that u — u“ is not an embedding
of Bg,(F,) into Bg,(F5).

RemMARK 4.7. In [6], [7] and [20], some unusual aspects of C*(F,) and
C*(F,) have been shown. We remark that by using embedding theorems for
group C*-algebras and their duals those results can easily be extended to
C*(F,) and C% (F,) for n>1 or equals .
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