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1. Introduction

It is a well-known result of W. Magnus [3] that there is a faithful
matrix representation for metabelian groups i.e. the groups satisfying the
law [z, y; #, v]. The work in this paper arose in an attempt by the author
to find a faithful matrix representation for centre-by-metabelian groups
i.e. the groups satisfying the law [z, y; #, v; w].

Let F be the free group of finite or countable infinite rank and let U
and V respectively denote the verbal subgroups of F generated by the words
L, [x, y; u, v; w]
and
L2 [xCIr ?/_1; U, v][x—l! v—l; Y, ’I/t] [x_l: u—l; v, .’9]

oty S e u]ly T T w, v][ut v, y).

In this paper, we show that F/UV is isomorphic to a group M of 3x3
matrices over a commutative ring R. There is a 4-generator group which
satisfies L; but not L, (C. K. Gupta [2]), so that the variety defined by
L, and L, is a proper-subvariety of the variety of centre-by-metabelian
groups. However, it follows from the text that the representation is faithful
for the free centre-by-metabelian group of rank 3. In particular, every
3-generator centre-by-metabelian group satisfies the law L,.

This work is a part of the author’s Ph. D. thesis prepared at the
Australian National University, Canberra (1967). The author wishes to
thank her Supervisor, Dr. M. F. Newman for suggesting the topic of this
research and for his many useful suggestions.

2. Construction of the group M

Let G be the free abelian group freely generated by a set
X = {xy, X,, * - '} and let F be the free group freely generated by a corre-
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sponding set X = {x, ,, - - -}. Thus, if £ is the homomorphism of F onto
G given by %, — x;, then Ker & = F’, the derived group of F. Let ZG
denote the group-ring of G over integers. As usual, in ZG we identify
weG with 1-win ZG and j € Z with 7 - e in ZG, where e is the identity
element of G. Let A = {Af*)_ ;|1 e {2, 3}, ke {1, 2, - - -}} be a set of indepen-
dent and commuting indeterminates which also commute with every
element of ZG and let R = ZG{A] denote the polynomial ring in 1%¥}_’s

with coefficients from ZG. Let M be the group generated by all 3x3
triangular matrices (over R)

e 0 0
()*gi) Xy 0) = (@)

0 A e

together with the identity matrix

e 0 0
(0 e 0) = {e>.
0 0» e

For any arbitrary word w = 2{{j) - - - #{{}) (( =0,¢(1), -, &(l) e {1, —1})
in F, we define (w) = (&;;)>*Y -+ (&, ,)*". We show that M is the
required group by proving the following,

THEOREM. Let n denote the homomorphism of F onto M given by
x, — {xr>. Then Kern = UV.

ProorF. To ease the calculations, we introduce certain mappings
a;(3 =17 >7 =1) of FFinto R defined as, «,;(w) = ¢j-entry of the matrix

{w).

As a consequence of the above definition we have,

LEMMA 1.
(1.1) ay(e) =0for 3=i>75=1;
(L2)  a;a(@) = A¥)_y for i€{2, 3} and oy (x,) = O for all k;

(1.3) oty (w0, @,) = oty (1) +W 0ty (ws),
%39 (01 W5) = Wyttas (W) +atge(w,), and
oy (01 05) = gy (W) oty (105) +-gp (w1 ) ot (25)
for all words w,, w, in F;
(1.4) o ;4(w™) = —wle, ;1 (@), 05 (w™?) = — gy (@) W ot (@) gy ()
for all words w in F.
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NOTATION.

[a, b] = alblab; {[a,b),c] = [a,b,cl;, [[a,b],[c,d]]=[a b;c d];
[[a, b;¢c,d],fl = [a, b;c, d;f] forall a, b, ¢, d, fin a group H.

Using Lemma 1, direct calculations give

LEMMA 2. If w,, w, are arbitrary words in F, then
(2.1) g ([, w5]) = Wit (—1+wy oy () —w5 ' (= 14w oy ()
(2.2)  age([wy, wo]) = (—14+Wy)oge(w,) — (—14+wy)ogy(w,); and

(2.3)  wg ([, 2y]) = Wit (— 1+wiYogy (@) oy, ()
— Wyt (— 14wy )otgs (05) gy ()
—wi (= 1wy gy () oy (5)
+ o0 (101 ) ooy (102) — Wy otgs () ey (04).-

Next, we prove

LEmMA 3. If wy, w, are in F', then

(B.1) o ;_4([wy, wg]) = O for i€ {2, 3};

(3.2) ag([wy, wy]) = o‘32(w1 “21(”’2 — gy (w5) oy (1) ;
(3:3)  agy([2y, %5 w5, 7,4]) # 0; and

(3.4) oy ([[w), @], 2]]) = O for all z in F.

Since w, = w, = e, the proof of (3.1) and (3.2) follow from (2.1), (2.2)
and (2.3). Next, we note that (2.3) together with (3.1) imply (3.4). To
prove (3.3), we use (3.2) to write

o1 ([, To 5 Ty, #4]) = e ([, Fa]) e (@3, 24]) — e ([@s, Ta)) e ([21, %2]),
which on using (2.1), (2.2) and (1.2) reduces to
({(xe— 145 — (x,—1) lézz’} {xgt(xg"— )lﬁ’*xz‘( 5 — 1A}
— ({(xy—1)Ag) — (x5—1) 1“’} (M g = DAR —x; (= 1)AR);
and is obviously non-zero.
LEMMA 4. For f,, fs, 5, f4 in F, let

=i 2_1; fo, LU 125 foo 18] - TS f;l; far 2]
SR I R RIS B o 1AUES B el
Then o (f*) = 0

Using (1.3) and (3.1), we note that
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a5 (*) = o (L 25 fos Fa) o (IS £ Fos o))
Fogi ([T 135 far Fo]) Fosa (7 125 Frs 18))
+“31([f2_1: f:;l; s f4])+°‘31([f:;1: f4_1; I E

and making use of (3.2), (2.1), (2.2) and (1.4) we obtain

aa (7% 13755 fao 1) = (F b otaa (F1) +F0 5 o (fo) — 75 M atga (1) — £5 2a (/)
: (‘*fa—l“m(fa) _fs_lf4_1°‘21 (f) +f:;1f4_1“21(f3) +G1“21(f4))
- (_f3f3_1°‘32(f3) "fsf4f4_1“32(f4) +Fy035(f3) ‘|’°‘32(/4))
) (“21(/‘1)‘*‘&“2102) *fflflfz%l(fl)”f2~1f2°‘21(f2)) .
Writing out the corresponding expressions for the other five terms in the
same way and adding them all give the desired result.

It now follows from (3.4) and Lemma 4 that UV C Ker 5.
To prove the other inclusion, we take

w = ai @l (1 =0,6(1), -, e(0) {1, —1})
to be an arbitrary word in F such that «,;(w) =0 (3 =7 >4 = 1), and

we proceed to show that w e UV. First, we note

LEmMA 5. (W. Magnus). For 7= 2,3 «, , ,(w) =0, if and only if
we F", the second derived group of F.

(See, R. H. Fox [1] for a proof; an alternative proof is given in
C. K. Gupta [2]).

The following Lemma on the commutator properties of centre-by-
metabelian groups is of independent interest and shall be found useful in
the proof of the theorem.

LEMMA 6. Let H be a centre-by-metabelian grouwp. If d, dy, d,, - are
n H and a, a,, ay, -, 0,0y, by, arein H then

(6.1) [ak TI4d.] =114, d,]* for all integers k.
i=1

i1
(6.2) [d,a;d]=1[d;d,,a"]

(63) [d! dl: ay, " ar] = [d: dlr A" " " a'rtr] (7 ;’ O)’
where o is any permutation of {1, - - -, r}.

(6.4) [d; ay, ay, a3] = [d; a,, a3, a,1(4; a3, ay, a,]
(6.5) [d;ay,a,,a3"] = [d; a1, a,]7'[d; ay, a5']!

(6.6) [ay, b7 a,,07Y,0,,--,5,] = [ay,b,a,,0,0,---,0,] (r = 0).
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(6.7) [a1%, 3% 4, aq, a5, " 1, Ay, Ay, Gipy, s Gy
: [a;l’ ai—l; “3: a4’ A5, "% a1 ai—i—l! T 4, “2]—1
: [aa—l: aEl; Ay, By, Byt Gy, By By * 5 Gy )t
. [“;1» a7l ay, Ay, 45,00, Ay, Bys 0 Gy, Gy

-1 -1. v e
= [ay", a7, ay, a3, a4, a5, » B35 Bipa, ya,]  (r=4).

—1 -1, . e .
(6.8) (@17, a3 a3, 4, """, @4, @, Giiy, ) ]
-1 1. ..
‘ [a2 »a‘z‘ ,61,3,614,"', ai—l)a’i+1:‘ )ar’al]

—1 1. -
= [ay, a7 a5, 84, *+, Gy, By, ) Gy Aa).

The proof of (6.1) is immediate. For (6.2) we have,

[d,a;d,] = [d1d%, dy] = [d7, &;][d", dy] = [d, dy]7[d, df ]
= [4,d,07"(d, d,(d, a7']] = [d, 4,17 (d; dy, a™"][d, d,]
= [d;dy, a7'].
For (6.3), we use the fact that [dy, a,, ", a,] = [dy, ay,, " **, 4,,] modulo
F'". Further, since [a,, a,, a3] = [a,, a;, a5][a3, a5, a,] modulo F"', we get
(6.4). Also, [ay, a,, az'] = [ay, a5] ™ [a,, a;']"" gives (6.5). Finally, the
standard commutator identities give
[alr b_l; y, b_l) bl’ ) br] = [[“1’ b]_b_l; [a2’ b}—b‘l, bl’ T br]
= [ay,5; a5, 0,05, -+, b]]
- [alr b’ s, b’ bl[bl’ b]) Tt br[br: b]]
= [a,, b; s, b, bl’ Y br]
proving (6.6). Now careful applications of the identities (6.1) to (6.4) give

(6.7) and (6.8) (details are omitted).
Since w € F”’ (by Lemma 5), it can be written as

w=ChCl ... Clmw" (m=1,6,¢e{1, —1}),

where each C, is a commutator in F'"\[F", F}([F"”, F] = U) with entries
from X U X, w" e[F’, F] and weight C; = --+ = weight C,,. As an
application of Lemma 6, we observe that if C is a commutator in
F'"\[F", F], then modulo [F", F], C can be written as a power product
of commutators of the form

(7) [urh, uz; ug, uy, = = *, ) (s=4,u,eXuX,

satisfying the following three properties:

(7.1) {g, g, ++ ooy o {ugh, g, - 0t =0,
(7.2) o, 45} g, -+, ) = 9, and
(7.3) {u, uy'} # {ug, ug}.
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DEFINITION. A commutator in F'"\[F", F] of the form (7) is called a
special commutator if it satisfies the properties (7.1) to (7.3).

DEeFINITION. If C = [v7%, 03} v, 0,0+, 0,] s =4, v,e X U XY isa
special commutator then we say that C is of Category I (in notation
C eCat.I), if

(i) v 7= v, for 0544, () {or, - v} for’, o0 =0
C eCat. I1, if

(i) vy, - -+, v, are not all distinct, (ii) {o7?, v3'} N {v3, v} = 6;

C e Cat. IIT, if

(1) {7t 31} N {vs, v} = o7t or vpl, (i) v, # v, for 7 £ 4
and C € Cat. IV, if

(1) {orh 3"} {vs, v, = vyt or vx! (i) v, = v, for some 7 # 7.

It is clear that a special commutator belongs to one and only one of the
above four categories.

We now write w as

W= w w,w'’,

where w, is a power product of special commutators all of maximum weight
(say) 7*, w, is a power product of special commutators all of weight strictly
less than 7* and w” € [F'’, F]. The aim is to prove that there is a representa-
tion of w in which w, is either empty or isin V'; this then implies that w e UV

We suppose that w, is non-empty and write

W = Wy W W3 wy W w' (@' € [F, F]),

where wy,, w,,, w,; and w,, are respectively power products of commutators
in Cat. I, Cat. II, Cat. ITII and Cat. IV. In step I, we shall show that if w,,
is non-empty then w,, € V. Next, we shall prove in three separate steps that
w5, Wy, and wy, are all empty.

First, we record another consequence of Lemma 6 as,

Lemma 8. If C = [v7Y, 035 05,04, 0,] (s=5,v,eXUX™) is a
special commutator then for any pair v;,v; for i 4, C can be written
(module [F'', F]) as a power product of special commutators of the form
oy veh vg, vy, 0 v o, Vi), where s(1) < s, vy, ", vy €{vy, " -0, v} and
etther (1) v, € {vy, vy} and v; € {vy, v} or (ii) v; € {v], vy} and v, e {vy, v3}.

StEP I. Suppose w,; is non-empty, then w,, is a power product of special
commutators each of weight (1) (= »*).

The Case when r* = 4. By hypothesis, there is a factor say C{* = f in
w,, of the form

—£(1) ,—E(2). ,£(B) ,.E(4)78
/= [xi(l)( ), xi(2)( ); xi((:i) » xi((4))] 1
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with #(1), #(2), #(3), ¢(4) all distinct. By (3.2),

ag (f) = “32([371_&‘51): 1—(252)])“21([375((3%»xf&n)
—0‘32([”58 fﬁ}])am([x,ﬁﬁl , z_(§§2)])
and (by (2.1), (2.2)) the coefficient of AG™A{M) (= agy (w45 )ota1 (¥n)) in
g (f) is
518(1)e@)x 00 Y G (— 14 x5 (— 1+ x5).
Since, ag(w) = > ,0,25(C;) (by (1.3) and (3.1)) and by hypothesis

ag (w) = 0, it follows that the sum of the coefficients of A{{®) AL in
ag; (w) is zero. Thus, there is a factor in w whose coefficient of A{%®) 2L®) is

—d,¢(1)e ( )x3 %(6(1) 1) %(8)(3 ( 1+xfg)(—l+x§((§;).
But, the only factor with this property other than C7% is

it it 21 ST,
which is again in Cat. I. In this way (i.e. by considering the coefficients of
25540 2{M) ete, using C, andfor any other factor so obtained) we observe
that w,, contains the power product

—6(1) L —€@). L EB) L@ (=6 L—E@). 1EB) LE@)71-8
[%15 ), Tiz) s zza 154;] EZ 1§ ), xu4§ ; xzfsz’ 152;] !
—E(1) . —€(3). L —8y [ E@) €@, EB) LE(1)1-8
[xz(l) » Ly(3) s xz((z) ] ! [“’z(4§ !, T s @y ; Ziy ]
—8(3\ —£(2 £(1 -8 —£&(3 —£&(4 £(1 8
R E RN xz(2§ ); xz((l))! xm 1% [xz(:;() ), xz(4() ) xf (1;, 1(2,] !

which lies in V, as was to be proved.
The Case when r* = 5. Here we have in w,,,

By g8, 8@ 28B) E@ .. el y8
Cyr = [} 1§)’x1(2§) xz{3))’xi((4}’ t}l)))] !

where C, is a special commutator of Cat. I and ¢(1) = r* = 5. By Lemma 8,

about the remaining factors of w (if any), we can make the following
assumption:

v

(9) 1If [y, s g, g, -y 0] (s = 5)

is a factor of w such that
@il 2} C o, g, - yu} (°(1), €(3) e {1, —1})
then either (i) 7 () € {u,, u,} and 25§ € {uy, u,} or (ii) 2§ € {u,, u,} and
x5} € {ug, u,}. Thus, there is a representation of w as power product of
special commutators such that the factors of w,,w,w,;w,,w, satisfy (9).

Among such representations of w we choose one in which w»,; consists of
least number of factors and we write

wy = CipCly - - CJ"'““ (m(l) = 1,05, Oy € {1, —1}),
where Cin = Cir.
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For simplicity of notation, we write C{: as
—1 —1 ho .
fi= [i(l), 0(2);4(3), 8(4), - -, i(t(l))] (61« 2660

are all distinct). As in the previous case, the coefficient of A{® AL®) in
a5 (f1) 1s

re(2)e(d)xts "™

g (=1 (158 (—14x58) - -+ (—1hxaliE))s

so that there is a factor in w which is different from C7’t and whose coeffi-
cient of 2{®) A{4®) s

8{2) -1
) 5/2)5/4)1/2/ )
E4)—1
BT 1 X)) (1 X8 (— 14 xEE) - - - (— 1)),

However, the only factor with this property in w is

[ 0 =i e,
i(3), 4(2); £(1), i(4), - - -, i(£(1)) ’

which is again in w;;. In the same way, considering the coefficient of
AL 26EW) §n o) (F%) shows that in 1, there is another factor

—1 —1 -8,
* ,
f [z'u), i(20,); (3), i(4), i(50,), - -, i(t(l)al)]
where o, is a permutation of {2, 5, - -, {(1)} and 20, # 2. Similarly, con-

sidering the coefficients of A{i® )A {2o1) and 24BN 28@7)) in o, (f¥) implies
that in w,, there are factors

e [—1 —1 !
fi= ‘:1(3) i(20,); 4(1), £(4), ©(50,), ':i(t(l)al)]

and
s [—1 —1 !
5 Li(1), 4(20,); 4(8), i(4a,), i (5o, o), - - -, i(t(l)alaz)] ’
where ¢, is a permutation of {4, 50y, - -, #(1)0,} and 40, # 4. Further,

considering the coefficients of {5472 3{{27) and AL#7) 20M) in o (7¥)
gives as before

« -1 —1 —4
fi = [i(3), 1(20,); (1), i(40,), 1 (Boy 0y), * * -, i(t(l)alaz)]

and

«  [—1 —1 ]—"1
fi= [i(l), 1(20,05); 1(3), 2 (40y), 1(50,0503), * + +, 1(¢{1) 0,05 05) '
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where o, is a permutation of {26,, 50,03, * * +, t(1)6,0,} and A{472) 4{)27175))
in «g, (f7) gives

. —1 —1 %

fi= |:i(3>» 1(20y03); 1(1), ¢(40,), 1(50,0503), * -+, i(t(1)010203):l .
Thus, in the minimal representation of w,,;, we have obtained a product
factor ff - - - f¥. Now, we shall obtain a contradiction to the choice of wy;
by proving that this product ff - - - f& can be replaced by a product with
smaller number of factors of w,,. By (6.7),

* s [—1 1 )
foh= [im), i(200);8(1), (3), (503), - - - f(“”"l)]

P el "
fs = [i(zal)’ i(20,03); 2(1), 2(3), ©(40y), ©(50,0), * - -, i(t(l)olo‘z)] -

Hence,
e f

r—1 —1 !
L 1(2), ©(20,0,); 4(1), ©(3), 2(20,), (40y), i(50y0,), * * -, i(t(l)o‘la2):|

by (6.8)

=1 -1 !
— Li@), 2G); i(1), 63), 4(4), - (1), G L), - i(t(l))j|
for some j € {4, 5, - - -, t(1)},
-1 =1 hr—1 —1 4
i), 4(2); 4(8), i(4), - - -, i(t(l))] L’(3), 7(2); 4(1), ¢(4), * - -, i(t(l)):‘
.[—1 —1 ]—“1

(1), 2(7); £(3), 1(4), - - -, 2T —1), ¢(jH1), - - -, 2 (E(1))
. [~1 —1 ]"1

(3),40); 4(1), ¢(4), - - -, S(G—1), (1 +1), - - -, £(£(1))

by (6.7), as was required.

SteP II. By the previous step we can assume that w,, is empty, so that
W = W,w,w,w,w". Now we suppose that w,, is non-empty and arrive
at a contradiction. If C = [v7%, v;%; v,, vy, + -, v,] (s = 5) is a special
commutator of Cat. II, then, by definition, for some § # &, v, = v;. By
Lemma 8, we can write C as a power product of special commutators in
Cat. IT of the kind [v;7%, v;7; v, v,, - - +, v.], where vy, vy, vy, v, are not all
distinct and {vy, - - -, v} = {vy, - - -, v,}.
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Thus, if Cf1is a factor of w,, then
Cl = [aid", @i ), 25), (rn—1)250), 722, 7e25d), (rat- 1)),

s Py t+1)x 6‘58}3]"*,
where r; = 1, 7, = 0 for 2 <7 < ¢(2), ¢(2) = 3, i(j) # ©(kR) for j # k and
S (r;4+1) = — 7% or

Ch = gy, 2 254, @ils), (—1)25g), (re—1)aifg), (ra+1)253),
Py +1)af, f((g))))
where 7,,7, =1, 7, = 0 for 3 <j = ¢(2), t(2) = 2, i(j) £ ¢(k) for § £ &
and 3@ (r,41) = r*

About the remaining factors of w, again by Lemma 8, we can make
the following assumption:

(10) If C® = [v7h, v3% vs, vy, - -+, 0,)° (s=4,0e{l, —1})

is a factor of % such that v, = v, = 2{}) for some § # & then z{{} € {v;, v,}

and #53) € {vg, vy}.

There is a representation of w as a power product of special commutators
in which w,, is empty, w,, is a power product of special commutators of
maximum weight in Cat. II and the factors of w,,w,51,,w, satisfy (10).
Of all such representations of w we choose one in which w,, contains least
number of factors and we write

81p 8 )
Wiy = C13?Coft - - O3 (m(2) = 1, 015, + +, Oy € {1, —1},
where C"“* = Ch,
We flrst consider the case when
) —e(1) —8(2). (1) £ &1 £(2
i = [z 1() ), xz(z() ), xz{l}’ T, ((2;: (r 1_1)xi51;» (72_1)%523:
3 (t(2))18
(73+1)xf((3;: Tt (rt(2)+l) t((2;)] L
The coefficient of 2ZE®) L) in o« (C3) is
-1 1 1 2 (ry—1 3
S (— 14 X (— Lt (1) e
£(2(2 1
(L) e
_&(2)— — 1 -~ — —
8 X L xg ) e+ )(_1+X”§§2) )ire 1)(_1+X,e(3))(r3+1)

£(2)
(‘ 1 +X (t(z)))(ﬁ(:)+1) .

Here, we see that the only factor of w other than C;% whose coefficient
of {4 2(!®) is negative of the above coefficient is
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e1) LE@). p=e() ,—e@) 2=€0)
[%(1;» Ti2yr i1y » Tig) ), (nn—1)x 1(2) ), (ry—1)x 1(2) ), (r3+1)x 1(35 ,
2=E(4(2))78
, (run+ 1) z(tE2§ N4,

which is same as C;% (by (6.2), (6.3) and since, [a, b] = [b, a]1). For
the other case consider ;% 2} to obtain Cy%.

Step III. By previous steps, w,, and w,, are both empty. Here we
assume that w,; is non-empty, so that C{! is a factor of w,,. Since C, € Cat.
I1I, we write

|- —5(2)- —€(1) ,.&(8) ., . Et 5
Cit = [774 1) ), Ty > Lig) ,xi(ai, ) z((t(3 i (t(3) = 3),

where ¢(j) % ¢(k) for § £ k and ¢(3) +1 = r*.
By Lemma 8, about the remaining factors of w,;, we can make the
following assumption:

(a1 1t (o, 03y, 05, -+, ) 6=
is a factor of w;; such that 2%, a5 e{v,,v,, -+, 0} for some

' (2), e{l, —1}, then either xf(g) € {v,,v,} and 5§ e vy, v,}, or
¢ (3;) € {vl, v,} and x5 € {v,, v,}.

There is a representation of w as a power product of special commutators
in which w,,, w,, are empty and the factors of w,, satisfy (11). Among all
such representations of w we choose one in which w,; consists of least
number of factors and we write

Wiy = Cf:;aca% T Camiz?:f (M(S) g 1» 613’ Y 6m(3)3 € {1’ ‘1})'

where Clps = Ciu.
Flrst, we consider the case when 7* = 5. Let

8y _ &) . —E@). —E) ,EB) ... ,&(t3
= [xz(1§ ), x1(2§ ;@ 1) x1§3)>’ ) xi(t )))] (¢(3)

I
x

The coefficient of ALM) LM in oy (Ch) is

1)—1 —£(1)-1)
—ouxi™ T (LX) - - (-1
+6, Xf( £(1)-1) ;.%((f)(l) -1 (—1+Xi_(;§2)) . (—1—}—X_(

)

(3))
t(3))
wa)-

The only factor of w other than C7% in which the above coefficient is
y 1
comparable is
—&(1 —E(3 —&(1 £(2 E4) ., . LE(3))1—8, __ -9 .
[xi(1§ ), xz‘(3§ ' x1(1§ ), @ 122;’ xz(4;r ) xiﬂtisig] 1= C™% (say);

but
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CpCo = [, 2, ag?; e o4, - HEN"
i w®, el w58 - 2
by (6.2
= el s 218, o7 ot 2
[ongl®, @il 23, xf&% S
ETAE L e SRR A e
G, ] A
e, P A B
by (6.4), (6.1), (6.3), (6.2) and (6.5
= [, < x‘“f‘”, Zif5), - )"
- o, ongh; £, <), -, S
o 4, Y, i
Lo s o -
i, s 2, ), o2
S

by (6.2), (6.3), (6.5)

which is a power product of special commutators of weight strictly less
than 7* and hence gives a representation of w,; with fewer factors —
contrary to the assumption.

For the case 7* =4, let C} = [z, #iaf; 235", x;@1%. The
coefficient of 24®) AL in ay, (CP) is

—d,£(2)£(3)x 1(26(2 )Xzé(g(a)—l)(_1+X§E}§)(_1+x—s(1))’
and it compares only with the coefficient of A5 A{i®) in

—£(2). —e(l —s
o‘31([“’ 1 ,xié(\z’, xz(i; )rxfg;]) L

This completes the proof that w,; is empty.

STEP IV. We have shown in the previous steps that w,,, wy,, w5 are
empty, so that w = w,,w,w’"’. Now we suppose that w,, is non-empty and
arrive at a contradiction.

First of all, we note (by using (6.1) to (6.5)) that

(12) If C = [vt, 3t o7l vg, g, * * 0, 0] (s =4)

is a special commutator such that v, = v, = v for some 7 # §; then C can be
written as

_1 _
C=Torh o7 078, 0,05, % Vg, Uapgy = * 5 Vygs Uppgs * 0 5 Vgl
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where z is a power product of commutators of weight strictly less than s1.
Since C, € Cat. IV, by definition, the hypothesis of (12) is satisfied;
so we can take

8, _ ra—E() .—&2 (1) &2 £(2 e@3) .. 5
Cir= [9’:(15 ),%(25 ))xz(l) ),xz((zg» (r —l)xl((z)}, ("3'*‘1)‘”1‘((3;» Y (Pyg+1)xE t(t(4 ] !

where i(f) £i(k) for 1#£Ek r,=1, r,=0 for 12, t(4) =2 and
2 +2 =

About the remaining factors of w, by Lemma 8, we can make the
following assumption:

(13) If o7, vzt vs, vy, + 1, 0, )0 (s =4)

is a factor of w such that {v,,---, v} contains x{{, 25, for some
£'(2), &'(2) e {1, ——1} then either 2 e {v,, v,} and xf Y € {vs, vy} or
z5d) € {vl, vy} and 25 € {vg, v,}.

There is a representation of w as a power product of special commuta-
tors in which wy,, w,,, w5 are empty and the factors of w,;, w, satisfy (13).
We take such a representation of w in which w,, consists of least number
of factors and write

Wiy = Cfi"cgi‘ v Camﬁ’f (m(4) = 1; 014, -+, Oppgra € {1, —1}),
where Ciit = Ci1. Let
= [agdf", aig; w283, (ra— 125G, (rs+1)2%3), -+, (rua )25
where #(4) = 2. The coefficient of &M ALW) in ay, (C§) is
4 X&(e(l) 1) Z}((l—eu) -1) (_1+X5((§;)(r,+1) e (_1+X§(t(4)))(r,(4,+1)
+61X“(1)6(1) 1) ;}((16)(1)—1)(_1_|_X:(g§2))(rz+1) .. (_1+X:(§(i4))) Ty +1)

The only factor of w other than C7% whose coefficient of A{L™) A{i™) is
comparable with the above coefficient is

e’ _ . -y 5
[x‘t(i)(l’ fg} Z; (e)(l) xz(g)z): (ry—1)a;, 1(2) ), (rs+1)x z(‘céga’ ) (’t(4)+1) : “4) 1%
or

_ _ _ 4)) 18
[xz(eu(l) xlé()z), Z; 8 (1) xfé) (ra— )xf((gg: (73+1)xff§), Y (7t<4)+1x?((f((4§§] L

But each is equal to C7% by (6.2), (6.3) and (6.6). This completes the details
of Step IV and hence also completes the proof of the theorem.

REMARK. It is clear from the proof of the theorem that if w is a power
product of special commutators of Cat. II, III and IV only, then
we [F"”, F]. Thus, it follows that for the free centre-by-metabelian group
of rank 3, the matrix representation is faithful,
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