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ON THE HYPERPLANE SECTIONS OF BLOW-UPS
OF COMPLEX PROJECTIVE PLANE

ALDO BIANCOFIORE

Introduction. Let L be a line bundle on a connected, smooth, algebraic,
projective surface X. In this paper we have studied the following questions:

1) Under which conditions is L spanned by global sections? Le., if ¢; : X —
PV denotes the map associated to the space I'(L) of the sections of L, when is
¢, a morphism?

2) Under which conditions is L very ample? l.e., when does ¢, give an
embedding?

These problems arise naturally in the study, and in particular in the classifi-
cation, of algebraic surfaces (see [8], [3], [S]).

In particular we have restricted our attention to the case in which X is gotten
by blowing up s distinct points xi, ..., x, € P2. If we denote by Py,...,P; the
corresponding exceptional curves then a line bundle L on X is of the form

L=r"0pd)— Y 4P

Jj=1l...s

where 7 : X — P? is the blowing up morphism with center xi, ..., x;.
It was classically known that if

L=7m0pB3)~ ) P

Jj=l.,.8
with xj,...,x; in sufficiently general position, then L is very ample if s = 6
and L is spanned by global sections if s = 7.
Partial answers to questions (1) and (2) are in [1] when ¢t; = --- =t;, = 1, in

[7] when s = 9, in [9], [10], [11] when AO(L) = 5.
Note that in our paper we obtain again the very ampleness of

L=7"0p@)— Y P
10

J=l

which gives the Bordiga surface in P*, see [13], [6], [9].
Further applications of our results can be found in [8].
In Section 0 we explain our notation and collect background material.
In Section 1 we give a modified version of the Beauville-Reider theorem.
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In Sections 2 and 3 we give sufficient conditions under which L is spanned
or very ample.

The similar questions in the case of a ruled surface are examined in [2].

We would like to thank A. J. Sommese for very useful discussions.

0. Background material. (0.0) Let L be a line bundle on a smooth connected
projective surface X. Let M = L — Kx, where Ky is the canonical line bundle
on X.

(0.1) In order to simplify our notations we give the following definitions: Let
X and L be as in (0.0).

1. We say that L is “O-very ample” if L is spanned by global sections;

2. We say that L is “1-very ample” if L is very ample.

THEOREM 0.2. Let X,L and M be as in (0.0). Assume that
1) M is big and nef
2)M?Z5+4i,i+0,1
3) L is not i-very ample.
Then there is an effective divisor E on X such that

M-E—1—i<E*<M E[2<1+i.
Proof. See [12, Theorem 1, pg. 310].

1. Some implications of Reider’s method. (1.0) Let L be a line bundle on
a smooth connected projective surface X. Let M = L — K.

Definition 1.0.1. For every m € N, denote by D, the set of all divisors
E C X, such that E # 0 and mkE is effective. Moreover we set

D=|)Dy and Dy={E€D|M-2E€D}.
meN

THeorem 1.1. (Reider): Let:

HMeD

2) M2 Z5+4i

3 M —E)-E22+i forany E € Dy andi =0,1.
Then L is i-very ample.

Proof. This is essentially the same as in Theorem (0.2).

(1.2) Let E € D;. Then E = Ey +--- + E; where Ej,j = 1,...,k are all the
irreducible and reduced components of E. Denote by ‘;,i = 0, 1, the set of all
E € Dy such that either k = 1 or if k 2 2 then the following inequalities must
be satisfied

21 > E-(E-E)Z(K-DQ+i)+]

J=1,k
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and

(122) E'-E"=22 fE=E+E'and E,E" € D,.

Lemma 1.2.3. Ifany E € E; N Dy, i = 0, 1, verify the inequality
(124) M —E)-EZ2+i

then (1.2.4) holds also for any E € Dy.

Proof. Let E = E| +--- + E;y € Dy. where E;,j = 1,...,k, are all the
irreducible and reduced components of E. Then E; € % N Dy. Assume that
E ¢ E;. Then k = 2. If (1.2.1) is not satisfied then

M—E)-E= Z M —E)-E;— Z E;-(E—E))
=Lk =1,k
2kQ+i)—(k+1D)R+i)22+i, i=0,1,

i.e., (1.2.4) holds. Assume now that (1.2.2) does not hold. We proceed by in-
duction on k. Let k = 2. If (1.2.1) is not satisfied then we are in the above
case and thus (1.2.4) holds. Suppose that (1.2.1) is satisfied. Since for &k = 2
(1.2.1) implies (1.2.2) then (1.2.4) is satisfied by assumption. We now assume
that for any ¥’ < k — 1 the statement is true. Since (1.2.2) is not satisfied there
are E'E”" € Dy suchthat E'+E" =E =E|+---+Eyand E' -E" £ 1. Then E’
and E” satisfy (1.2.4) and we have

M—E)yE=WM—EY-E'+M—E"y-E" —2E'-E" Z2+2i.
Thus E satisfies (1.2.4).
Lemma 1.3. Let E € ‘E;,i = 0,1. Then g(E) 2 0, where
g(E)=1+(E+Kx)-E/2.
Proof. LetE = E|+---+E; € D) where E;,j = 1,..., k are all the irreducible

and reduced components of E. Assume that g(E) < 0. Then k& = 2. Moreover,
since

g(E) = Z gEH)—(k—1)+1/2 Z E; - (E —E)

Jj=1,...k J=1lesk

where g(E;) 2 0 we have

> E-(E—-E)<2k—1)S (k—DQ2+i)

j=1,...k
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which implies E ¢ ;. Thus we have a contradiction.

Remark 1.3.1. Let E € D,. Then

HDM—E)-E=L-E—2g(E)+2

2) If g(F) = O then E € ‘E; if and only if E is smooth. Moreover if L is i-very
ample then L - E = 1.

Lemma 1.3.2. Let E € Dy,g(E) =1 and L be very ample. Then L - E 2 3.

Proof. Since L is very ample then L-E 2 1. If L-E = 1 then E is a line
relative to L while if L- E = 2 then E is a conic relative to L. In both cases we
have a contradiction since g(£) = 1.

(1.4) Let E € Dy Since
(14.1) M?>=4E-M —E)+(M —2E)?

then E - (M — E) 2 2+i if and only if M? Z 5+4i+(M — 2E)?. Moreover from
(1.4.1) assuming

2 .
(1.42) {M > 544 '
M —E)-E<1+i

then

(143) (M —2E)? 2 1.

LemMa 1.4.4. Let E € Dy,i =0, 1. Assume that

(1.4.5) E*Z=0and (M —2E)-E 0.

and that (1.4.2) holds. Then one of the following is satisfied
)i=0,E2=0,M-E=1

2)i=1LE*=0,M -E=1,2
3) i=1,E*>=1,M = 3E.

Proof. From (1.4.2) and (1.4.5) it follows that
O0SE-M—-2E)S1+i—E?
which combined with Hodge Index Theorem, (1.4.5) and (1.4.3) gives
(14.6) E2<E*>- (M —2EY <(E-(M —2E)* £ (1+i—E»?.
Moreover

(1.47) M -E >2E%.
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In fact if M - E = 2E? then, by Hodge Index Theorem, M — 2E = AE for some
A € Q. Thus E2 = 0 and again, by Hodge Index Theorem, we get M = uE for
some u € Q. Thus M? = 0 which contradicts (1.4.2). Applying now (1.4.6) and
(1.4.7) we get the statement.

LemMma 1.4.8. Let M? 2= 5+ 4i and let E* 2 —1 for any E € F N Dy
such that g(E) = 0. If there is E € F N Dy such that g(E) = 1,E* = 0 and
1l =M -E = 1+1, then L is not i-very ample.

Proof. We have
M-E=WM—-E)-E=L-FE—-2g(F)+2=L-E.
If i = 1 the statement follows from (1.3.2). If i =0then M -E =L-FE = 1. Let
E=E + - +E;, € EN Dy,

where Ej,j = 1,...,k are all the irreducible and reduced components of E. We
study the two cases k = 1 and k = 2. Let kK = 1. If E is smooth it follows
immediately that L is not spanned. If E is not smooth then there is a singular
point P € E. Since if P is a base point we are done, we can suppose that P is
not a base point. We have

dim|L — P| = dim|L| — 1.

Furthermore D’.E 2 2 for any D' € |L — P|. Hence |[L — P| = |L — E|. If
D € |L| —|L—P| then Q € DNE is a base point. Thus also in this case L is
not spanned. Let k 2 2. Since

I=gE)= Y gE)—Kk—1+1/2 Y E-(E—E)

j=1,k =1,k

2 ) gE)+1

1=1,..k

then g(E;) =0 for t = 1,..., k. Moreover

0=F?= Z E, + E E-(E—E)Z —k+2k=k>1
t=1,..,k t=1,...,k

which gives a contradiction.
2. Rational surfaces. (2.0) Let xi,...,x, be distinct points on P%. Let 7 :
X — P? expresses X as P? with x, ..., x, blown up. Denote by Pi=n'(x),j =

1,...,s the corresponding exceptional curves. We set

L=m"0Op@)R@[P]"® --®[Ps]™ and M =L®Kx
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where t1,...,ts € N. Without loss of generality we can assume that r; = --- 2
tg. If

r € |7 (Op2(1))]
then

L=dr— Y 4P and M=(d+3)r— Y (+DP;
J=1,.8

= s

Throughout the rest of the paper we will suppose X, L and M being as in (2.0).
Lemma 2.0.1. Let M?> >0 and d 2 0. Then M € D.

Proof. From the Riemann-Roch Theorem it follows that
R (aM) Z x(Ox) + (1/2)(@*M? — aM - Kx) > 0
for a > 0, since
R (aM) = hi°(Kx — aM) = 0.
(2.1) Denote by D* the set of all divisors

EEyl’—— Z aij

on X such that y = 0 and «; = y. Then D* D D. Moreover if we write
D)y = {E € DM — 2E € D*}

then Dy; DO Dy . Let now

E=yr— Y oGP € ENDy,i=0,1

J=lus

and let

M —2FE = xr — Z )\ij,

Jj=1,..5
ie,x =d+3—2y,\; =t+1—2a; Since E,M —2E € D* then

0=Sy=(@@d+3)/2 and (+1—x)/2= o Sy.

Remark 2.1.1. In view of (1.4.3),if M2 2 5+4i and if (M —E)-E = 1 +1i,
then x = 1.
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LemMA 2.1.2. Let M?> Z 5+ 4i and let E € ‘E; N Dy such that E* Z 0. If
E-(M —E) = 1+ then one of the following is verified:

) i=0,E>’=0M-E=1

2)i=1LE>=0,M-E=1,2

3) i=1,E>=1,M =3E.

Proof. By (1.4.4) we have to prove only that E - (M — 2E) 2 0. If

E-M=2E)=xy— »  a} <0

J=ls

then from (1.4.3) it follows that

2
xzy2 <( Z ocj)\j) é( Z af) ( Z )\jz)
J=1,s Jj=1.8 J=l.s

S —-EHut-1)

ie.,

lIA

0<E B =E— T o

2 <0.

J=lesS

Hence we get a contradiction.

LEmMMA 2.1.3. Let M2 2 5+ 4i and let

214) Ey =[d+3)/2r — Y [+ 1)/21P;.

Jj=l,.s

If Ey is effective then

(21.5) Ey-(M —Ey)22+i

if and only if one of the following holds:
1) M2Z6+4i

2) d+3is even
3) if n is the number of j € {1,...,s} such that t; is even then n 2 1.

Proof. From (1.4.1) it follows that
2.16) Ey-M —Ey) = (1/4)(M2 — (M —2Ey)?).
Let h =d+3 —2[(d +3)/2] then

(2.1.7) (M —2Ey)* =h—n.

https://doi.org/10.4153/CJM-1989-045-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-045-5

1012 ALDO BIANCOFIORE

Thus, using (2.1.6) and (2.1.7), it follows that (2.1.5) is satisfied if and only if
at least one among 1), 2), and 3) holds.

Lemma 2.1.8. Let M%2 2 5+ 4i and let x 2 1. Consider

E=yr— Y aPj € E,i=0,1.

Jj=1,8

Then:

D Ify=0theny | aj=-land a;=0,j=1,....s

) Ify2lthena;20,j=1,...,s

D Ify22thenay=y—1,j=1,...,s

4 fEN=yr =37, BiPj where B; = Min{q;, (t; + 1)/2} then EM €
and

219 EN-M—-EMNSE-M—-E).

Moreover if (M — 2E) € D* then also (M — 2E") € D*.
Proof. 1) Since E is effective and E # 0 then a; = 0. Moreover if

Z aj§—2

J=18

then g(E) < 0 and from (1.3) it follows that E & E;. 2) If o; < O for some
j€{l,...,s} then E;, = P; and E, = E — E, are effective divisors such that
E)-E; £ O and again E ¢ E. 3) If o; = y for some j € {1,...,s} then
g(E) < Oand therefore by (1.3) we have E ¢ E,. 4) It is easy to see that (2.1.9)
is verified. It remains to prove that EM € Z;. If o = 1 for j = {1,...,s} then
Bj = o and E = E". Assume that o, 2 2 for some 7 € {1,...,s} then:

(2.1.10) E+P, € E,.

To prove (2.1.10) we have to prove that E + P, satisfies (1.2.1) and (1.2.2). Let
Eiyy = Prand E = Ey + -+ + Ey. Then

> E-(E+P—E)= Y E-(E—E)+2P,-E
j=1,...k+1 j=1,...k

Zkh—DR+D+1+20, Z kQ+i)+1.

Thus (1.2.1) is satisfied. Let E’ and E” be effective divisors on X such that
E = E'+ E". To show that E + P, verifies (1.2.2) it is enough to prove that

Q.1.11) (E'+P)-E" 2 2.
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If E”-P, 2 0 then (2.1.11) is verified since E’ - E = 2. Assume that E” - P, < 0.
Let F/ = E'+ P, and F" = E"” — P,. Then F'and F” are effective divisors such
that F’ + F” = E and therefore F' - F” Z 2 since E € E;. We have
(E'+P)-E"=F -(F'+P)=F -F'"+F -P, and
E -Po=o,—E"-P—122.

Thus (2.1.11) is again verified and consequentelly (2.1.10) is satisfied too. By
(2.1.10) and by induction on

n= Z (o — ),

J=ls
we obtain that E” € F;. Moreover since
M —2E")-Pi=p=t;+1—20;
then

)‘j if (tj+1)/22- Q;
pi=4 1 if(+1)/2<a;and is even
0 if (5+1)/2 < a;and ¢ is odd.

It is easy to check that p; = x.
Denote by 7; the set of all

E=yr— Y oP;€ ENDy suchthat | Sy < (d+2)/2

Jj=1,.,8
and

Max {0,(t; +2y —d — 2)/2} = q;

1 ity =1
T | Min{y -1, + 1)/2} ify=2.

THEOREM 2.2. Let i = 0,1 and let:

)dz0

2) M2 Z5+4i

3) (M —E)-E Z2+i for any E € T; such that E* < 0.
Then L is i-very ample unless there is E € T; such that either E* = 0 and
1SM-E<1l+iori=1E*=1and M =3E.

Proof. The theorem is a direct consequence of (1.1) and of (2.1.2). In fact
since d = 0 and M? = 5 +4i, by (2.0.1), we have E € D. Moreover applying
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(1.2.3), (2.1.8) and (2.1.1), it follows that the condition 3) of (1.1) is satisfied if
(M —E)-E 2 2+i for any E € T;. The theorem now follows applying (2.1.2).

THEOREM 2.3. Let

n2zu2---214

2) M? 2 5+4i,i=0,1
Then L is i-very ample if for any y such that 1 <y < (d +2)/2 and for any
D € |Op:(y)|, the following in equality holds:

231) Y 4 Syd+3—y)—2—i
JENA

where Ny = {j € [1,...,s]lx; € D]}.

Proof. The statement follows easily from (2.2) and the fact that (2.3.1) is
equivalent to
232) E-M—E)22+i
forany E=yr—3,,  ojPjsuchthat 1=y =(d+2)/2and0= ;= 1.
Remark 2.3.3. When t; = --- = t; = 1, the above theorem improves the
result in [1]. In particular if d = 4 we get that L = 4r — 7., Pjis i-
very ample if s = [1 —i,i = 0, 1. This bound is sharp (see [1]). Hence when
s = 10,¢, embeds X in P* provided that at most 3, 7 and 9 of the x; lie

respectively on a line, a conic and a cubic. In this case (X, L) is called “Bordiga
Surface” (see [9], [10], [11], [6], [13]).

THeOREM 2.4. If
Q41) dZi+ Y 1,i=0,1
Jj=1,,8
then L is i-very ample.

Proof. We have to proof that:

1) M2 Z5+4i

2) M —E)-E=z2+iforany E = yr — Zj=1,..4,
If s = O then (2.4.1) is trivially true. Assume that

> pzszl

J=1,,8

soszjE'E,-ﬂl)M.

Since

M>=@d+3)7— > (+1)’Z@4+2) Y 4+G+i) —s

J= s J= s

> (3 +2i) Z i+ (3 +i)
Jj=1,..5

> 12+9i > 5+4i,
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1) is proved. We want now to prove 2). We have

M —E)-E=yd+3—y)— Y ajt;+1—a).

J=ls

Ify=0then(M —E)-E23.Ify=1,2then0 = o; = | and

M—E)-EZ(y—1) ) 4+y3+i—y)Z2+i.

Jj=l..s

Thus we assume y = 3. If y 2 3 then by (2.1.8) we may assume
ajéMin{y—l,(tj+l)/2},j:1,...,s and

M —E)-EZ—y>+@+i)y+ Z Ot — ot + 1ag)).
J=1.8

We need to consider two cases:

a) (j+1)/2<y—1 and b) y—1=(@+1)/2.
In case a)

vt — oty + 1 — o) Z (6 +4) /2 — (6 + 1)/2)> > 0.

In case b)

1015

yi—oti+ 1l —a) 2yt —(y— DG +2—y) =y> =3y +2+1 > 0.

If (1) +1)/2 2 y — 1, then

M—E)-EZ—>+@+iy+yt —ay(t; +1 — )
Ziy+2+0n 22+,

Assume now (¢; +1)/2 <y — 1, then
H+H/2=y,j=1,...,s

By (2.1.1) we may assume y < (d + 2)/2‘ Thus we have
M—E)-E=2d+4)y/2— Z (4 +1)/2)*

Jj=

;y(i+4)/2+( S @y —@+1) )) /4

J=1s

;y(i+4)/2+( Z (2t,—1)) JAZ 240,

J=1,..,s
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Remark 2.4.2. The bound (2.4.1) is sharp. It can be improved only under
the condition that not all the points x;,j = 1,...,s, lie on a line.

Remark 2.4.3. We like to point out that the above theorem is very useful in
the investigation of the existence of surfaces whose minimal model is P?, see
[8]. However if

where i = 0, 1 in order to be able to answer to the question if L is i- very ample
it is necessary a study of the position of the points xj,...,x;. A contribution to
this problem is given in the following section.

3. General position.

Definition 3.0. We say that xi,...,x; are in general position with respect to
L if for any E € |Op2(y)| such that:

1) E is irreducible and reduced

2) ISy=(d+2))2

3) wEN = (+1)/2,i=1,...,s.
Then

GO0 (1/2) > wEXwE)+1) £ hE) — 1= y(y +3)/2

j=1,...8
where p;(E) denotes the multiplicity of E at x;.
Remark 3.02. 1f221 Z--- 2t then u;(E) = 1 and (3.0.1) becomes

(3.03) Y wE) Sy +3)/2

J=Lhs

which means that there are no more than two points on a line, no more than
five points on a conic, no more than nine points on a cubic, etc.

Lemma 3.1. Let xy,...,x; be in general position with respect to L. Let

E =yr— Z oiP; € E

j=1s

be such that y = (d+2)/2 and o = (t; + 1)/2,j = 1,...,s. Then

GLD (1/2) Y ajlaj+1) S yy+3)/2.

J=1l.

Proof. If y = 0 then

> aj=—1 and o;<0,j=1,...,s,

j=1,..5
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hence (3.1.1) holds. Assume that £ = E; +--- + E;, where E,,t = 1,...,k are
all the irreducible and reduced components of E. Since E,,t = 1,..., k satisfies
(3.1.1) we can assume k = 2. We claim that also E verifies (3.1.1). In fact if £
does not satisfies (3.1.1) we get a contradiction since

0>yp+3)— Y oo+ = Y E-(E —Ky)

J=lss J=lk

+ > E-(E—E)Z(k—1DQ2+i)Z2+i.
J=1...k

Note. (3.1.1) is equivalent to

(3.12) E-(E—Kx)=20.

PROPOSITION 3.2. Let M? Z S+4i and let that x,, . . ., x; be in general position
with respect to L. Consider

EEyr—— Z aijETq‘m@M

J=1l,s
such that g(E) Z 1. If E-(M — E) £ 1 +1 then either g(E) = 1,E? =0 and
1SM -ES1+iori=1,¢E)<2,E>=1and M = 3E.
Proof. Since (3.1.2) and g(E) 2 | imply that

32.1. E*ZgE)—120

the statement follows easily from (2.1.2).

LemMA (3.2.2) Let M? Z 5+4i and let x,, ..., x, be in general position with
respect to L. If there is an E € ‘F N Dy such that g(E) = 1,E*> = 0 and
1=M-E =1+, then L is not i-very ample.

Proof. We have
M-E=M—-E)-E=L-E-2g(E)+2=L-E.

Thus when i = 1 the statement follows from (1.3.2). Assume that / = 0. Then
M -E —L-E = 1. Moreover if there is F € E; N Dy, with g(F) = 0 then, since
Xi,...,Xs are in general position with respect to L, F2> = —1. So the statement
follows from (1.4.8).

THEOREM 3.3. Let:
1) M> = 5+4i
2) X1,...,Xs are in general position with respect to L
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3) for any E € E N Dy such that g(E) = 2 then either E*# 1 or M # 3E.
Then L is i-very ample if and only if for any E € E;N Dy such that 0 = g(£) = 1
we have L -E 2 2g(E) + 1.

Proof. The statement follows from (1.3.2), (3.2) and (3.2.2).

THEOREM 3.4. Assume that:

1) x1,...,xs are in general position with respect to L

2) M>Z5+4i,i=0,1

3) for any E € E; N\ Dy such that g(E) = 2 either E># 1 or M # 3E.
Then L is i-very ample if d 2 31, + 1.

Proof. Assume that d 2 3¢, + 1 and that there is

E=yr— Y oPj € ENDy

J=1s
such that g(F) = 0,1 and
(B34.1) L-E=2g(E)—1+1.

Then y = 1. Moreover by the general position hypothesis on xi, ..., x; it follows
that

(342) E-Kyx<g(E)—1=<E%
Therefore

(L-E+nHE -Kx)=y(d=3m)+ Y oty —1) Z y(d—3n).

J= s
Combining (3.4.1) and (3.4.2) we get that
(L-E+HE -Kx) = Q+1)gE)—D+1+1.
Hence
d=3n+(A)y)
where
A=Q+n)gE)—D+1+i.

If g(E) =0then A <O0.If g(E) = 1theny 2 3 and A = 1 +i. In both cases
we get d = 3¢ which gives a contradiction.
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Remark 3.4.1. Let X,L and M be as in Theorem (3.4). Assume that | = 2.
Then L is i-very ample if d 2 7. If 1 £ d = 6 a direct computation shows that
L is i-very ample if it satisfies the conditions in the following table I:

i d L is i-very ample if

0,1 1 p=0andg=1-—1

0,1 2 psl1—il=2—iifp=1—i
0,1 3 p=lgsi—1lifp=2—i
1 4 p=1

0 4 p=4,q9=0ifp=4

1 5 p=4

0,1 6 p=8—igq<iifp=8-—1

where p,g € Z, are such that p+g=sand t; = --- =1, = 2ty = --- =

t; = 1. Conversely if L is not as in table I, L is not i-very ample. (Remember
that we are supposing M2 Z 5 + 4i). For example, consider

Li=6r—2 2 P, — Q2 —i)Pg — Py,i = 0,1
j=1,...,7

and let

E=3r— Y P eD.

j=1,...9

Then g(E)—1,L-E =1+ i, E? = 0. Therefore, from (3.3) it follows that L; is
not i-very ample.

Note. After this paper was written, R. Weinfurtner, a student of K. Hulek, has
generalized our results to the case of infinitesimally near points.
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