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A COUNTING FORMULA
ABOUT THE SYMPLECTIC SIMILITUDE GROUP

KwaANKYU LEE

We derive an explicit formula for the number of elements in the symplectic similitude
group GSp(2n, g) with given trace and determinant.

1. INTRODUCTION

Let F, be the finite field with g elements. Recall that the symplectic similitude group
GSp(2n, q) over F, is defined by

GSp(2n,q) = { g € GL(2n,q) | *gJg = a(g)J for some a(g) € F) },

where J denotes (; 10" . This paper addresses the problem of counting the number

of elements in GSp(2n, g) with given trace and determinant. More formally, we want to
find the value of

C(¢,n) = |{g € GSp(2n,q) | detg = ¢, trg=1}|,

when ¢ € FY, 7 € F, are given. In (1], Kim gave a related result: an explicit formula
for the number of elements in GSp(2n,q) with given trace. In this paper, we derive an
explicit formula for C((, n).

THEOREM 1. Let(€Fy, n€F,. LetS denote the number of n-th roots of ¢ in
F,, and let
Ta=q¢ Y. . tle"a+eai'+ - +am+ac;})-(g-1)™S,
a€Fy ay,...,am€Fy

where t(z,y) = 1 if (z,y) = (¢, n), O otherwise; and the inner sum is regarded as t(a™, 0)
for m = 0. Then we have

" In/2) [(n/2)-3)
cem=e"3 (s wal ] IT@ - S, dRe-2+1 DTo-n-a)

q j=1
g H(q” -1)8
-
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2

]
where R(m,l) denotes 3 [1(g™* 7 - 1) with R(m,0) = 1.

O << <m-lv=1
The definition of the ¢g-binomial coefficient [:] is given in the next section.
q9

2. PREPARATION

Recall that the symplectic group over F, is defined by
Sp(2n,q) = { g € GL(2n,q) | 'gJg=J }.

QObserve that

GSp(2n,9) = [] daSp(2n,9)

acFy

with dg = [16' 03 } A maximal parabolic subgroup P of Sp(2n,q) is given by
n

A o]lln B ,
P=P(2n,q) = {[0 ‘A‘l] [0 ln:l lAe GL(n,q),'B = B}.
We let, for 0 < b < n,

Ay = Ap(2n,q) = { g € P(2n,q) | obgo; " € P(2n,q) },

where

0 0 1, 0O
0 1,, 0 O

gy =
-, 0 0 O

0 0 0 1n_b

Now the Bruhat decomposition of Sp(2n, g) with respect to P says

Sp(2n,q) = [ | PovP = [ ] Pou(4:\P).
b=0 b=0

This decomposition will play a crucial role in our proof of the theorem.

Let g, be the number of n x n nonsingular matrices over F,, and a,, the number of
n x n nonsingular alternating matrices over F,. We define g, = ay = 1 for convenience.
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Then
n-~1 . . n
on = [J(e" - &) = =2 T](d - 1),
=0 i=1
n/2 .
q(n/2)((n/2)-l) I (¢¥"1-1) for n even,
Qn = 3=1
0 for n odd,

\P| = g&+0)/2|"
APl = @[]

q

The g-binomial coefficient [:] is defined by
q
-
rlg 9?71

See (1] and [2] for more details of these facts.

3. PROOF OF THE THEOREM

For any complex-valued function f defined on F, and 0,7 € F,, let Mu(f;0,7)
denote

with Mo(f; 0,7) = f(0). Remember that R(m,!) was defined in Theorem 1.
LEMMA 1. Let f be an arbitrary complex-valued function defined on F,, and 0,7 €

]F;< Then
3" flotrg+Tirg™)
g€GL(n,q)
2 [n/2)
=g™*/213 "¢ R(n+1,)) (an—zz(f; o) -(@-D"*Y " f (7))
ps ~v€F,

+g™ = (g -~ 1) S f0)-

j=1 v¥€F,

PROOF: Recall that for a nontrivial additive character A of F, and 0,7 € F,, the

ordinary Kloosterman sum K (); 0, 7) is defined by K(X\;0,7) = 3 A(ca+71a™?). First
acFy
we state a slightly modified version of Theorem 4.3 in [2]. )
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SUBLEMMA. Let us define Kgy(nq(X;0,7) = Y. AMotrg+rtrg™?) for a non-
9€GL(n,q)
trivial additive character A of Fq and 0,7 € F. Then

n/2)
Kaima(%0,7) = ¢ 2 3 ¢ R(n+ LYK (X 0,7)" .
=0

Now pick a nontrivial additive character ) of F;. We then have

Z f(otrg+7trg™?)

9EGL(n,q)
=Y |[{9€GL(n,g) |otrg+rtrg =7}| f(»)

‘7€Fq

= Z Z Z Mo(otrg+7trg™  — 1)) f(7)

7er,, 6€F, 9eGL(n,q)

! z 3" Ket(ng (X 80,6r)A(=57) f() + —g,. > -

Y€F, 6Fy ~€F,

By the sublemma,

Z flotrg+7trg™)

g€GL(n.q) /2]
n/2
= ¢ 23" ¢R(n +1, z) DS KX d0,67)" 2N (—87)f(7)
=0 ‘761-‘., §cF¥
+ @ @ -0 S S
ij=1 ‘7qu

But we have

= Z > K(X80,87)" #A(=87)f(7)

'yqu JEF"

=15 5 (X Mdoatbram) N0 ()

-yex-'q 6eFX aeFy

=- Z Y ST A(S(oay + ragt 4+ + oanu +Tagly — 1) £(7)

76Fq JEFq
1 -
—=(g-1D"2> f(v)
g v€eF,
= Z floar +7a7 + -+ 0an_uy+7071y) — %(q 1) Z (),
v€F,

where the unspecified sums are taken over a;,...,0,_gy € F3. Thus we get the lemma. 0
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LEMMA 2. Let e, f be arbitrary complex-valued functions defined on Fy. Then

> e(detg)f(trg)

9€GSp(2n,q)

[n /2] [("/ 2)-b]
) (I R e

x Y e(a”) (an-M(f; La)—(g-1)" 22" f('r)))
acFy ~€F,
+¢ [ -1 Y ee™ Y flm)
j=1 a€Fy ~1€F,

Proor: We have

D eldetg)f(trg)=D D e(det(dag))f(tr(dag))

g€GSp(2n,q) acFy 9€5p(2n,)

=Y el@®) 3 f(tr(dag))-

acFy 9€Sp(2n.9)
By the Bruhat decomposition,
Y. eldetg)ftrg) =) e(a")EIAo\PIZf(tr(dagao))
9€GSp(2n,g) a€cFy geP

Observe that the structure of P allows us to compute explicitly tr(d,go,) for g € P.
Thus we get

D e(detg)f(trg)

9€GSp(2n,g)
=3 ea”) Z |46\ P| (/21 (g, — 090" 3 f()
acFy ~€F,
+ ayg™ I/ 24+Hn-b) z fltrg+atrg™ ))
9€GL(n—-b,q)
Now use Lemma 1 to resolve the last expression. This completes the proof. 0

PrOOF OF THEOREM 1: We obtain Theorem 1 from Lemma 2 simply by setting e
and f to be the functions defined by

0 otherwise,

for a € F,. 0
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(6]
REMARK. Tables of C({,n) for GSp(2n, q) with different n and g are included below.
These were produced by a Mathematica program into which the formula for C({,n) was
coded. The referee explained the apparent symmetries in the tables by observing that
C(¢m) = O, am) for o € F.

TABLES OF C(¢(,n)

GSp(6,3)
C(¢n) n=0 n=1 n=2
¢=1 | 3053423790 3058639785 3058639785
¢=2 | 3063934512 3053384424 3053384424
GSp(4,5)
Ci,m)l n=0 n=1 n=2 n=3 1n=4
¢=1 | 387500 3713125 3713125 3713125 3713125
¢=2 0 0 0o 0 0
=3 0 0 0 0 0
¢=4 | 3870000 3712500 3712500 3712500 3712500
GSp(6,5)
C(¢,m) n=0 n=1 n=2 n=3 n=4
¢ =1 | 91408007812500 91395326171875 91401669921875 91401669921875 91395326171875
¢ =2 | 91395312500000 91408015625000 91395328125000 91395328125000 91408015625000
¢ =3 | 91395312500000 91395328125000 91408015625000 91408015625000 91395328125000
¢ =4 | 91408007812500 91401669921875 91395326171875 91395326171875 91401669921875
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