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Abstract

Let A be a domain of the boundary of a (weakly) pseudoconvex domain Q of C" and M a smooth, closed,
maximally complex submanifold of A. We find a subdomain E of C", depending only on Q and A, and
a complex variety W C E such that bW = M in E. Moreover, a generalization to analytic sets of depth at
least 4 is given.
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1. Introduction

In the last fifty years, the boundary problem, that is the problem of characterizing real
submanifolds which are boundaries of ‘something’ analytic, has been widely treated.

The first result of this kind is due to Wermer [20]: compact real curves in C" are
boundaries of complex varieties if and only if they satisfy a global integral condition,
the moments condition. For higher dimension the problem was solved, by Harvey and
Lawson [9], proving that an obviously necessary condition (maximal complexity) is
also sufficient for compact manifolds in C". Later on, characterizations for closed (not
necessarily compact) submanifolds in g-concave open subsets of CP" were provided
by Dolbeault and Henkin and by Dihn in [5-7]. A new approach to the problem in
CP" has been recently set forth by Harvey and Lawson [11-14].

Our goal is to drop the compactness hypothesis. The results in [4] deal with
the global situation of submanifolds contained in the boundary of a special class
of strongly pseudoconvex unbounded domains in C". In this paper we consider the
boundary problem for complex analytic varieties in a ‘semiglobal’ setting.

The boundary problem has been considered in this context by Chirka [3], who
proved the following ‘relative’ Harvey—Lawson result.
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TueoreMm [3]. Let K be a compact, polynomially convex subset of C" and let M C
C"\ K be a maximally complex submanifold of real dimension 2p — 1 such that M U K
is compact. Then there is a p-dimensional analytic subset A in C"\ (K U M) such
that AU K U M is compact, M C A and A is a regular submanifold with boundary M
outside a set EC A\ K of (2p — 1)-Hausdorff measure 0.

In our situation, we let Q c C" be a smooth, (weakly) pseudoconvex open domain
in C" with boundary b€, and we let M be a smooth, maximally complex (2m + 1)-
dimensional real closed submanifold (m > 1) of some open domain A C Q) with
K=0bQ\ A. We want to find a domain E of C", not depending on M, and a complex
subvariety W of E such that bW = M in E (possibly in the sense of currents).

In the paper we use a parameter version of Harvey and Lawson’s theorem to
construct a solution (E, W) to the problem above, where E can be characterized,
roughly, in terms of the envelope of K with respect to the algebra of functions
holomorphic in a neighborhood of Q. We refer to Section 3 for a precise statement
of the results, which in some ways echoes that of Lupacciolu on the extension of
CR-functions (see [16, Theorem 2]).

If A is not relatively compact, our theorem can be restated in terms of ‘principal
divisors hull’, leading to a global result for unbounded strictly pseudoconvex domains,
different from the results in [4]. Indeed, this method of proof allows us to drop the
Lupacciolu hypothesis in [4] and extend the maximally complex submanifold to a
domain, which can anyhow not be the whole of Q. If the Lupacciolu hypothesis
holds, then the domain of extension is in fact all of . So this result is actually a
generalization of the one in [4].

The crucial question of the maximality of the domain E we construct is not
answered; in some simple cases the domain is indeed maximal (see Example 4.1).

In the last section, by the same methods, the extension result is proved for analytic
sets (see Theorem 5.1).

It is worth noticing that in [18] related results are obtained via a bump lemma and
cohomological methods. That approach may be generalized to complex spaces.

2. Definitions and notations
In this paper we will always consider, unless otherwise stated, C" with coordinates
=X+ Ve s Zn =X F 0 X1y oo e s Xy V1o - - - s Y ERL
A smooth real (2m + 1)-dimensional submanifold M of C" is said to be a CR
manifold if its complex tangent T EM has constant dimension at each point p. If m > 0
and dimc¢ TSM =m, that is, it is the maximal possible, M is said to be maximally
complex. Observe that a smooth hypersurface of C" is always maximally complex.
If m=0 and M =7 is a compact curve, we say that y satisfies the moments

condition if
fw =0,
y

for any holomorphic (1, 0)-form w.
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It is easy to observe that the (smooth) boundary of a complex variety of C* of
dimension m + 1 is maximally complex if m > O (respectively satisfies the moments
condition if m = 0).

3. Main result

Let Q c C" be a (weakly) pseudoconvex open domain in C". Let A be a relatively
compact subdomain of bQ), and K = bQ \ A. We set K to be the hull of K with respect
to the algebra O(Q) of the functions holomorphic in a neighborhood of €:

= {(xe Q:|fWI<|Iflx, V.f € OQ)).

(From now on, when the algebra is not specified, we always assume that the hull is
with respect to O(Q).) Observe that, when Q is bounded and strongly pseudoconvex
(and thus admits a fundamental system of Stein neighborhoods, see [19]), K coincides
with the intersection of the hulls K, of K with respect to O(,), where Q, is any
fundamental system of Stein neighborhoods. Moreover, in this case we have the
following result by Alexander and Stout [1].

Tueorem [1]. If K is a compact subset of bQ, then for any connected component U of
bQ \ K there is a (unique) component U of Q \ K such that bU N bQ coincides with U.

The following is our result in the case when Q is strongly pseudoconvex; below
(see Theorem 3.4), we give the statement under the weaker hypothesis of Q being just
pseudoconvex. The reason for the separation is that in the strongly pseudoconvex case
several improvements are possible with respect to Theorem 3.4; moreover, in order to
state the latter we will need a refinement of Alexander and Stout’s result.

Tueorem 3.1. Let Q be strongly pseudoconvex, A CbQ2 a domain with boundary
bA =K and A the component of Q '\ K corresponding to A. Then for any maximally
complex (2m + 1)-dimensional closed real submanifold M of A, m > 1, there exists
an (m + 1)-dimensional complex variety W in A, with isolated singularities, such that
BWNA\K)=Mn(A\K).

We remark, however, that Theorem 3.1 can be more easily proved as a consequence
of Chirka’s relative Harvey—Lawson result [3], since € in this case admits a Stein
basis. The fact that the singularities of W are isolated depends on the regularity of W in
a neighborhood of M as shown in the following lemma, which is an easy consequence
of Lewy’s extension result for CR functions (see for example [4] for a proof).

Lemma 3.2. There exist a tubular neighborhood 1 of A and an (m + 1)-dimensional
complex submanifold with boundary Wy c Q N I such that ANbW; =M

For Theorem 3.4 we are going to drop the strongly pseudoconvexity assumption,
and in this case the Alexander—Stout result does not hold as it is stated; hence we
shall premise some considerations and prove an analogous lemma for the weakly
pseudoconvex case.
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If K’ is a compact subset of Q, we say that K’ is O(ﬁ) -convex if it coincides with
its hull K’ with respect to the algebra O(Q): in particular, for any K C bQ) we have that
K is O(Q) -convex.

Let K be a O(Q)-convex compact subset of Q, with K = K N bQ (from now on
we will always assume this hypothesis on K). The following lemma, which is a
direct consequence of the result by Alexander and Stout [1], shows that there is a
correspondence between the connected components of bQ \ K and those of Q \ K.

Lemva 3.3. For any connected component of A of bQ\ K there exists a connected
component A of Q \ K such that bA N bQ = A.

Proor. Choose any pair A, B of (distinct) connected components of bQ \ K. We are
going to show that Q \ K disconnects A from B, that is, there is no continuous arc y
in Q\ K connecting a point of A to one of B (this implies the thesis). Fix a tubular
neighborhood U of bQ2 in Q, such that the projection  : U — bQ realizing the distance
(that is with the property d(p, n(p)) = d(p, bQ) for all p € U) is well defined. For a
small & > 0, we let K, be the intersection of 7~!(K) with a closed e-neighborhood of
K in Q. If Q, is an exhaustion of Q by smooth, strictly pseudoconvex subdomains,
then, for n large enough, the compact set K/ = b2, N K, is nonempty and bQ, \ K}
contains two connected components A, and B, corresponding to A and B. Define a
compact subset H, C Q, as H = (K”)O(Q ), by Alexander and Stout’s theorem [1] we

have that A, is disconnected from B, in Q \ H]. Since O(Q)IQ C O(Q ), we also

have that H} C L = I’(Z‘ N Q,. If now we let S = K, N (Q\ Q,), we clearly have that
K, contains S = U L7 and thus S7 U H}. The latter set disconnects A from B, hence the
same holds true for k\g.

If now we let £ — 0, the K, are a decreasing sequence of compact sets whose
intersection is K, hence the hulls K are a sequence of compact sets, each one
disconnecting A from B, decreasing to K. If there existed an arc yCcQ\ K, connecting
Ato B,thenyn K would be a sequence of nonempty compact subsets of y decreasing
to 0, which is a contradiction. O

Now, let us get back to the weakly pseudoconvex setting. Let KpCC" be
the polynomial hull of K, and let E = (C"\ Kp) UA; then E is an open domain
containing A. With this definition, our main result can be stated as follows.

Tueorem 3.4. Let Q C C" be a (weakly) pseudoconvex open domain in C", and let K be
a O(Q)-convex compact subset of Q, with K = KNbQ. Let Abea relatively compact
connected component of bQ \ K. For any maximally complex (2m + 1)-dimensional
closed real submanifold M of A, m > 2, there exists an (m + 1)-dimensional complex
variety W C E such that bW = M (where the boundary is taken in E and in the sense
of currents).

In the more general situation of Theorem 3.4, Lemma 3.2 may not hold, and
for this reason there is no statement about singularities corresponding to the one in
Theorem 3.1. In order to obtain the extension, however, we follow the same general
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method as in [4] and we slice M with suitable families of complex manifolds. The main
differences with respect to [4] are due to the fact that we have to cut Q with level-
sets of holomorphic functions instead of hyperplanes. This creates some additional
difficulties: first of all it is no longer possible to use the parameter which defines the
level-sets as a coordinate; secondly, when m = 1, the intersections between tubular
domains (see Lemmas 3.11, 3.14 and 3.15) may not be connected.

In order to apply the slicing technique we will need the following lemma.

Lemma 3.5. Let 2 € Q\ K. Then there exist an open neighborhood €' > Q and
f € O(Y) such that the following conditions hold.

) f&=0. -

(2) {f =0}is a regular complex hypersurface of ' \ K.

(3) {f =0}intersects M transversally in a compact manifold.

RemARK 3.6. If f is such a function for z°, for any point 7" sufficiently near to z°,
f(z) — f(Z) satisfies conditions (1), (2) and (3) for z’.

Proor. By the definition of K, since 22 € Q \ K there is a neighborhood Q' such that
7% ¢ Kor). Hence we can find a holomorphic function g in © such that g(z°) = 1
and ||gllx <1; h(z) =g(z) — 1 is a holomorphic function whose zero set does not
intersect K. Since regular level sets are dense, by choosing a suitable small vector
v and redefining & as h(z + v) — h(z° + v) we can safely assume that 4 satisfies both
(1) and (2). Moreover, {h =0} N bQ € bQ \ K, showing compactness. Then we may
suppose that M is not contained in {z; = z(l)} and, for € small enough, we consider the
function f(z) = h(z) + &(z; — z?). It is not difficult to see (by applying Sard’s lemma)
that (3) holds for generic &. O

Now, in the following subsection we deal with the proofs of Theorems 3.4 and 3.1
when m > 2; later on we treat the case m = 1. This is due to the fact that in the latter
case proving that we can apply Harvey—Lawson to {f = 0} N M is not automatic.

3.1. Dimension of M greater than or equal to five: m > 2. First of all, note that
Chirka’s theorem [3] already provides a complex variety W defined on C" \ Kp such
that bW = M, hence from now on we focus on the extension to A.

For any 20 € A, Lemma 3.5 provides a holomorphic function such that the level-
set fo = {f =0} contains z° and intersects M transversally in a compact manifold M.
The intersection is again maximally complex (it is the intersection of a complex
manifold and a maximally complex manifold, see [9]), so we can apply the Harvey—
Lawson theorem to obtain a holomorphic chain Wy € C" such that bWy = My. For 7
in a small neighborhood U of 0 in C, the hypersurface f; ={f — 7 =0} intersects M
transversally along a compact submanifold M, which, again by the Harvey—Lawson
theorem, bounds a holomorphic chain W;.

We claim the following proposition holds.

Proposition 3.7. The union Wy = ey Wr is a complex subvariety of an open set
UCEsuchthat ANU =AN Uy fr
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__ We need some intermediate results. Let us consider a generic projection 7 :
U — C" and set C"=C" x C*™, with holomorphic coordinates (w’, w), w’ € C",
w= Wi, ..., Wyy) €C™. Let V. =C" \ n(M,).

Fortre U,w € C"\ n(M,) and @ € N"™, we define

I"w,n = f N wpm(m —w),
(7 . meM-

where wpy, is the Bochner—Martinelli kernel.

The following lemma is proved in [4] in a situation where M is contained in the
boundary of a strictly pseudoconvex domain, and where thus Lemma 3.2 implies that
each W; is a regular manifold in a neighborhood of M. With our hypotheses the proof
in [4] essentially carries over, but for the convenience of the reader we present it here
with the appropriate modifications.

Lemma 3.8. Let F(W',T) be the multiple-valued function which represents W. on
C"\ n(M;) and denote by P*(F(w’, 1)) the sum of the ath powers of the values of
FW, 7). Then

PY*(FW, 1) =10, 7).

In particular, the cardinality P°(F(W', 7)) of F(W', T) is finite.

Proor. Let Vj be the unbounded component of V;; since the Harvey—Lawson solution
W, is compact, one has P*(F(w’, 7)) =0 for w’ € V). We follow [9] to show that
also I(F(w',7))=0 on V. Indeed, if w’ is far enough from (M), then 8=
n®wpy(n’ —w’) is a regular (m, m — 1)-form on some ball Bg of C" containing M;.
Since g is then d-closed, in By, there exists a (m, m — 2)-form v such that 5)/ = /5. Thus
we can write, in the language of currents,

[MT](ﬁ) = [Mr]m,m—l(gy) = 5[]M?']m,m—l(y) =0;

in fact, since M, is maximally complex, [M:]=[M;lnm-1+[M¢lu-1,» and
E[Mr]m,m_l =0 (see [9]). Moreover, since [M.](B) is analytic in the variable w’,
[M:1(B) =0 for all w’ € V.

Now, by the regularity statement of Harvey and Lawson’s result we have that,
outside a closed set of M, with measure zero, W, U M- is locally a regular complex
manifold with boundary. Hence, for w’ belonging to a open, dense subset U of the
regular points of 7(M,), there is a small ball B,(w’) € C™ such that W, Nz~ (B,(w"))
is a finite union of graphs of holomorphic functions.

To conclude the proof we need to show that the jumps of the functions P*(F(w’, 7))
and I*(w’, T) across the common boundary of two components of V, are the same.
By density, it is sufficient to check this conditions along the set U. Then, let 7’ €
(M) N U be a regular point in the common boundary of two components V; and V.
As observed in the previous paragraph, we can (locally in a neighborhood of 7) write
W: as a finite union of graphs of holomorphic functions, whose boundaries M. are
either in M, or empty. In the first case, the M. are CR graphs over n(M,) in the
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neighborhood of z’. We may thus consider the jump j; of P*(F(w’, 7)) due to a single
function. We remark that the jump for a function f is j; = f(z’)%, and the total jump
will be the sum of them.

To deal with the jump of I“(w’, ) across z’, we split the integration set in the
sets Mﬁ (thus obtaining the integrals I7") and M; \ |; M;(Ig). Because of the Plemelj
formulas for hypersurfaces (see [9]) the jumps of I{" are precisely j;. Moreover, since
the form 7*wpy (7’ — 2') is C* in a neighborhood of M- \ |J; My, the jump of I is 0.
So PY(F(W', k)) = I*(W', k). O

RemMark 3.9. Lemma 3.8 implies, in particular, that all the functions P*(F(w’, 7)) are
continuous in 7. Indeed, they are represented as integrals of a fixed form over a
submanifold M, which varies continuously with the parameter 7.

Lemma 3.10. P*(F(W', 1)) is holomorphic in the variable T € U C C, for each a €
N,

Proor. Let us fix a point (w’, 7) such that w’ ¢ M; (this condition remains true for
T € B.(1), for € > 0 small enough). Consider as domain of P*(F) the set {w’} X B(7).
In view of Morera’s theorem, we need to prove that for any simple curve y C B.(7),

fPa(F(w', 7)) dr =0.
Y

Let I' € B«(7) be an open set such that bI'=vy. By y * M, (I' * M;) we mean the
union of M; along y (along I'). Note that these sets are submanifolds of C x C". The
projection 7 : I' * M, — C”" on the second factor is injective and m(I" * M) is an open
subset of M bounded by m(bI" * M,) = n(y * M;). By Lemma 3.8 and Stokes’ theorem

fP”(F(w’,T))dT=fl”(w',T)dT

Y Y

- [([ et - w)ar
y W meM;

= ff n"wsm(y —w') Adr
’y*MT

= f f dn*wpn(n’ —w') Adr)
I'sM-.

= ff dn® A wpy(n’ —w') Adt
I'«M,

= ﬂ dn® A wpy(n’ —w') A, dr
A(T+M,)
=0.

The last equality follows from the fact that in dn® appear only holomorphic
differentials, n* being holomorphic. However, since all the holomorphic differentials
supported by 7(I" « M;) C M already appear in wgy (" —w’) A m. dt (due to the fact
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that M is maximally complex and supports only m + 1 holomorphic differentials) the
integral is zero. o

Proor oF Proposition 3.7. Let us fix a regular point (w, wo) € fr, C U. Ina
neighborhood of this point W = Wy is a manifold, since the construction depends
continuously on the initial data. We want to show that W is indeed analytic in U.

Let us fix je{l,...,n—m} and consider « of the form (0,...,0,«;,0,...,0);
let P! be the corresponding P*(F(w’, 7)). Observe that for any j we can consider a
finite number of P¢ (it suffices to use & = max; PJQ(F (W', 7)) of them). By a linear
combination of the P]“ with rational coefficients, we obtain the elementary symmetric
functions

SYW. k), ... ST T)

in such a way that for any point (w’, w) € W there exists 7 € U such that (W', w) € W;;
thus, defining

Qiw',w,7) = th(w', T) + S}’_l(w', W+ + SJ(-)(W', T)W?,

we have, in other words,

wev={] ﬁn{Q,w’, w, 7) = 0.

el j=1

Define V C"(w', w) X C(7) as

3
3

V= {QJ(w w, 1) = 0}

~.
I
—_

and . _
W=W,xUcCV.

Observe that, since the functions S” are holomorphic, Visa complex subvariety of
C"x U. Since V and W have the same dimension, in a neighborhood of (wy, wo, 7)

W is an open subset of the regular part of v, thus a complex submanifold. We denote
by Reg(W) the set of points z € W such that wn U is a complex submanifold in a
neighborhood U of z. It is easily seen that Reg(W) is an open and closed subset
of Reg(V), so a connected component. Observing that the closure of a connected
component of the regular part of a complex variety is a complex variety we obtain that
W is a complex variety, W being the closure of Reg(W) mV.

Finally, since the projection 7: W — W is a homeomorphism and so proper, it
follows that W is a complex subvariety as well. O

Now we prove that the varieties VVU that we have found, which are defined in the
open subsets of type U (see Proposition 3.7), patch together in such a way to define a
complex variety on the whole of E, thus completing the proof of Theorem 3.4.
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Levva 3.11. Let U rand U ¢ be two open subsets as in Proposition 3.7 and let Wy and

W, be the corresponding varieties. Let 7' € l~/ N U ¢ Then Wy and W, coincide in a
neighborhood of 7"

Proor. Note that we are only interested in showing that the solutions in U N A and

ﬁg NA agree, since we already know that the solution exists in C" \ Ep. So, let
A= f(z') and T = g(z') and consider

L, 7)={f=2}n{g=7}CA

for (A, 7’) in a neighborhood of (4, 7). Note that for almost every (', 7), L(A’, 7’) is a
complex submanifold of codimension two of U; N U,. Moreover, W N L(A’, ") and
W N L(A’, ) are both solutions of the Harvey—Lawson problem for M N L(A’, 7'),
consequently they must coincide. Since the complex subvarieties L(A’, ") which are
regular form a dense subset, Wy and W, coincide on the connected component of
U; N U, containing z'. o

Remark 3.12. The above proof does not work in the case m = 1 since M N L(A’, T’) is
generically empty.

In order to conclude the proof of Theorem 3.1, observe, first of all, that in this
case each W,, and hence the whole W, is contained in (the closure of) A: this is
a consequence of the existence of a strip (Lemma 3.2) and of the Stein manifold
version of the Harvey—Lawson result. Moreover, from [10] it also follows that each
W; has isolated singularities; now we have to sho/v\v that the set SAof the singular
points of the whole W is a discrete subset of Q\ K. Let z' € Q\ K, and choose a
function /4 holomorphic in a neighborhood of Q such that h(z')=1and K c {|h| < %},
and consider f=h - %. Observe that z' € {Re f >0} and K c {Re f <0}. Choose a
defining function ¢ for bQ2, strongly plurisubharmonic in a neighborhood of Q and let
us consider the family

(1 =Ap + (1 — DRe Macpo.1

of strongly plurisubharmonic functions. For A near 1, {¢, = 0} does not intersect the
singular locus. Let A be the largest value of A for which {¢, =0} NS # 0. Then the
analytic set S touches the boundary of the Stein domain

{p7<0NQCQ.

Hence {¢7=0} NS is a set of isolated points in §. By repeating the same argument,
we conclude that S is made up of isolated points, thus completing the proof of
Theorem 3.1 for m > 2. In the following subsection we deal with the case m = 1.

3.2. Dimension of M equal to three: m = 1. From now on, we are assuming that Q
is strictly pseudoconvex, so that Lemma 3.2 applies. The first goal is to show that when
we slice M transversally with complex hypersurfaces, we obtain one-dimensional real
submanifolds which satisfy the moments condition.
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Again, we fix our attention to a neighborhood of the form

7= e

TeU

Let us choose an arbitrary holomorphic (1, 0)-form w in C".

Lemma 3.13. The function
D,(7) = f w
M

T

is holomorphic in U.

Proor. Using again Morera’s theorem, we need to prove that for any simple curve

ycU,y=»0l,
f(Dw(T)dT=0.
Y

fd)w(‘r)d‘r: f(f w)d‘r
Y v\ My
= ff wAdt
y*My
= ff d(w A dr)
T«M,
= ff ow Adrt
T«M,

= f f ow A m, dr
a(T+M,)

=0.

By Stokes’ theorem,

The last equality is due to the fact that n(I" * M;) C M is maximally complex and thus
supports only (2, 1)- and (1, 2)-forms while dw A 7. dt is a (3, 0)-form. O

Levma 3.14. Let g be a holomorphic function on a neighborhood of Q, and suppose
that {|gl>1}N K =0. Then there exists a variety W, on QN {|g|> 1} such that
bW, N bQ =M N {lg| > 1}.

Lemma 3.15. Given two functions g| and g, as above, the varieties W, and W,, agree
on{lgi|> 1} N{lgal > 1}.

Proor or LEmma 3.14. We are going to use several times open subsets of the type U
as in Proposition 3.7, so we need to fix some notation. Given an open subset U C C,
define U by
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From now on we use open subsets of the form U = B(7, ), where B(T, 9) is the disc
centred at 7 of radius 6. We say that {f =7} is the core of U and ¢ is its amplitude.
For a fixed d > 1 consider the compact set H; = Q N {|g| > d}; we show that W, is
well defined on H,. Let us fix also a compact set C C Q such that W; (see Lemma 3.2)
is a closed submanifold in H, \ C. _
Consider all the open subsets V, = U, N Q, constructed using only the function
f =g — 1up to addition of the function &(z; — z?) (see Lemma 3.5). If we do not allow
€ to be greater than a fixed € > 0, then by a standard argument of semicontinuity and
compactness we may suppose that the amplitude of each U is greater than a positive o.
We claim that it is possible to find a countable covering of H, consisting of a
countable sequence V; of those V, in such a way to have the following conditions.
(1) VocHy\C.
2 If

then Viu,y N BN Q # 0.

The only claim we have to prove is the existence of V), since the second statement
follows by a standard compactness argument.

Set L = maxy,Re g. Since Re g is a nonconstant pluriharmonic function, the level
set {Re g = L} is a compact subset of bQ N H;. Then we can choose 1 > 0 such that
{Re g =L —n} N Qis contained in H; \ C, and this allows us to define Vj.

Let U; and U, be two such open sets and 2 eU,nU,. Wecan suppose that the
cores of U} and U, contain z°. They are of the form

freaG-=1e) ad f+el; -9 =1

For ¢ € (g1, &), we consider the open sets U, whose core, passing by 2°, is given by
the equation f + &(z; — z?.) = 7(&). We must show that the set

A ={g€ (g, &): AW, such that W, N (U; N U,) = W; N (U; N U.)}

is open and closed, where W, is a variety in U,.

The set A is open. Indeed, if € € A, then for £ in a neighborhood of € the core of Uy
is contained in U, and so its intersection with M is maximally complex. Because of
Lemma 3.13 the condition holds also for all the level sets in U, and then we can apply
again the Harvey—Lawson theorem [9] and the arguments of Proposition 3.7 in order
to obtain W,,. Moreover, there is a connected component of U, N U, which contains
70 and touches the boundary of Q, where the W, and W, both coincide with W; (see
Lemma 3.2). By virtue of the analytic continuation principle, they must coincide in
the whole connected component.

The set A is closed. Indeed, since each~ﬁ has an amplitude of at least 6, we again
have that, for £ € A, the intersection of Uz and U, must include (for ee A, le —¢|
sufficiently small) a connected component containing z° and touching the boundary.
We then conclude as in the previous case. O
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Proor oF LEmma 3.15. Let us consider the connected components of W, N {|gz| > 1}.
For each connected component W, two cases are possible.

(1) W, touches the boundary of Q: W; N bQ # 0.
(2) The boundary of W is inside Q:

bW €{lgil =1} Uflgal = 1} c Q.

In the former case, the result easily follows in view of the analytic continuation
principle (remember that on a strip near the boundary W,, and W,, coincide).

The latter case is actually impossible. Indeed, suppose on the contrary that the
component W, satisfies (2). Restrict g; and g, to W; and choose ¢ > 1 such that

Wt${|gi|>l,i=1,2}@W1.

The boundary bW, of W, consists of points where either |g;| = ¢ or |g2| =¢. Choose a
point zy of the boundary where |g;| = ¢ and |g;| > . Then |g;| is a plurisubharmonic
function on the analytic set

A={g1=g1(z0)} N{lg2l =2 t}.

Since W, € Wj, the boundary of the connected component of A through zo is
contained in {|g;| = #}. This is a contradiction, because of the maximum principle for
plurisubharmonic functions. O

4. Some remarks

4.1. Maximality of the solution. As stated above, we do not have a complete answer
to the problem of the maximality of A. Nevertheless, here is a simple example where
the domain constructed is actually maximal.

Exampre 4.1. Let Q € C" be a strongly convex domain with smooth boundary, 0 € Q,
and let & be a pluriharmonic function defined in a neighborhood U of Q such that
h(0) =0 and h(z) = h(z1, . . . , Zu-1, 0) (that is & does not depend on z,,). Put

H={zeU:hz)=0)}
and let
A=bQN{zeU: h(z)>0}.

Then _
A=Qn{zeU:h() >0}

In order to show that A is maximal for_our problem, it_sufﬁces to find, for
any z€ HNQ, a complex manifold W, c A such that M, = W, N A is smooth and
W cannot be extended through any neighborhood of z. We may suppose z = 0.
So, let f € O(Q) be such that Re f = &, f(0) = 0. We define
Wo={z€A:z, =)

W, extends as a closed submanifold of U \ {f =0}. Moreover, observe that each
point of {f =0} is a cluster point of W,. Suppose on the contrary that W, extends
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through a neighborhood V of 0 by a complex manifold Wj. Then {f =0} NV c W[,
thus {f =0} NV = W; N V. This is a contradiction.

4.2. The unbounded case. Let QO c C" be a strictly pseudoconvex domain, and
A C bQ) an unbounded open subset of HQ.

Consider the set

A={A" e bQ| A" Cc A, A" domain}.
For an arbitrary A’ € A (bA’ = K’), let D4 be the compact connected component of
Q\ K. Set
D= Dy.
A’eA

From Theorem 3.4 it follows that for every maximally complex closed (2m + 1)-
dimensional real submanifold M of A, there is an (m + 1)-dimensional complex closed
subvariety W of D, with isolated singularities, such that PW N A = M. Hence the
domain D is a possible solution of our extension problem.

When A = bQ), we may restate the previous result in a more elegant way. In the
same situation as above, consider

C"cCP', C"'=CP"\CP%!
and define the principal divisors hull Cp of C = Q N CP";! by
Cp=1{z€Q|VfeOQ)L;.NC+#0),

where L .- 18 the closure of the connected component (in Q) of the level-set { f=f@}
passing through z. Then

D=0\ Cp.
Indeed, if z € D, then there exist an open subset A’ C bQ and a function f € O(Q) such
that Lf . N bQ is a compact submanifold of A’. In particular z ¢ C, p. Conversely, if

z¢C, » then there is a function g € O(Q’) (' > Q domain) such that N = Lg NnC =0,
that is it is a compact submanifold of »Q. By choosing a relatively compact open
subset A’ C bQ) large enough to contain N it follows that z € D4 C D.

5. Generalization to analytic sets

Let Q, A and K be as before. We want now to consider the extension problem for
analytic sets.
Let us recall that if F is a coherent sheaf on a domain U in C", x € U and

0-0F—>... 50" >F,—-0

is a resolution of ¥, then the depth of ¥ at the point x is the integer p(¥y) = n — k.
We will say that M C A is a k-deep trace of an analytic subset if there is:

(i) anopenset U cC"(UNbQ=A)
(i) an (m + 1)-dimensional irreducible analytic set W), whose ideal sheaf 7y, has
depth at least k at each point of U, such that Wy, N bQ = M.

In this case, we say that the real dimension of M is 2m + 1.
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TueOREM 5.1. For any (2m + 1)-dimensional 4-deep trace of analytic subset M C A,
there exists an (m + 1)-dimensional complex variety W in Q\ K, such that bW N
(A\K)=Mn A\ K).

Observe that in this situation we already have a strip U on which the set M extends.
So we only need to generalize Lemma 3.5 and the results in Section 3.1.

Levma 5.2. Let 20 € Q\ K. Then there exist an open Stein neighborhood Q, > Q and
f € O(Qy,) such that the following conditions hold.

M =0 N

(2) {f =0} is a regular complex hypersurface of Q, \ K.

(3) {f =0} intersects M in a compact set and Wy, in an analytic subset (of depth at
least 3).

Proor. The proof of the first two conditions is exactly the same as before. Hence we
focus on the third.

Again in the same way as before, we obtain compactness of the intersection with M.
Then we may suppose that W), is not contained in {z; = z(l]} and, for &€ small enough,
let f: Q, — C be the function f(z) = h(z) + &(z; — z(l)), where Q, and h are as defined
in Lemma 3.5. Consider the stratification of W, in complex manifolds. By Sard’s
lemma, the set of & for which the intersection of {f(z) =0} with a fixed stratum is
transversal is open and dense. Hence the set of € for which the intersection of { f(z) = 0}
with each stratum is transversal is also open and dense; in particular, it is nonempty.
The conclusion follows. O

The previous lemma enables us to extend each analytic subset
Wo=Wyun{f=0}
to an analytic set defined on the whole of
Qn{f =0}

Indeed, on a strictly pseudoconvex corona the depth of W, is at least 3 and thus W
extends in the hole (see for example [2, 17]). Obviously the extension lies in {f = 0}.

Observe that, up to a arbitrarily small modification of bQ2, we can suppose that it
intersects each stratum of the stratification of Wy, transversally. In this situation M is
a smooth submanifold with negligible singularities of Hausdorff codimension at least
two (see [7]). _

Again, we consider a generic projection m: U — C” and we use holomorphic
coordinates (W', w), w = (Wi, ..., Wy_pn) ON

cCt=C"xcrm

Keeping the notation used in Section 3.1, let V, = C" \ n(M;).
ForteU,w e C"\ n(M;) and @ € N"™™, we define

"W, 1) = f n“wpn( —w),
(17 ;meReg(M7)

wpy being the Bochner—Martinelli kernel.
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Observe that the previous integral is well defined and converges. In fact, W, =
Wy N {f =7} is an analytic set and thus, by Lelong’s theorem, its volume is bounded
near the singular locus. Hence, by Fubini’s theorem, the regular part of M, = W, N bQ
has finite volume up to a small modification of bQ.

LemmA 5.3. Let F(W',T) be the multiple-valued function which represents M, on
C"\ n(M;). If we denote by P*(F(W', 7)) the sum of the ath powers of the values
of FW', 1), then

PY(FW,1)=1"(W, 7).
In particular, F(W', 7) is finite.
Proor. Let Vjy be the unbounded component of V, (where, of course, the function
P*(F(w', 7)) vanishes). Following [9], it is easy to show that I*(F(w’, 7)) also vanishes
on Vy. Indeed, if w’ is far enough from n(Reg(M,)), then 8 =n"wpy(y’ —w’) is a
regular (m, m — 1)-form on some ball Bi of Reg(M;). Hence, since in By there exists
v such that 5)/ = 3, we may write in the sense of currents

[Reg(M)1(B) = [Reg(M)]mm-1(@y) = BIReg(M)lmm-1(y)-

We claim that E[Reg(MT)]m,m_l (y) = 0 and, in order to prove this, we first show that
[Reg(M,)] is a closed current. Indeed, observe that d[Reg(M,)] is a flat current, since
it is the differential of an Llloc current (see [8]). Moreover,

S = supp(d[Reg(M-)]) C Sing(M-),
so, denoting by dimg, the Hausdorff dimension and by # the s-Hausdorff measure,
dimg(S) < dimg(sing(M;)) < dimgr(Reg(M;)) — 2

and consequently
Hdimy (Reg(m,))-1(S) = 0.
By Federer’s support theorem (see [8]), this implies that

d[Reg(M.)] = 0.
Now, since Reg(M;) is maximally complex,
[Reg(M‘r)] = [Reg(M‘r)]m,mfl + [Reg(M‘r)]mfl,m-

Since E[Reg(MT)]m,m_l is the only component of bidegree (m, m — 2) of d[Reg(M;)]
and d[Reg(M,)] = 0, we have

A[Reg(M)]ym-1 =0.

Moreover, since [Reg M.]() is analytic in the variable w’, [Reg M. ](8) = 0 for all
w e Vo.
The rest of the proof proceeds as in Lemma 3.8. O

Lemma 5.4. P*(F(W', 1)) is holomorphic in the variable T€ U CC, for each a €
Nn—m—l.
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Proor. The only difference with the proof for the case of manifolds is the fact that /
is an integration over the regular part of I' * M, and not all over I' * M,. It is easy
to see that Stokes’ theorem is valid also in this situation, so the chain of integrals in
Lemma 3.10 holds in this case, too. a

The rest of the proof of Theorem 5.1 proceeds as in the proof of Theorem 3.4 (see
Section 3.1).
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