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A NOTE ON BLASCHKE PRODUCTS WITH ZEROES IN 
A NONTANGENTIAL REGION 

BY 

MIROLJUB JEVTIC 

ABSTRACT. We show that if B is a Blaschke product with non-
tangential zero set {zk} and 0 < p < 1, 1/2 < a/? < 1, then the 
condition sup0 < / .< 1(l — r) M (r, D +aB) < oo is equivalent to 
the condition {(1 - \zk\f

/p)~aka} e t°°. 

1. Introduction. Let / be holomorphic in the open unit disc U (abbreviated 
/ G H(U) ). For any /?, 0 < p ^ oo, we define 

Mp(r9 f) = ( i - / ^ \f(reld) \pde^\ 0 ^ r < l , 0 < / > < o o 

M J r , / ) = sup |/(re*) |, 0 ^ r < 1. 
0 

The Hardy space Hp, 0 < p ^ oo consists of all functions / e # W ) for 
which 

| | / | |„ = sup M , ( r , / ) 

is finite. 
If / ( z ) = 2 a^z *s holomorphic in U and a > 0, following Flett ( [4] ), we 

define the fractional derivative of order a by 

(Daf)(z) = 2(* + l)a a*z* 

If 0 < p < oo and a > 0, then a function / e //(£/) is said to belong to the 
space A ^ if 

H / l l ^ = sup (1 - r)Mp(r, Dx+af) < oo. 
F 0<r<l y 

If {z^} is a sequence of complex numbers in Ufor which 2 ( 1 — \zk\ ) < oo, 
then the Blaschke product 

O O I i 

Z/J Z, - Z 
B{Z) = n ^ 

* - l z * z t 1 
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converges uniformly on compact subsets of U and has {zk} as its zero set. 
See [3]. 

In this note we deal with Blaschke products whose zeroes {zk } lie in a fixed 
nontangential region G = {z G U: |1 — z\ < C(\ — \z\ ) } for some C > 1. 
The class of all such infinite Blaschke products will be denoted by &. 

In [6], Theorem 3, J. Verbitski proved that if B e & with zeroes {zk} then the 
condition B G A^'a is equivalent to the condition { (1 - \zk\)

{X/p)~aka} G ^°°, 
under the assumptions 1 ^ p < oo, 1/2 < ap < 1. In this note we extend this 
result to the case 0 < p < 1. 

In [7] J. Verbitski showed that if 1 ^ p < oo then ^ c A'7ll/2/?. We improve 
this by showing that 

H°° n Ap>x/2p c T n A«'1/2«, for all /> ^ q, 

and « c A^7'172^ for all 0 < p < oo. 

2. As stated in the Introduction we want to extend the results of [6] and [7] to 
the case 0 < p < 1. Here and elsewhere the quantity 1 — \zk\ will be denoted 
bydk. 

THEOREM 2.1. Let B G # , with zeroes {zk}. IfO<p< 1 and 1/2 < ap < 1 
then {d^,p)-aka} G *f°° if and only if B G A^'a. 

PROOF. Let « be the positive integer such that \/(n + 1) ^ p < \/{n). Note 
that a < \/p ^ 1/(1 - «/?) and hence the condition Mp(r, Dx+aB) = 
0((1 - r)~x) is equivalent to the condition Mp(r, Dx+anpB) = 
0( (1 - r)"1-«"/>+«) ( [4], Theorem 6). Since B is bounded. 

\(Dx+anpB)(z)\ ^ C(l ~ | z | ) ~ 1 _ a ^ . 

Thus, 

3f1/B(r, Di+an?B) = (-L / * " | (Z)l+a""5)(/-e") |1 / nJ/)" 

<; C(l — r)~^^anp^l~np)Mnp(r, Dx^anpB) 

^ C(l - r)~x 

Then the successive application of the above argument proves that 

Mx(r, Dx+apB) = 0((1 - r ) " 1 ) . 

By a result of J. Verbitski cited in the introduction 

dk = 0(kap/iap~X)). 

To prove the converse, we may suppose that 

dk ^ kap/{ap~x\ fork = 1 ,2 , . . . . 
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Let n ^ 2 be the positive integer such that \/n < p ^ \/(n — 1). An easy 
calculation shows that 

Mp(r, DnB) ^ CMp(r, B(n)). 

In [4] it is proved that the condition 

Mp(r,DnB) = 0((1 - r)a~n) 

is equivalent to 

Mp(r,Dx+aB) = 0((1 - /•)- ') 

(Note that a < \/p < n). So the theorem will be proved if we show that 

Mp(r,B{n)y = 0 ( ( 1 - r)ap'np). 

Since B is bounded, 

(2.1) \B(n\z)\ = 0((1 - | z | ) - " ) . 

From Lemma 3.4 of [5] and Lemma 3 of [1] (see also [2] ) it follows that 

(2.2) \B{n\z)\ ^ C 2 H (gj(z))aJ 
7 = 2 •' 

where the sum is over the (finite) set of all «-tuples (a2> • • • •> a
n+\) °f 

non-negative integers such that 

n 

2 jcij+\ = n 
7 = 1 

and 

gj(z) = 2 , r - j -r- . 
A = l |1 - |ZA|z|y 

(Here we have used the fact that {zk} c G.) Using (2.1) and (2.2) we find 
that 

(2.3) M"p(r, £<">) =i C J* min{(l - r)"'", 2 I I ( g , W ) )"/>} dt 

*cllS{l_rr(l-r)-«>dt 

g C(l - rr-« + C 2 X x . - ^ ( n (*;(«") )«*")*. 
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We will show that each term of the finite sum on the right hand side of (2.3) 
is also 0( (1 - rfp~np). For j = 2, 3 , . . . , » + 1 we let fij = n/(j - l)o,. 
Then 2 ^ 2 1/& = 1 so it follows from Holder's inequality that 

\17^/ 

Next we estimate the factors of the product on the right hand side of (2.4). 

<2-5> (I ix . - .r^^^H 
( oo 

* 4 / n „ ( 2 2 ' » 2 V2 + 2 -A^N 
-HAixi- r lé .w 2 + ;V2i rfV 

«/,/> \l//t, 

where 

£ y (0 = {k: kis an integer, y/f^n. ë tk»P'0-«P)} 

and 

£J(0 = {A:: k is an integer, V F H " > tkap,(X~ap)}. 

To deal with the sum over EAt) we note that the function fAx) = x/(x2 + / 2 ) 7 / 2 

is increasing in the interval [0, tl yjj — 1]. 

(2.6) 2 , \ •„ ^ 2 ifP'«v-\^'Cv-\) + ?yjn ^ ,-J 2 **>««*-» 

oo 

= t~J 2 kap/<"ap~x^ ^ ct~^n^~2ap^/^~ap\ 

where rij = min Ej(t). (Here we have used the fact that ap > 1/2). From 
V F ^ T ^ tn°P'<\-°P) w e see that „y-2«/>)/(i-«/>) ^ cpap-\)/apm C o m b i n i n g 

this with (2.6) we obtain 

(2.7) 2 2
 rf* 2 ^ o 2 - - < ' ^ . 

£/0 («* + ' ) 

Now we deal with the sum over EUt). 

Ejit) (dt + t'y'1 0<7<oo "^" ' Ej(t) 
(2-8) 2 (Al

 k
2 j/2 ^ n max_ #*) 2 1 

^ a1-7' 2 i ^ ct2~j~x/(ap\ 
E'p) 
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Now we substitute (2.7) and (2.8) into (2.5) to get 

< A f p-j-(v<*p))«Ap,iX/fij 

- ^\Jt>(\-rr ) 

^ C(l - r ) a ^ 2 ^ ' - ( 1 / ^ ) H ^ + 1^/ 1 . 

Using (2.9) and (2.4) we find that 

, / 7 + l 

I 
V = 2 

^ C ( l - r)wVj=2[V-J-(U<w))*jPjP+W]~x 

<; £V] _ r\ap-^-2/J2
1[l+(7'-2)a/?]a / 

g £ ( ] _ ryxp-p-2?=2U-l)<*j = Ç(\ — r)«p-nPm 

This finishes the proof of the theorem. 

LEMMA 2.2. 7 /0 < p ^ q < oo, //KM //°° n A^'172^ c i/°° n A*1/2*. 

PROOF. S u p p o s e / G i/°° n A^1/2^. First assume (1/2/?) - (1/2?) < 1. Since 
/* is bounded, 

(2.10) | (Z) 1 + ( 1 / 2 ^ / ) (z ) | ^ C(l - I z l ) " 1 " 0 7 2 ^ . 

F r o m / e A'7'172'7 it follows 

(2.11) M,(r, Z ) 1 + ( , / 2 ^ / ) = 0((1 - ryl+{U2p)-°/2q)) ( [4], Theorem 6). 

Using (2.10) and (2.11) we find that 

M*(r,Z>1+(1/2«>/) ë C(l - ^ - ^ d ^ ^ - ^ M ^ i ) ^ 0 7 2 ^ / ) 

^ C(l - r)~*, 

i.e., / e A^172^. Then the successive application of the above argument proves 
the lemma. 

THEOREM 2.3. ai c A^172/7, /or all 0 < p < oo. 

PROOF. Let 5 e U n view of Lemma 2.2 it is sufficient to show that 

(2.12) Mn(r9D
l+(X/2p")B) = 0((1 - r ) " 1 ) 

r n 

for a sequence pn going to zero. We take pn = \/2(n — 1), n ^ 3. 
Then (2.12) becomes Mp (r, £>"£) = 0( (1 - r ) - 1 ) . So the theorem will be 

proved if we show that 
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(2.13) Mp(r, 5(n)) = 0(( l - r ) " 1 ) . 

The proof is similar to that of Theorem 2.1. 

(2.14) MP'Jir, 5(n)) =i C / , | s V r = 7 0 " / • ) " ' " - * 

+ cii>v^(2n(^'')H^ 

^ C(l - r)"'- + C2 J[ | > v r = 7(n te/*"))'*'.)*. 

We estimate 

OO i 

^ clnl 2 dk) + 2 <*H § cr'. 

Using this we find that 

- X r^:ijaj)Pndt 

^ C jt>^—r2np"dt ^ C(l - r ) _ / \ 

Combining (2.14) and (2.15) we obtain (2.13). 
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