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Consider the graph M , where n = 2r > 6 , consisting of 
n — 

a polygon of length n and all n/2 chords joining opposite pa i r s 
of ve r t i ce s . This graph has 2r ver t ices which we denote by 
1, 2, 3, . . . , 2r , and the 3r (undirected) edges 

(1,2) , (2,3) ( 2 r - l , 2 r ) , (2r, 1) ; 

( l , r + l ) , (2,r+2) , . . . , ( r , 2 r ) . 

1 

6 5 

M , M„ M 
10 ' 

Figure 1 

We call M the n-ladder , defined thus far only for n 
n 

even. The three smallest n- ladders with n even are shown 
in Figure 1. It is easy to see that M is isomorphic with K 3, 3 ' 
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the c o m p l e t e b i p a r t i t e g r a p h on 2 s e t s ' o f 3 v e r t i c e s each , i . e . , 
the (second) K u r a t o w s k i g r a p h of 3 h o u s e s 1 , 3 , 5 and 3 u t i l i t i e s 
( e l e c t r i c i t y , g a s , w a t e r ) 2 , 4 , 6 . 

The c r o s s i n g n u m b e r C(G) of a g r a p h G i s defined [3, l ] 
a s the m i n i m u m p o s s i b l e n u m b e r of i n t e r s e c t i o n s of p a i r s of edges 
when G i s d r a w n in the p l a n e . What i s the c r o s s i n g n u m b e r 
C(M ) of the n - l a d d e r s with n e v e n ? One m i g h t c o n j e c t u r e 

f r o m F i g u r e 1 tha t the a n s w e r is a m o n o t o n i e i n c r e a s i n g funct ion 
of n . S u r p r i s i n g l y the a n s w e r i s a lways C(M_ ) = 1 . To 

2 r 
p r o v e t h i s , we show tha t C(M ) < 1 and C(M ) > 1 . The 

2r — 2r ~~ 
f i r s t of t h e s e two i n e q u a l i t i e s fol lows f r o m the fac t tha t A/L can 

^ 2 r 
be d r a w n with j u s t one c r o s s i n g , as in F i g u r e 2 . It was th is p a r ­
t i c u l a r r e p r e s e n t a t i o n of M (which i s r e m i n i s c e n t of the 

2r 
Mobius s t r i p ) tha t led to the t i t l e of th i s n o t e . 

1 

F i g u r e 2 

To p r o v e tha t C(M ) >_ 1 , we need to show tha t the 

2 r - l a d d e r i s n o n p l a n a r . O b s e r v e tha t the de l e t i on of any r - 3 
c h o r d s f r o m M r e s u l t s in a s u b g r a p h h o m e o m o r p h i c wi th 

K . Thus M. m u s t be n o n p l a n a r by the we l l -known t h e o r e m 
3 , 3 2 r sr J 

of K u r a t o w s k i [4 ] . 
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One can also define the Môbius ladders M for odd 
n 

n = 2r + 1, r :> 2 , as the graph consisting of an n-gon together 
with two chords at each vertex joining it to the two most opposite 
ver t ices of the polygon. Obviously, M , the smal les t odd 

5 
n-ladder, is isomorphic to the complete graph K with 5 

5 
ver t ices , also known as the f i rs t Kuratowski graph. Thus the 
two smallest n- ladders , JVL and M. , a re the two Kuratowski 

5 6 

graphs and so the family of graphs M may be regarded as a 

generalization of the Kuratowski graphs. 
What is the crossing number of the odd n- ladders? It is 

perhaps more surprising than the resul t for the even n- ladders 
that the answer is again 1 [ 

r - 1 

2r+l 

Figure 3 

As for even ladders, it follows from the drawing in 
Figure 3 that C(M^ , , ) < 1 and from Kuratowski 's Theorem & 2r+l — 
that C(M ) > 1 

2r + l -
In fact, since the odd n- ladders are regular 

of degree 4, the degree of each vertex is even. Hence, as 
noted by Zeeman [5], the pari ty of the number of crossings in 
one drawing of an odd n-ladder in the plane agrees with the 
pari ty in any other drawing. Since this parity is odd in Figure 3, 
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i t cannot be made zero . 

One of us [2] defined a graph to be minimally nonplanar 
if i ts crossing number is one. Our observations can be sum­
mar ized . 

THEOREM. Every Môbius ladder is minimally non-
planar . 
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