2
Polytopes

Convex polytopes can be equivalently defined as bounded intersections of
finitely many halfspaces in some R¢, and as convex hulls of finitely many
points in R?. A halfspace is defined by a linear inequality, and each nonempty
closed convex set in R is the set of solutions of a system of possibly infinitely
many linear inequalities. If we have a finite number of inequalities, then
the set is a polyhedron. Polyhedra are therefore generalisations of polytopes
and polyhedral cones. Many assertions in this chapter, for instance the facial
structure of polytopes, are derived from analogous assertions about polyhedra.

In this chapter, we learn how to preprocess objects via projective transforma-
tions to simplify problem-solving. We then discuss common examples of poly-
topes such as pyramids, prisms, simple polytopes, and simplicial polytopes.
Section 2.10 considers a construction method for polytopes that inductively
adds a vertex at each step. For visualising low-dimensional polytopes, we study
Schlegel diagrams, a special type of polytopal complex. We also examine key
results in polytope theory such as the Euler—Poincaré—Schléfli equation, the
1971 theorem of Bruggesser and Mani on the existence of shellings (orderings
of the facets of a polytope with very useful properties), and the Dehn-
Sommerville equations for simplicial polytopes. The chapter ends with Gale
transforms, a useful device to study polytopes with a small number of vertices.

2.1 Polyhedra

Polyhedra are convex sets that generalise polytopes and polyhedral cones;
the latter are defined later in this section. Polyhedra come in two formats:
H-polyhedra and V -polyhedra.

An H-polyhedron P is the set of solutions of a system of finitely many linear
inequalities. Notationally,

44
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X ap Xy + - +opgxg < by
P = s R4 , or alternatively,
Xd U 1X1 + FopaXa < by
a1 ot dld by
P={xeRY Mx <b, with M = , b=
Op1 ' Ond bn
=: P(M,b).

We always assume that no two inequalities in the system are the same. For the
polyhedron P, we say that an inequality is redundant if its elimination does not
alter P; otherwise it is irredundant. An H -description of the polyhedron is a
definition of it as an H-polyhedron. When defining H -descriptions, we favour
irredundant ones, which include only irredundant inequalities; otherwise the
H-description is redundant.

The definition of an H -polyhedron yields the following at once.

Proposition 2.1.1 An H-polyhedron in R? is a closed convex set.

Proof Each closed halfspace in R4 is a closed convex set (see Section 1.6).
Besides, the intersection of an arbitrary family of convex sets is a convex set
(Theorem 1.6.7), and the intersection of an arbitrary family of closed sets is a
closed set. Since an H-polyhedron is the intersection of closed halfspaces, the
result follows. O

We next characterise the nonempty H-polyhedra that are cones. Let R”*¢

denote the linear space of n x d matrices with entries in R.

Proposition 2.1.2 Let M € R"*?. A nonempty H-polyhedron P(M,b) in R¢
is a cone if and only if b = 0,,. It is pointed if and only if rank M = d.

Proof Suppose P := P(M,0,); we show that P is a cone. Take aj,a; € P
and aq,0p = 0. From Ma; <0, Ma; <0,, and ay,ap > 0, it follows that

M(aia; + arar) = oyMay +axMay < 0,,.

Hence aja; + axay € P, implying that P is a cone.

Suppose that P := P(M,b) is a cone and X := {x € R? | Mx < 0,}; we
show that P = X. The point 0; is in P, and so b > 0,,. It then follows that
X < P. By way of contradiction, suppose that there exists y € P\X. Then
r; -y > 0 for some row vector r§ of M. For the corresponding entry b; of b,
we find that r; - y < b;. Since P is a cone, we have that ¢y € P for every
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a = 0, and consequently that r; - (¢y) < b; for every ¢ > 0. But the term
ar; -y cannot be bounded by b; for every o > 0. This contradiction shows that
such a point y does not exist, which implies that P = X.

We now prove the second part of the theorem. Let P = P(M,0,). Suppose
rank M < d; we show that P contains a line. The columns ¢y, ...,c; of M are
linearly dependent:

ajc; + -+ +ageqg = 0, for some a = (ay, .. .,ag)" € R? witha # 0.

Therefore, Ma = 0,. This implies that the line {ea | @ € R} is in P. Now
suppose that P contains the line £ := {a; + aa; | « € R}, for some a; € R?
and ap # 04; we show that Ma, = 0,,, which would imply that rank M < d.
Suppose that Ma, # 0,. This implies that r; - a # 0 for some row rﬁ of M.
Then we can find 8 € R for which

ri(a; + Bay) =r;-a; + Br; -ax > 0.

This gives that £ & P, a contradiction that settles the part. This completes the
proof of the proposition. O

In view of Proposition 2.1.2 we call a set of the form P(M,0) an H-cone.

Orthogonally projecting an H-polyhedron onto an affine space produces
another H-polyhedron; we present a particular instance of this statement, a
geometric interpretation of the so-called Fourier—Motzkin elimination (Fourier,
1827; Motzkin, 1936).

Proposition 2.1.3 (Fourier—-Motzkin elimination) ! Let P be an H-polyhedron
in R? and let 7w be the orthogonal projection

(X1, o xa) = (X1, xa—1)

Then 7 (P) is another H-polyhedron.

We now introduce another type of polyhedra. A V-polyhedron P is the
sum of a convex hull of finitely many points and a finitely generated cone.
Notationally,

P = conv X + cone Y for some finite subsets X, Y of R, 2.1.4)

This definition implies that V-cones are V-polyhedra (where X = {0,}). A
convex cone is polyhedral if it is a V-cone or an H-cone.

Definition (2.1.4) also yields that a V-polyhedron is a polytope if and only
if cone Y = {0}. We show next that cone Y = {0} amounts to saying that the
V-polyhedron is bounded.

1" A proof is available in Ziegler (1995, sec. 1.2).
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Theorem 2.1.5 A V-polyhedron is a polytope if and only if it is bounded.

Proof Let P := conv X + coneY in R? for some finite subsets X, Y of R<.
We show that P is bounded if and only if cone Y = {0}.

Suppose that P is bounded. Then cone Y = {0}: if there were a nonzero
point z € cone Y, then az € cone Y for each ¢ > 0, which would violate the
boundedness of P.

Suppose that cone Y = {0}. We show that conv X is bounded. Let X =
{x1,...,x,} and take z € conv X. Then z can be written as z = ajx1 + -+ - +
o, x, withe; > 0and D)/, o; = 1. It follows that

lzll = llnxy + - - + o x,|
< larxt] + - - - + llarx || (by the triangle inequality)
=oarllx1|| + - +ollx,|| (asa; = 0foreachie[l...r])
< ||lxill + -+ |lx/]| (as; € [0,1] foreachi € [1...r]).

Hence P is bounded. O]

Example 2.1.6 (d-cube) We present a d-dimensional cube or simply a d-cube
Q(d) as an H-polyhedron and as a V-polyhedron. Figure 2.1.1 shows cubes in
R3.

Consider the standard basis of R?, namely

er = (1,0,...,0)',...,eq = (0,...,0,1)".

Let M be the 2d x d matrix with rows €, — e/, ... e/, — e/, Then

¢

X1 —e X1 1

0Wd) = D | er? <

X4 e X4 1
fe;

X1

= : eRd\xl\gl,...,|xd|<l
Xd
Let X be the set of 2¢ vectors (#1,..., £ D' in R?. A d-cube can be

alternatively defined as the convex hull of X:

0(d) = conv X.
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(a) (b) (c)

Figure 2.1.1 Cubes in R3. (a) A 1-cube. (b) A 2-cube. (c) A 3-cube.

Lineality Spaces and Recession Cones

We can readily recover the recession cone, and thus the lineality space, of
a polyhedron from its description (see (1.10.5)); these details and the link
between the recession cone and the homogenisation cone of a polyhedron
ensue.

Definition 2.1.7 (Homogenisation cone) The homogenisation cone Pofa
polyhedron P is a cone in R%*! whose description is as follows. If P =
P(M,b) < R for some M € R"*4 and b € R", then

P = {(x) eR™ x eRY, yeR, <A,4 _b> <x> <0n+1}; (2.1.7.1)
y 0, -1 y

and if P = convX + coneY < RY with X := {aj,....,a;} and ¥ =
{c1,...,¢5}, then

P () (1) () (5)) e

Figure 2.1.2 sketches the homogenisation cone of a polytope. Compare this
terminology with the homogenisation of affine spaces presented in Section 1.2.

Remark 2.1.8 From the definition of a polyhedron P < R¢ and its
homogenisation cone P < R*! it follows that

x € P if and only if (T) e P.
Theorem 2.1.9 Let P be a polyhedron in RY. Then the following hold:

() If P = P(M,b) with M € R"*¢ and b € R", then

rec P = {yeRd‘MySOn} and lineal P = {yeRd‘My:m,}.
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p3 / /

AZ AZ 4

]P)Q

(a) (b)

Figure 2.1.2 An affine polytope in A2 and its homogenisation cone in P3. (a) A
polygon in AZ. (b) The homogenisation cone of the polygon in P>.

(i) If P = conv X + cone Y for some finite subsets X,Y of R%, then rec P =

cone Y.
(iii) P= {a (T) xeP,a>O}+{<3)‘yerecP}

Proof (i) We prove the equality related to rec P; the one related to lineal P
would then follow from (1.10.5).

Suppose that y € rec P. Then x + ay € P for each x € P and each «
In particular, for a fixed x' e P and every o > 0, we have that M x'+ay)
or, equivalently, that

0.
b

YNA\%

aMy <b— Mx'. (2.1.9.1)

Since the right hand side of (2.1.9.1) is a fixed vector, the inequality wouldn’t
hold for every « > 0 in case that My > 0. As a consequence, My < 0, and
recP C {yeR?| My <0}.

Suppose that y € R? satisfies My < 0. Then aMy < 0 for each o > 0.
It follows, for every x € P, that M(x + ay) < b; thatis, x + ¢y € P and
{y e R | My < 0} < rec P. This proves (i).

(i) Suppose that y € rec P. Then, for a fixed x’ € conv X and each a > 0,
we have that x’ + ay € conv X + cone Y. The set conv X is bounded, and so
yeconeY. Hencerec P < coneY.

Suppose that y € cone Y. Then, for each « > 0, we have that ¢y € cone Y.
It follows that x + oy € conv X + cone Y, for each « > 0 and each x € P.
Hence cone Y < rec P.

(iii) This follows easily from the definitions of a recession cone, given in
(1.10.4) and a homogenisation cone (Definition 2.1.7). O
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Combining Theorem 2.1.5 and Theorem 2.1.9 gives another characterisation
of polytopes.

Theorem 2.1.10 A polyhedron P in RY is a polytope if and only if rec P =

{0}.

2.2 Representation Theorems

Example 2.1.6 describes a d-cube as an H-polyhedron and as a V-polyhedron.
This is not a coincidence; H-polyhedra and V-polyhedra are two independent
mathematical representations of the same objects.

It has become standard practice to resort to the representation theorem
for cones (2.2.1) to prove the representation theorem for polyhedra (2.2.2)
and then obtain the representation theorem for polytopes (2.2.4) as
a particular case of the one for polyhedra. We follow this approach
as well.

Theorem 2.2.1 (Representation theorem for cones)? A subset of R is a V-cone
if and only if it is an H-cone.

Theorem 2.2.2 (Representation theorem for polyhedra) A subset of R is a
V-polyhedron if and only if it is an H-polyhedron.

Proof In both directions of the proof, given a polyhedron P in R?, we
construct its homogenisation cone P in R4*! (Definition 2.1.7), which has
the property that

x € P if and only if (’;) eP (222.1)

(see Remark 2.1.8) and then resort to the representation theorem for
cones (2.2.1).

Suppose P = P(M,b) is an H-polyhedron in R? for some n x d matrix
M and some vector b € R"; we represent P as a V-polyhedron. The
homogenisation cone P has the form

ﬁ:{(x)eR’H'l xeRd,yeRyZO,Mxéyb}
y

x d+1 d M b\ (x
= R R R < .
{<Y> § e R (02 —1> <y> Onﬂ}

2 A proof is available in Ziegler (1995, sec. 1.3).

https://doi.org/10.1017/9781009257794.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009257794.003

2.2 Representation Theorems 51

The representation theorem for cones (2.2.1) ensures that P can be repre-

sented as a V-cone in Rd+1, say
: <a’”>} . (2.22.2)
Um

P = cone {(‘”) ,
(23}

Since y > 0 and the elements of P are positive combinations of the generators

of 13, we may assume that ¢; = 0 or 1 for each i € [1...m]. Without loss
of generality, we further assume that ¢; = 1 fori € [1...r] and aj = O for
Jj € [r + 1...m]. We then partition the set {ai,...,a,,a,+1,...,a,} into

subsets X and Y according to the sign of «;:
X={ay,....,a;} and Y ={a,11,...,an}.
By (2.2.2.1) and (2.2.2.2), P can be expressed as
P =convX +cone?,

which is a representation of it as a V-polyhedron.
Now suppose that P = conv X + cone Y is a V-polyhedron in R? where
X :={aj,...,a,}and Y := {cy, ..., ¢s}. The homogenisation cone of P has

the form
5 aj a, C1l Cy
P_cone{(1>,...,<1),<0>,~-.,(0>}-

By the representation theorem for cones, P can be written as an H-cone
P(N,0,) for some n x (d + 1) matrix N. Let M be the n x d matrix formed
by the first d columns of N and let —b be the last column of N. It follows that

ﬁ:{(x>eRd+1 xeRd,yeR,N(x><0,,}
y y
:{(;)ER‘”I xeRd,yeR,Mxéyb}.

From (2.2.2.1) we now find that

P={xeRd)Mx<b},

which is a representation of P as an H-polyhedron. This completes the proof
of the theorem. O

By the representation theorem for polyhedra (2.2.2), a set is a bounded V-
polyhedron if and only if it is a bounded H-polyhedron. Combining this with
Theorem 2.1.5, we get at once a characterisation of polytopes.
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Theorem 2.2.3 (Polytopes as bounded polyhedra) A subset of R? is a polytope
if and only if it is a bounded polyhedron.

Thanks to Theorem 2.2.3, we now have two alternative ways of describing
polytopes. An H-polytope is a bounded H-polyhedron and a V-polytope is a
bounded V-polyhedron. Moreover, since polytopes are bounded polyhedra, the
representation theorem for polyhedra yields that H-polytopes and V-polytopes
are equivalent from a mathematical point of view.

Theorem 2.2.4 (Representation theorem for polytopes) A subset of R? is a
V-polytope if and only if it is an H-polytope.

From a computational point of view, a V-polytope is, however, different
from an H-polytope. It is trivial to decide whether a given point is in an H-
polytope: saying yes if the point satisfies each inequality and no otherwise. It is
also trivial to compute the maximum of a linear functional over a V-polytope:
evaluate the function at each point in V and return a maximum value. But the
standard method to decide whether a point is in a V-polytope is polynomially
equivalent to the basic problem from linear programming (Fukuda, 2022), the
problem of maximising a linear objective function subject to a finite set of
linear inequalities. And maximising a linear functional over an H-polytope is
essentially the basic problem of linear programming when the intersection of
the inequalities is bounded. While linear programming problems, also called
linear programs, can be solved in polynomial time (Khachiyan, 1979), solving
them is certainly not trivial.

2.3 Faces

Convex sets are structured around their faces and these faces can be very
heterogeneous: there are convex sets with both exposed and unexposed faces,
convex sets with bounded and unbounded faces, and convex sets with a
finite number of faces of some dimension and an infinite number of faces of
another dimension (Section 1.9). In contrast, the facial structure of polyhedra
possesses many attractive properties that are not shared by general convex sets
(Theorem 2.3.1). In this section, our focus narrows to explore the faces of
polyhedra.

Every proper face of a polyhedron is exposed and is contained in a facet of
the polyhedron, a face whose dimension is one less than that of the polyhedron.
It is also the case that every face of the polyhedron is another polyhedron. We
offer the facial structure of polyhedra thereafter.
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For a polyhedron P := {x € R? | Mx < 1}, we say that an inequality is
active at a subset Y of P if the inequality is satisfied with equality for all points
of Y.

Theorem 2.3.1 (Facial structure of polyhedra) Let ry,...,r, be nonzero
vectors in R, and let P be a d-dimensional polyhedron in RY with the H-
description

P=

.

{xeRd|ri-x<1}={xeRd‘Mx<1n},

i=1

where M is the matrix with the rows rtl, ..., r.. Then the following hold:

(i) The interior and boundary of P can be expressed as follows:

int P = {x eRd‘ Mx < ln},

n
de:U(Pm{xeRd‘r,wx:l}).
i=1

(i) Every facet of P is exposed, and of the form P n {x e R? | r; -x = 1}
for some j € [1...n].

(iii) Every set P n {x € R? | r; - x = 1} is a facet of P if and only if the
H -description of P is irredundant.

(iv) Every proper face F of P is the intersection of the facets of P that contain
it. Thus, if there are t facets containing F and we let M'x < 1, be the
subsystem of Mx < 1, formed by the t inequalities of Mx < 1, active
at F, then F has the form {x € P | M'x = 1,}.

(v) Every proper face of P is exposed and polyhedral.

(vi) The number of faces of P is finite.

(vii) The faces of a face F of P are precisely the faces of P that are contained
in F.

(viii) For any two proper faces F,K of P, with K not contained in F, there is
a facet containing K but not F, and vice versa. In particular, for any two
distinct vertices, there is a facet containing one but not the other.

(ix) For every proper face F of P, it holds that lineal F = lineal P.

Proof LetH; :={xeR!|r;-x=1}andH ={xeR!|r;-x <1},
foreachi € [1...n].

(i) The proof of (i) is simple. The interior of P is the intersection of the
interiors of the supporting halfspaces of P (Theorem 1.8.3), which can be
found among the halfspaces Hl_, ..., H, . Furthermore, the interior of Hi_
is H; \H;. Thus, it follows that
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n
imP:(}H;Vbz{xeRﬂMx<14. 23.1.1)
i=l1

Since P is a closed set, the other part follows from (2.3.1.1) and the assertion
that bd P = P\ int P (Proposition 1.7.8).

(ii) Let F be a facet of P. Take z € rint F'. Since F' < bd P (Theorem 1.9.9),
Part (i) gives that z € (P n H;) for some j € [l...n]. Furthermore,
Theorem 1.9.6(iii) yields that P n H; is a proper face of P. According to
Theorem 1.9.10, F is the smallest face of P containing z andso F' < P n Hj.
This implies that F = P n Hj asd — 1 = dim F < dim(P n H;) < d — 1.
Hence F is exposed.

(iii) If the H-description of P is redundant, then there is an index j €
[1...n] such that

n
P=()H . (2.3.1.2)
oy

We show that P n H; is not a facet of P. Suppose otherwise. Let z € rint(P N
H;). From (i) and (2.3.1.2) follows the existence of an index £ € [1... n] with
£ # j suchthatz € (P n Hp). Since P n Hy is a face of P and since P n H; is
a facet and is the smallest face of P containing z (Theorem 1.9.10), we get that
P n Hj = P n Hy. This implies that H j_ = H, , contradicting our running
assumption that no two closed halfspaces in the description of a polyhedron
are identical. This shows that P n H; is not a facet.

Suppose that the H-description of P is irredundant. Then, for each i €
[1...n], every hyperplane H; supports P, and so every set F; := P n H;
is a proper face of P by Theorem 1.9.6(iii). Pick j € [1...n]; we show that
F;is afacet of P.

Because the H-description of P is irredundant, there is a point y; € R4
such that

rj-y;> 1 and r; "y < 1foreachi e [1...n]withi # j. (2.3.1.3)
Now choose a point z € int P (which exists by Theorem 1.7.3). Then
ri-z<l1foreachie[l...n]. 2.3.1.4)

Because of (2.3.1.3) and (2.3.1.4), we can find a number «; € (0, 1) such that
the pointuj ;= a;y; + (1 — o)z of the segment [y ;, z] satisfies

ri-uj=1andr; -u; <1foreachie[l...n]withi # j, (2.3.1.5)
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Figure 2.3.1 Auxiliary figure for Theorem 2.3.1. Depicted is a polyhedron P, a
hyperplane H; supporting P, a point z; in the interior of P, and a point y ; outside
P. (a) A point u; in the segment [y;.z] satisfying (2.3.1.5). (b) A point v; lying
in a line between the points u; and w; of F;.

namely o; = (1 —r;-2)/(r; -yj —rj-z);see Fig. 2.3.1(a). From Condition
(2.3.1.5) it follows that u; is in F;. We show that

aff Fj = H;. (2.3.1.6)

Because F; = P n Hj, it is clear that aff F; < Hj; we prove the other
direction. Let v; € H;. Choose 8; > 0 so that

,Bj(ri~v.,'—r,--uj)<l—r,--uj foreachi e [1...n] withi # j,

which is possible because of Condition (2.3.1.5). The choice of 8; ensures that
the point w; := B;v; + (1 — B;)u; satisfies the conditions r; - w; = 1 and
ri-wj < lforeachi # j:
ri-wj=r;-(Bjv;+0—-Bpu;)=pjrj-vi+0A—-Bjr; u;j
=B;+1—B;)=1(sincevj,u; € Hj)
ri-wj=ri-Bjv;+A—=Bpuj)=pjri-vi+A—-Bjri-u;

:ﬁ./(ri-vj—ri -uj)—}—ri ‘U< 1.

As a consequence, we have that w; € F; and

1 n (1 1 )

Vi = —w; - —u;

J B; J B; J
and so v; is in the line between w; and u ;, two points of F;; see Fig. 2.3.1(b).

Hence v; € aff F;. This proves (2.3.1.6) and, with it, that F; is a facet of P.

(iv) Without loss of generality, we assume that the H-description of P is
irredundant. Let F be a proper face of P and let z € rint F'. Since F' < rbd P
(Theorem 1.9.9), part (i) yields that F < P n Hy for some ¢ € [1...n], and
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soze Pn Hy.Let F, := P n H, foreachr € [1...n]. Then F, is a facet for
each r € [1...n], by (iii).

Partition the set [1...n] into the subindices I of the facets F; of P that
contain z, namely those satisfying r; - z = 1 and the subindices J of the facets
F; of P that do not contain z, namely those satisfying r; - z < 1. Let

K :=()F.
iel
The face F is the smallest face containing z, which gives that F < F; for each
i € I and therefore that F < K. Thus K is a face of P that contains F. We
show that z € rint K, which givesus F = K.
Because r; - z < 1 for each j € J, we can choose a radius r > 0 small
enough that the open ball B(z,r) satisfies

B(z,r) < ﬂ{xeRd‘rj-x<l}. (2.3.1.7)
jeJ
The definition of K ensures that
afngﬂ{xeRd‘ri.x=1}. (2.3.1.8)
i€l
By combining (2.3.1.7) and (2.3.1.8) we finally get that
B(z,r) naff K € K,

and therefore we conclude that z € rint K (see (1.7.2)). Hence F = K and
F is the intersection of the facets that contain it. From (iii), it follows that if
t := |I], then

F={xeP|Mx=1}

for the subsystem M’x < 1, of Mx < 1, formed by the ¢ inequalities of
Mx < 1, active at F.

(v) From (ii) we get that every facet of P is exposed, and from (iv) that every
proper face F' of P is the intersection of the facets that contain it. That F is
exposed now follows from Proposition 1.9.8, which states that the intersection
of exposed faces is also exposed.

The assertion of F' being polyhedral is an immediate consequence of (iv) as

F={xeP|Mx=1}

for the subsystem M’'x < 1, of Mx < 1, formed by the ¢ inequalities of
Mx < 1, active at F.

(vi) This is an easy consequence of (iv). There is a finite number of facets in
P and every face of P is the intersection of the facets that contain it.
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(vii) Let K < F.If K is a face of P, then the definition of a face (see
(1.9.1)) yields that K is a face of the face F. Moreover, since F is a face of P,
the transitivity of the relation ‘is a face of” on the faces of P (Proposition 1.9.3)
ensures that K is a face of P.

(viii) This is a direct consequence of (iv).

(ix) Suppose that {x € R? | Mx < 1} is an irredundant description of P.
Let

{x € Rd‘ M'x < 1'}

be the subsystem of Mx < 1 comprising all the inequalities of P active at the
face F and let

{x € Rd‘ M"x < 1”}
be the remaining inequalities of Mx < 1. Then according to (iv),
F= {x e Rd‘ M'x =1 and M"x < 1”} . (2.3.1.9)
It is now clear from (2.3.1.9) and Theorem 2.1.9 that
lineal F = {x € Rd‘ M'x =0 and M"x = 0”} = {x € Rd‘ Mx = 0}
= lineal P.
This settles the part and, with it, the theorem. O

One of the consequences of Theorem 2.3.1 is that a face F of an
H-polyhedron P is the intersection of P with the solution of a system of
linear equations. This gives rise to an expression for the dimension of F
thanks to Proposition 1.1.8.

Proposition 2.3.2 Let M € R"*4 and let P := P(M,1,) be an irredundant
H-description of a nonempty d-dimensional polyhedron in RY. Suppose that
a proper face F of P is the solution of the subsystem M'x <1 of Mx < 1,
formed by the inequalities of Mx < 1, active at F:

F={xeP Mx=1}.
Then
aff F = {x € Rd‘ M'x = 1’},

dimF = d — rank M’.
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Proof 1t suffices to prove the expression for aff F'; once this is given, the
expression for dim F follows at once from Proposition 1.1.8.

LetA:={x eRI | Mx =1}, let A := {x e R! | M'x = 0'} be the
direction of A, and let {x € RY | M"x < 1"} be the subsystem of Mx < 1,
comprising all the inequalities of P not active at F'. From the definition of F,
we have that F < A and

F= {x e ]Rd’ M'x =1 and M"x < 1”}. 2.32.1)

Let » := d — rank M’. Then, according to Proposition 1.1.8, dimA = dim
A =r. We find r + 1 affinely independent points in F, which will show that
aff F = A.

We first choose abasis Iy, ..., I, of A. Then M'l; = 0 foreachi e [1...r].
Let z € rint F. Then F is the smallest face containing z (Theorem 1.9.10),
which implies that M”z < 1” and z ¢ A. Then for a sufficiently small & > 0,
the points z,z + €l1, ...,z + &l, are affinely independent. Additionally, by
choosing ¢ appropriately, we can ensure that all these points are contained
within F, with each satisfying (2.3.2.1):

M+el)=Mz+eMl; =1,
M'(z+¢el)=M'z+eM"l;
< 1// +8M//ll' < 1//.

Thus dim F = r, concluding that aff F' = A. O

In the realm of polyhedra, it is customary to call extreme points vertices
and 1-faces edges. We follow the same convention from now on, and for a
polyhedron P we denote by V(P) the set of its vertices and by v(P) the
number of elements in V(P). We also denote by £(P) the set of edges of P and
by e(P) the number of elements in £(P). The undirected graph formed by the
vertices and edges of P, denoted by G (C), is the graph of the polyhedron P.

A polyhedron P(M,1) in R is pointed if and only if rank M = d
(Proposition 2.1.2). An alternative characterisation involves the existence of
minimal faces. A minimal face of a polyhedron P is a proper face that contains
no other face of P.

Theorem 2.3.3 (Hoffman and Kruskal 1956)3Let P be a d-dimensional
polyhedron in R with the irredundant H-description

P = {x € Rd’ Mx < 1} for some M € R"*.

3A proof is available in Conforti et al. (2014, Thm. 3.3).
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Then the following hold:
(1) A proper face F of P is minimal if and only if
F = {x € Rd‘ M'x = 1/} for some subsystem M'x <1 of Mx < 1.

That is, M'x < 1’ is formed by the inequalities of Mx < 1,, active at F.
(ii) rank M’ = rank M.
(iii) A minimal face of P is a translate of the lineality space of P.

A consequence of Theorem 2.3.3 is that a nonempty polyhedron is pointed
if and only if its minimal faces are vertices; this is the origin of the term
“pointed”: the minimal faces are points. And if the polyhedron has a vertex,
then its lineality space must be {0}.

Corollary 2.3.4 A nonempty polyhedron is pointed if and only if it has a vertex.

A polytope of dimension d is refer to as a d-polytope. A flag of a d-polytope
is a sequence of faces such that each face is a proper face of the next face in
the sequence: a sequence

Flc---cF

of faces such that —1 < dim F| < --- < dim F; < d. A flag is complete if it
includes faces of every dimension from —1 to d.

Theorem 2.3.5 Let P be a d-polytope in RY. For every i-face F; and every
J-face Fj of P such that —1 < i < j — 1 and F; C Fj, there is a flag in P
such that

FicFic---cFj_1CFj
and Fy is a facet of Fy41 foreach e i...j—1].

Proof First suppose that —1 < i, so that F; # (J. Then the face F; is a
proper face of F; by Theorem 2.3.1(v). Since F; is a polytope there exists a
facet Fj_ of F; containing F; (Theorem 2.3.1). In the case i = j — 2 we are
done. Otherwise, we argue as before, replacing F; by F;_1, and this argument
is repeated j — i — 2 times. In this way, we get the desired flag

FicFyc---cFj_yCFj.

Now assume thati = —1, so that F; = (J. Since F; is a nonempty polytope,
we can find a vertex Fjy; in F;. If j = 1 we are home; otherwise we reason as
in the previous case for the faces F; 11 and F;, and again obtain the desired flag.

O
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The proof of Theorem 2.3.5 works for a polyhedron whenever 0 < i < j—1.
The case i = —1 requires the polyhedron to have a vertex, i.e., to be pointed
(Corollary 2.3.4), which is not always possible as affine subspaces attest.

A consequence of Theorem 2.3.5 is that if a d-polytope P has a face
of dimension k, then P has faces of all dimensions from k to d. More-
over, P contains a vertex (Corollary 2.3.4). We have just established the
following.

Corollary 2.3.6 A d-polytope contains faces of every dimension from 0 to
d—1.

We denote by f the number of k-faces in a d-polytope P. By virtue of
Corollary 2.3.6, fx(P) = 1 for each k € [0...d — 1] and f_;(P) =
fa(P) = 1. The sequence (fo, ..., fa—1) is the f-vector of P. The f-vector
of a polytope plays a central role in the combinatorial theory of polytopes; see,
for instance, Chapter 8.

Theorem 1.9.4 characterises faces of convex sets. We refine it next.

Theorem 2.3.7 Let P be a d-polytope in R? with vertex set V and let W < V.
Then conv W is a face of P if and only if conv(V\W) n aff W = (.

Proof Letconv W be a face of P. For each vertex u € V\W, the set P\{u} is
convex (Theorem 1.9.4) and contains W, which yields that conv W < P\{u}.
Thus VAW < P\ conv W. Additionally, since conv W is a face of P we have
that P\ conv W is convex (Theorem 1.9.4), which in turn yields that

conv(V\W) < P\ convW.
Combining this inclusion with aff W n P = conv W gives that
conv(V\W) n aff W = ¢,

the necessity of the condition.

Suppose that V = {vy,...,v,} and W = {v,...,v,} withl < m <n
and that the subset W satisfies conv(V\W) naff W = J. If W = ¢ or V then
conv W is an improper face of P. Suppose otherwise.

Take w € conv W, and suppose that w = ax + (1 — «)y for @ € [0,1] and
x,y € P. Write x and y as a convex combination of V; that is, find scalars
Bi, . BusV1s - - - »¥n = 0such that

n n
DB=vi=1
i=1 i=1
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and
x=pv1+---+PBpvpand y = yiv; + - - - + Yy,

Let ¢ := afi + (1 — a)y; foreachi € [1...n]. Then we have that, for each
iell...n], & = 0and ZLI ¢ = 1. From these expressions of x and y we

get that

w=Cv1+ -+ nVm + St 1 V1 + -+ CnVn. (2.3.7.1)
Let A := &ug1+- - -+ &, Suppose that & > 0. Then rearranging (2.3.7.1) gives
that

1 1 g Sm+1 Sm+1

xw_xvl __vam :,r;\'_+vm+l+"'+ m)j_ vy.
The right-hand side is a point in conv VAW (call it z) and the left-hand side
expresses z as a point in aff W; note that 1/» — ¢ /A — -+ — ¢ /A = 1. This

contradicts the hypothesis conv(V\W) n aff W = . Thus A = 0, which
yields that {; = O foreach i € [m + 1...n]. The equalities {; = 0 for each i
[m+1...n]imply the equalities §; = 0 and y; = 0, foreachi € [m+1...n].
Hence x and y are both in conv W, and so conv W is a face of P by (1.9.1). [

Face Lattices

A relation < on a nonempty set L is a partial order if it is reflexive: for every
x € L,x < x; antisymmetric: for every x,y € L, x < y;and y < x imply
that x = y; and transitive: for every x,y,z € £, x < y and y < z imply that
X < z. A partially ordered set, or just poset, is a pair (£, <) consisting of
a nonempty set £ and a partial order <; we write just £ instead of (£, <)
when the relation is clear from the context. Two elements x and y are said to
be related or comparable if x < y or y < x; otherwise they are unrelated or
incomparable.

A poset (£, <) is finite if the set L is finite. The Boolean poset B,,, for some
n, is a basic example of a finite poset; it consists of all subsets of a set of n
elements, an n-set for short, ordered by inclusion.

A poset under which every two elements are comparable is a linear order.
Any subset of a poset L is itself a poset, with the partial order induced from
L. A linearly ordered subset of L is a chain, whose length is the number of
elements minus one. An antichain is a set of pairwise incomparable elements
in L.

Two posets £ and L' are isomorphic if there is an order-preserving bijection
o from L to £': forall x,y € £, x < yisin £ if and only if o (x) < o (y) is
in £’
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A poset is bounded if it contains both a unique maximal element 1 and a
unique minimal element 0. It is graded if it is bounded and every maximal
chain has the same length. A poset is a lattice L if (i) it is bounded, (ii) every
pair of elements x and y has a unique minimal upper bound, called the join of
x and y, and (iii) every pair of elements has a unique maximal lower bound,
called the meet of x and y. In a graded lattice £, the minimal elements in
L\ {0} are called atoms while the maximal elements in £\ {1} are coatoms. A
graded lattice is atomic if every element is a join of atoms and is coatomic if
every element is a meet of coatoms.

Our interest in posets and lattices stems from the next definition.

Definition 2.3.8 (Face lattice of a polytope) The face lattice of a polytope P
is the lattice £(P) of all faces of the polytope, partially ordered by inclusion.

We represent a finite poset £ by a Hasse diagram. Each element of L is
represented by a distinct point so that whenever x < y the point representing
x is drawn lower than the point representing y. The face lattice of 3-cube is
depicted in Fig. 2.3.2. The empty face is the minimal element and is placed at

1 2 3 4 5 6 7 8
1,1 1 1 1 0 0 0 0
2f1 1 0 0 1 1 0 O
311 0 1.0 1 0 1 O
4]0 1. 0 1 0 1 0 1
50 0 1 1 0 0 1 1
6\0 0 0O 0 1 1 1 1

(¢)

Figure 2.3.2 The face lattice of a 3-cube. (a) A 3-cube with the vertices labelled.
The label of each face consists of the vertices contained in it. (b) A Hasse diagram
encoding the face lattice of the 3-cube P. (c) A facet-vertex incidence matrix
encoding the face lattice of the 3-cube.
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Figure 2.3.3 The face lattice of a 3-crosspolytope. (a) A 3-crosspolytope with the
vertices labelled. The label of each face consists of the facets that contain it. For
example, the vertex 1256 is contained in the facets 1,2,5,6, and the edge 15 is
contained in the facets 1,5 and contains the vertices 1256 and 1357. (b) A Hasse
diagram encoding the face lattice of the 3-crosspolytope P*.

level —1; the vertices are at level 0, the edges at level 1, the 2-faces at level 2,
and the polytope at level 3.

Let (£, <) be alattice and let £’ be a nonempty subset of £. Then the partial
order < on £ induces a partial order on £’. The poset (£, <) is a sublattice
of (£, <) if, for every two elements x and y of L', the join and meet of x
and y are both in £'. The poset L' := {6,68,56,26,5678,2468,1256, P} in
Fig. 2.3.2(b) with the inherited partial order is a sublattice of the face lattice of
the 3-cube.

The opposite poset L* of a poset L is a poset with the same underlying set
L and relation <, and where x < yisin £* ifand only if y < x isin £. As we
will see in Corollary 2.4.11, the opposite of the face lattice of a polytope P is
the face lattice of the dual polytope P* of P. Figure 2.3.3 shows the face lattice
L(P*) of the 3-crosspolytope P* as the opposite of the face lattice L(P) of
the 3-cube P; the face lattice £(P) has been rotated 180° to obtain L(P¥).

An antiisomorphism from a poset (£, <) to a poset (L', <) is an order-
reversing bijection  from £ to £': for all x,y € £, x < y is in £ if and
only if ¥ (x) = ¥ (y). If there is an antiisomorphism between two posets, we
say that the posets are antiisomorphic. A lattice and its opposite lattice are
antiisomorphic.

A facet-vertex incidence matrix of a polytope encodes its face lattice
in a more efficient way than a Hasse diagram. Each row of the matrix
represents a facet, each column a vertex, and the entry (i,j) has a 1 if
the facet i contains the vertex j and O otherwise. Figure 2.3.2(c) depicts a
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facet-vertex incidence matrix, where the facet 1234 has label 1, the facet
1256 has label 2, the facet 1357 has label 3, the facet 2468 has label 4,
the facet 3478 has label 5, and the facet 5678 has label 6. The other faces
of the polytope can be readily determined from this incidence by virtue of
Theorem 2.3.1.

Remark 2.3.9 A set X of vertices of P forms a proper face if and only if
no vertex in V(P)\X is contained in the intersection of all the facets that
contain X.

We illustrate Remark 2.3.9. The set X := {7,8} is a face of the 3-cube; it
is contained in the facets 5678 and 3478 whose intersection is precisely 78.
However, the set X’ := {6,7} is not a face; it is contained only in the facet
5678, but there are other vertices in the facet.

Next we gather the main properties of face lattices of polytopes.

Theorem 2.3.10 Let L be the face lattice of a polytope.

(1) The elements 0 and 1 correspond to the empty face and the polytope,

respectively.

(ii) The minimal elements in L\ {0}, the atoms of the lattice, are the vertices
of the polytope.

(iii) Every face of the polytope is a join of vertices.

(iv) The maximal elements in L\ {1}, the coatoms of the lattice, are the facets
of the polytope.

(v) Every face of the polytope is the intersection of facets.

(vi) The lattice L is finite, graded, atomic, and coatomic.

Two polytopes P and P’ are combinatorially isomorphic if their face lattices
are isomorphic. We may also say that the polytopes P and P’ are of the same
combinatorial type. Unless otherwise stated we do not distinguish between
combinatorially isomorphic polytopes and thus write P = P’.

We often need to embed or ‘realise’ a polytope or a combinatorial type in

some space R?. A realisation of a polytope P with vertices vy, ...,v, is a
polytope P’ := conv{uy,...,u,} where for each i € [i...n] u; is a point
in R? and the mapping vy > u1,...,v, — u, is an isomorphism of the

face lattices of P and P’. In this way, the polytope P’ is an embedding in R?
of the combinatorial type of P. Researchers are often interested in the set of
all realisations of a combinatorial type, which is formalised by the realisation
space of a polytope. Realisation spaces of polytopes are the central topic of
Richter-Gebert (2006).
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2.4 Dual Polytopes

In the case of polyhedra, the definition of dual set gives rise to the dual
polyhedron P* of a polyhedron P. If the polyhedron happens to be a cone
we will use the equivalent definition of the dual cone for the dual polyhedron.
There is a recipe to go from a polyhedron that contains the origin to its dual.

Theorem 2.4.1 The dual of a V-polyhedron in R? that contains the origin is an
H -polyhedron in R? that contains the origin, and vice versa. More precisely,

let X :={x1,....,x,} SRYand Y := {y,,...,y,} S R, let M be the matrix
with rows x', ..., x!, and let N be the matrix with rows y', ..., y'. Then the
following hold:

() If P := conv(X U {04}) + cone Y then P* = {ze R? | Mz <1,, Nz <
0,}.
(ii) If instead

Pzz{zeRd

(0)e (3)) = el e e ca).

then P* = conv(X U {04}) + cone Y.

Proof (i) Suppose that P := conv(X U {04}) + cone Y and that w € P*.
Additionally, let

0= {zeRd‘Mz<1r, NZ<0s}~

Since x1,...,x, € P we find that w - x; < 1 fori € [l...r] by

Definition 1.11.1. And since y;,...,y, € P and coneY < P we find that

w-y; <Oforje[l...s]by(I.11.11). Hence w € Q and P* < Q.
Suppose that w € Q. Take u € P. Then there exist scalars g = 0, ..., =

0 with ZL] o; = 1 and scalars 81 > 0, ..., B = 0 for which

weou=w-(x;+ - +ox,+ 1y + -+ Bsyy)
=aw-x1+--+ow-x, +pw-y+--+ Bw -y
<a1+...ar+0+...+0=1.

The last inequality follows from the definition of Q. Hence w € P* and Q <
P*. As a consequence, P* = Q.

(ii) Suppose that P is given as in (ii) and that Q := conv(X U {0})+cone Y.
By (i) we have that 0* = P. And from Q** = Q (Theorem 1.11.7) it follows
that P* = Q** = Q, as desired. O
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In the particular case of cones, Theorem 2.4.1 reduces to the following.

Theorem 2.4.2 The dual cone of a V-cone in R? is an H-cone in R?, and vice
versa. More precisely,

() if C := cone{x1, ...,x,} then, letting M € R"*? be the matrix with rows
x',....x!, we have that C* = {y e R | My < 0,}; and
(i) if C := P(M,0,) where M is a n X d matrix with rows xtl, ...,x!, then
C* = cone{xy,...,x,}.
Polytopes

If a polytope P in R? contains the origin in its interior then the dual set P* of
P is a polyhedron by Theorem 2.4.1 and is bounded by Theorem 1.11.8. Thus
P* is a polytope (Theorem 2.2.3), and so we call it the dual polytope of P.
The bounded case of Theorem 2.4.1 gives a recipe to go from a polytope that
contains the origin in its interior to its dual; this is summarised next.

Theorem 2.4.3 Ler X := {xy,...,x,} C R? and let M be the matrix with
rows xtl, ..., x!. Then the following hold:

(1) If P := conv X and P contains the origin in its interior, then
Pr={z eRd’ Mz <1}

and P* contains the origin in its interior.

(i) If instead P := {z € R? | Mz < 1,} and P contains the origin in its
interior then P* = conv X and P* contains the origin in its interior.

(iii) Suppose that P := conv X contains the origin in its interior. Then V(P) =
X ifand only if {z € RY | Mz < 1,} is an irredundant H-description of
pP*

Proof Parts (i) and (ii) are the bounded case of Theorem 2.4.1. We prove (iii).
Since 0y € int P, we have that #X > 2. We prove the contrapositive of both
directions.

Suppose that V(P) X, say x¢ ¢ V(P), and let

Py :=conv(X\{x¢}) and Qy :={z e RY | Myz < 1,_,},

where My is obtained from M by removing the row x/,. Because 04 € int P,
it follows that 0; € int Py, and so Part (i) yields that PZ* = Q. Besides,
Minkowski—Krein—Milman’s theorem (1.9.11) ensures that P = conv V(P),
and so P = Py. From P = Py it follows that P* = P/, which implies that the
H-description {z € RY | Mz < 1,} of P* is redundant.
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Suppose that the H-description {z € R? | Mz < 1,} of P* is redundant, say
P* = {z € Rd‘ Mz < lrfl}

where M, is obtained from M by removing the row x/. Then 0, € int P*. Let
Py := conv(X\{x¢}). Part (ii) yields that P** = P,. The polytope P contains
the origin in its interior, which implies that P = P** (Corollary 1.11.9); that
is, P = Py. Again by Minkowski—Krein—Milman’s theorem (1.9.11), we have
that P = Py = conv V(P), resulting in V(P) < X. O

Example 2.4.4 We find the dual of a d-cube Q(d) that is given as an
H-polytope (Example 2.1.6) in two different ways: (i) reasoning as in Exam-
ple 1.11.4 and (ii) following the recipe of Theorem 2.4.3. An H -description of
Q(d) is as follows:

) = {(x1,....x)"| || < 1,....[xq| < 1}
e
e (2.4.4.1)
={zeR? N B LY
ey
_efi

(1) Each point y := (y1,...,yq)" of Q(d)* satisfies y - x < 1 for
every point x € Q(d) (Definition 1.11.1), and, in particular, for the point

Xy 1= (signyi, ..., signys)" of Q(d). Here, sign y denotes the sign function:
signy = —1ify < 0,signy = 0if y = 0, and signy = 1if y > 0.
Then

y-xy=ysigny; +--- +ygsignyg = |y1| +--- + |ya| < 1.
Hence

0@* = {(@n, ...z e R lzr] + -+ +]zal < 1}

Take z € R? such that |z1| + - - - 4 |z4| < 1. Then, for every point x in Q(d),
we have that

X =z1x1 + - 4 zaxq < |z1]|x1] 4+ -+ |zal[xa]
<lzi|+ -+ za) < L
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Hence z € Q(d)*, and

0@* ={@,....z) e R Jzi] + -+ |za < 1
1 T |
e | L F W
-1 -1 -+ =1 -1
(i1) Applying the recipe of Theorem 2.4.3 to (2.4.4.1) we get that

Q(d)* =conv{e, —ej,...,eq, —e4}.

The polytope Q(d)* is known as a d-crosspolytope and is denoted by I (d).

Dimension of the Dual Polytope

The lineality space of a polyhedron is closely linked to the dimension of the
dual polyhedron. The next proposition gives the relevant result.

Proposition 2.4.5 If P is a polyhedron in R? that contains the origin, then

(i) aff P* is the orthogonal complement of lineal P,
(ii) dim P* = d — dim(lineal P), and
(iii) dim P = d — dim(lineal P*).

Proof (i) Suppose that P is given as the H-polyhedron

(V)7 = ()} ={zem] 2= < (3)

where M is the matrix in R”*9 with rows x’l, . ,x’r, N is the matrix in
Rs*4 with rows y’l, ...,¥%, and A is the matrix in R+9%Xd with rows

xh, o xlyl ooy
By Theorem 2.4.1, the dual P* of P can be written as

Pz{zeRd

P* = conv(X U {04}) + cone Y,

where X = {x1,....x,}and Y = {y,...,¥,}. Since 0 € P*, we have
that the affine hull of P* coincides with its linear hull. As a consequence, we
further have that aff P* is linearly spanned by X U Y and coincides with the
row space of A (see Example 1.1.6).

According to Theorem 2.1.9, lineal P = {z € R? | Az = 0,,}; that
is, lineal P is the nullspace of A. The row space of A is the orthogonal
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complement of its nullspace by the nullity—rank theorem (Problem 1.12.5),
and therefore

aff P* = (lineal P)L,

as desired.

(i1) The nullity—rank theorem applied to (i) gives (ii).

(iii) The polyhedron P contains the origin, and so P** = P by Theo-
rem 1.11.7. Moreover, P* is another polyhedron in R? that contains the origin
(Theorem 2.4.1). Part (iii) is confirmed by applying (ii) to P*. O

We remark that Proposition 2.4.5 remains true in the more general case of
P being a closed convex set in R? that contains the origin. The subsequent
corollary of Proposition 2.4.5 follows at once.

Corollary 2.4.6 If P is a pointed, full-dimensional polyhedron in R? that
contains the origin, then so is the dual of P.

Proof By Theorem 2.4.1, the dual P* of P is a polyhedron that contains the
origin.

If P is pointed, then lineal P = {0} (Section 1.10). By Proposition 2.4.5,
this implies that dim P* = d. Since P is full-dimensional, Proposition 2.4.5
again yields that lineal P* = {0}, which is equivalent to saying that P* is
pointed. Hence P* is pointed and full-dimensional.

Finally, the dual polyhedron contains the origin (Proposition 1.11.3), and so
the corollary follows. O

The subsequent statement is a consequence of Theorem 2.4.3 and Corol-
lary 2.4.6.

Proposition 2.4.7 If a d-polytope contains the origin in its interior, then its
dual is also a d-polytope that contains the origin in its interior.

Conjugate Faces

Let P be a polytope that contains the origin in its interior. We next explore the
relationship between the faces of P and the faces of the dual polytope P* of
P. For a face F of P, we define the set

F*:={yeP*|y-x=1foreveryx e F} = m (P* mH(x,l)). (2.4.8)
xeF

For exposed faces I and F of P, Definition (2.4.8) gives that
if I is a face of F and F is a face of P then I° 2 F*. (2.4.9)
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The next theorem motivates the definition (2.4.8).

Theorem 2.4.10 Let P < R? be a d-polytope that contains the origin in its
interior. Suppose that F is a proper face of P. Then the following hold:

(i) F* is a proper face of the dual polytope P*.
(ii) A point a is in F if and only if H (a, 1) is a hyperplane supporting P* and
containing F*.
(iil) The point a is inrint F if and only if F* = P* n H(a,1).
(iv) F** = F.
(v) There exists an antiisomophism \r from the face lattice L(P) of P to the
face lattice L(P™*) of P* that sends each face F of P onto the face F*
of P*.

Proof The proofs of (i)—(iv) follow from Brgndsted (1983, thms. 6.6, 6.7).
Part (v) is a direct consequence of (i), (iv), and (2.4.9). ]

Let P be a d-polytope that contains the origin in its interior. For an exposed
face F of P, by virtue of Theorem 2.4.10(i) we say that the face F* of the dual
polytope P* is the conjugate face of F. And by virtue of Theorem 2.4.10(iv),
we have that the conjugate face of F* is F. We often say that F and F* are
conjugate.

A direct consequence of Theorem 2.4.10(v) is the following.

Corollary 2.4.11 Let P < RY be a d-polytope that contains the origin in its
interior and let P* be the dual polytope of P. Then the face lattice L(P¥) of
P* is isomorphic to the opposite lattice L(P)* of the face lattice L(P) of P.

For any d-polytope P in RY, there is a d-polytope Q in R? that contains the
origin in its interior and that is combinatorially isomorphic to P; we can obtain
Q by translating P or changing the coordinates of P. As a consequence, the
face lattice of P is isomorphic to the face lattice of Q and antiisomorphic to the
face lattice of Q™. The existence of Q allows us to define the ‘dual polytope’
for any polytope, not just for a polytope that contains the origin in its interior.
We say that a polytope P* is the (combinatorial) dual polytope of P if the face
lattice of P* in antiisomorphic to the face lattice of P.

We now present a relation between the dimensions of F and F*.

Theorem 2.4.12 Let P < R? be a d-polytope that contains the origin in its
interior, and let P* be the dual polytope of P. If F and F* are conjugate faces
of P and P*, respectively, then dim F +dim F* =d — 1.

Proof According to Theorem 2.3.5, every k-face Fj of P is part of a complete
flag
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@:F_1CF0C-~~FkCo~~CFd_1CFdIP (24121)

of faces of P such that dimF; = i, for each i € [—1...d]. By Theo-
rem 2.4.10(v), computing the conjugate of every face in (2.4.12.1) yields a
new complete flag

HS=F,cF, ,c---F, c-.-c F, c F°, = P*
d d—1 k 0 1

of faces of P* such that dim ;" > dim Fl.“_H, foreachi € [—1...d — 1].
Since P* is also a d-polytope (Proposition 2.4.7), we must have that dim F;” =
dim FiA—H + 1, foreach i € [-1...d — 1], and that dim F; = —1. It follows

that dim F; + dim F" = d — 1 foreachi € [-1...d], as desired. O

Some results related to the facial structure of a polytope are easier to prove
if duality is invoked. We give four examples.

Theorem 2.4.13 A d-polytope has at least d + 1 facets.

Proof Without loss of generality, suppose that P is a d-polytope in R? that
contains the origin in its interior. The dual polytope P* of P is another d-
polytope that contains the origin in its interior (Proposition 2.4.7). Moreover,
P* can be expressed as conv V(P*) by Minkowski—Krein-Milman’s theo-
rem (1.9.11). Since P* is d-dimensional, the number of affinely independent
points in P* is d +1 and thus v(P*) > d + 1. By Corollary 2.4.11, the number
of facets of P is v(P*), and is at leastd + 1. O]

Theorem 2.4.14 A vertex of a d-polytope P in RY is contained in at least d
edges of P.

Proof Without loss of generality, suppose that P contains the origin in its
interior. Let v be a vertex of P and let { be an antiisomorphism from L(P)
to L(P™*). From Theorem 2.4.12 it follows that dim v (v) = d — 1, and from
Theorem 2.4.13 it follows that the number of (d —2)-faces in ¥ (v) is at least d,
say Ry, ...,Ry. Hence w_l(Rl), ... ,1//_] (Ry) are all edges of P containing
v (Corollary 2.4.11), concluding the proof of the theorem. O

Theorem 2.4.14 yields a useful inequality between fp and f; and, by duality,
between fy_o and fz_1.

Corollary 2.4.15 If P is a d-polytope, then
2f1(P) = dfo(P), 2fa—2(P) = dfis—1(P).

Proof Each edge of P contains precisely two vertices and each vertex is
incident with at least d edges by Theorem 2.4.14. Hence 2 f1(P) = dfo(P).
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By applying this inequality to the dual polytope P* of P, we get that
2f1(P*) = dfo(P™). Hence 2 fg—>(P) = dfa—1(P). O

Theorem 2.4.16 Let P < R? be a d-polytope. For —1 < k < h <d —1, each
k-face F of P is the intersection of at least h — k + 1 h-faces of P that contain

it. In the particular case k = d — 2, F is the intersection of exactly two facets
of P.

Proof The resultis true for d = 2 and every —1 < k < h < 1. Thus, assume
that d > 3 and the statement is true for every (d — 1)-polytope and every pair
of numbers k, h satisfying —1 <k <h <d — 2.

Without loss of generality, suppose that P is a d-polytope that contains the
origin in its interior. We first prove the result for s = d—1andevery —1 < k <
h. Let ¥ be an antiisomorphism from £L(P) to L(P*). Because dim F = k,
from Theorem 2.4.12 it follows that dim ¥ (F) = d — 1 — k, which amounts to

¥ (F) having at least d — k vertices, say vy, ...,v4—k; inthe case k = d — 2,
¥ (F) is an edge and has exactly two vertices. By Theorem 2.4.10, the faces
1//*1(v1), ... ,1//*1(vd_k) of P are all facets that contain F. We know from

Theorem 2.3.1 that the face F is the intersection of the facets of P containing
it. Therefore, there are at least d — k such facets. This settles the case h = d — 1.

We now pick a facet J of P containing F. By the induction hypothesis, F
is the intersection of at least 4 — k 4 1 h-faces of J that contain it for every
—1 < k < h < d — 2. Each face of J is a face of P and so the statement
follows for h < d — 2 as well. O

2.5 Preprocessing

While most of the proofs in this book live entirely in an affine space, it is
sometimes convenient to enlarge the affine space into a real projective space,
preprocess our objects, and then return to the affine world with simpler objects.

We digress temporarily to introduce embeddings of affine spaces into
projective spaces.

Embedding Affine Spaces into Projective Spaces

We slightly vary the model of P(R¢*!) presented in Section 1.3 so that it now
completes a d-dimensional affine space H by adding the points contained in
the direction of H. In this new model we keep the close relation between
P(R4t1) and R4t!, which has proven very useful. The main idea has its
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seeds in the embedding of an affine space into a linear space, as discussed
in Section 1.2.

We first embed the d-dimensional affine space A? into R4*! by associating
A4 with the nonlinear hyperplane

H:= {(x1, s Xay)' € Rd“’ Xdy1 = 1}-

In the embedding of A4 into RY*t! described in Section 1.2, the linear
hyperplane

Hy = {(xl, s Xgp)' € Rd“‘ Xd4+1 = 0}

parallel to H plays the role of the direction of H. In our new model of P4, the
hyperplane Hy, will also play an important role.

To every line p(x) in R4*! that is not contained in the linear hyperplane H,
we assign the unique point (1, .. .,ag, 1) in the intersection of p(x) with H.
And to every line p(x) in Hy, we assign the homogeneous coordinates of p(x),
namely (¢ : --- : ag : 0); we call the lines p(x) in Hy points at infinity. A
point at infinity in Hy, can be thought of as the asymptotic direction of all lines
in H parallel to the point. The hyperplane Hy, is often called the hyperplane
at infinity.

The projective points therefore decompose into two types: those represented
by an affine point («, . ..,a4, 1)’ in H, which can also be seen as a vector of
R4+1 | and those represented by the lines in H that pass through the origin, or
equivalently, by homogeneous coordinates of the form («q : --- : ag : 0). The
hyperplane Hy, defines a (d — 1)-dimensional projective subspace of P: it is
the set of lines through the origin in the linear subspace Hy. The subsequent
decompositions of P4 follow at once (see Fig. 1.3.1(b)):

P!=H U Hyp=A oP (2.5.1)

It is instructive to compare Fig. 1.2.1(b) with Fig. 1.3.1(b).

As before, any k-dimensional linear subspace L of R4*! defines a (k — 1)-
dimensional projective subspace whose projective points are either the affine
points in L n H or the points at infinity in L N Hy.

In this embedding of A4 into P4, the space P¢ is the projective closure or
projective completion of A?. We can naturally complete an affine subspace
A of H. Consider the direction A of A and the homogenisation Aof A (see
Section 1.2). Then A is a linear subspace of R?*! that contains both A and
A. The projective closure of A is the projective space ]P’(ﬁ); that is, it is the
projective space defined as IP’(X) together with the set p(A) of lines that pass
through the origin and are spanned by the points of A. The elements of IP’(X)
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are the points of infinity of }P’(X). We obtain a decomposition of ]P’(A\) similar
to that in (2.5.1):

P(A) = A UP(A).
If the affine space A is defined by the system of linear equations
o 1x1+ - +oapgxg+br = 0
Qp1X1 + - oy gxg + by = 0,
then its closure is defined by the system of homogeneous linear equations
ai1xr + o axs +bixagrr = 0

ap X1+ oy axg +byxgpr = 0.

Scheme for Preprocessing Affine Objects

The idea goes as follows. There is an affine object P (in most instances,
a polytope) embedded in a d-dimensional affine space H¢. Projectively
complete H¢ by adding the hyperplane at infinity H¢ . Consider another
nonlinear hyperplane H” that is nonparallel to H¢ and denote by HZ its
corresponding hyperplane at infinity. Assume that the object P lies in H¢,
in the open halfspace defined by HZ and containing H?; following Ziegler
(1995, sec. 2.6), if P is positioned as described, we say that the hyperplane
HP is admissible for P. In this case, the hyperplane H” intersects every line
passing through the origin and a point of P (Fig. 2.5.1).

With the projective completions of H¢ and H” in place so that the hyper-
plane H? is admissible for P, we then describe a projective transformation
¢: P(RIT) — P (RY!) mapping P onto a ‘deformed’ object P in H?; see
Section 1.4 for information on projective maps. The affine space H” and the
object P’ are subsequently used instead of H¢ and P. Essentially, the affine
object P’ is geometrically realised by the intersection of H” and a projective
object p(P) consisting of the lines passing through the origin and through a
point of P. We require that this projective transformation ¢ is admissible for
P: no point of P lies in H%.
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Let us make our explanation concrete. Take

H® :={( * > xeRdandde:l},
Xd+1

HS = * xeR? and xz+1 =0¢,
Xd+1

H? ;={< * > x,aeRdandwx—i-adﬂde=1},
Xd+1

Ho% = {( x > x,a eR?anda - X 4 Ag4+1X4+1 :0},

Xd+1
so that H” and H* are nonparallel. Then the admissibility of the hyperplane
H? for P amounts to saying that

a-v+agyivi+1 >0

for every point (v,vg41)" of P.

We let the projective transformation ¢ be induced by the identity linear
map in R4*t! and we associate it with a perspectivity o that goes from
H¢\(H®~HL)to HP and is centred at 0. In this association, if o(z1) = z» then
¢£(p(z1)) = p(z2). An affine perspectivity centred at 0 is a function between
affine hyperplanes K and K’ that maps a point z of K to a point z’ of K’
whenever z, 7/, and 0 are collinear; see Fig. 2.5.1(a).

Let the map g fix the points in H¢ n H? and map each point in H¢\(H? u
HZ) to the point in H” lying on the same line through the origin. See
Fig. 2.5.1(a). In formulas we get that the map acts as

1
1 ax +ag41 \1

provided ax + a44+1 # 0.

We extend the map o via the transformation ¢ for the remaining points of
He¢. Take a point y in H® n HZ, and consider any line £¢ in H through y that
is not contained in H® n H/). Obtain the line £7 in H? that is the intersection
of H” and the linear plane in R?*! spanned by 0 and the line £¢. Then ¢ maps
the point y to the line p(y) in HY, which is the asymptotic direction of all
lines in H? parallel to £7. Irrespective of the line through y and not contained
in H¢ n HZ that one chooses, we always obtain a line parallel to £”, namely
a line with asymptotic direction p(y). It is customary to say that the map ¢
‘sends every object in H¢ n HZ to infinity’. See Fig. 2.5.1(b).

The map ¢ so defined is clearly projective: some intersecting lines are
mapped onto parallel lines. As pointed out by Ziegler (1995, sec. 2.6), it is
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Figure 2.5.1 Mapping points in H® onto H” u HZ. (a) Mapping of a point in
H\(H? U HL). (b) Mapping of a pointin H¢ ~ HZ,.

hardly ever necessary to produce concrete formulas for the projective map.
It suffices to understand how the map treats affine spaces, which is given in
Proposition 2.5.2.

Proposition 2.5.2 Let ¢: P(R*!) — P (RIHY) be the projective map
previously defined. Then ¢ takes an affine k-space A & H¢ n HL onto an
affine k-space ¢ (A) € HP and takes an affine k-space A = H® ~ HL, onto a
linear (k + 1)-space ¢(A)  HE.

Remark 2.5.3 Most of the time, everything boils down to recognising how the
projective transformation treats lines and their intersections; this is summarised
in (A)—(D) below, although it is an immediate corollary of Proposition 2.5.2.
Figure 2.5.2 depicts the mapping of two lines in H¢ onto H?.

(A) The map ¢ carries aline £¢ in H¢ into aline £7 in H?, except those contain
in H¢ n HY.

(B) Let £{ and £ be two lines of H® that are not contained in H¢ N HE
and intersect outside H¢ n HZ . Then they are mapped onto intersecting
lines Ef and Eg in HP.If the lines £ and €7 intersect in the positive open
halfspace of HY), then the lines Ef and Eg intersect in the positive open
halfspace of HS, (Fig. 2.5.2(b)). If in turn the lines £{ and €5 intersect in
the negative open halfspace of H%, then the lines Ef and Ef intersect in
the negative open halfspace of HS, (Fig. 2.5.2(d)).

(C) Let £ and £5 be two lines of H¢ that are not contained in H¢ N HZ but
intersect inside H¢ n HZ . Then they are mapped onto parallel lines Ef
and ¢5 in HP (Fig. 2.5.2(a)).

(D) Let £ and £5 be two parallel lines of H* that are not contained in H¢ N
HY . If they are not parallel to a line in H® n H%), then they are mapped
onto lines Ef and Z; of H? that intersect at H? n HS ; otherwise they are
mapped onto lines parallel to a line in H” n H, (Fig. 2.5.2(c)).
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P
Hoc

Figure 2.5.2 Mapping of two lines of H¢ onto H?. (a) The lines intersect at H¢ N
HZ . (b) The lines intersect inside the positive open halfspace defined by HZ, and
containing H”. (c) The lines are parallel in H¢. (d) The lines intersect inside the
negative open halfspace defined by HZ, and not containing H?.

2.6 Examples

This section examines particular examples of polytopes, with emphasis on their
combinatorial properties.

Simplices

The d-simplex, denoted 7 (d), is the d-polytope with the smallest number
of vertices. As we saw in Chapter 1, it is the convex hull of d 4 1 affinely
independent points in R¢. Figure 1.6.2 shows simplices in R3. For every
k € [0...d], the k-faces of a d-simplex are simplices of smaller dimension
and every k + 1 vertices yields a k-face. Thus the f-vector of T'(d) can be
easily computed.
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Proposition 2.6.1 The number f} of k-faces of a d-simplex T (d) is

d+1

Je(T(d) = <k+1

), foreveryk e [—1...d].

It is now obvious that all d-simplices are combinatorially isomorphic, and
so we will talk of the d-simplex. The simplest realisation of 7'(d) is as the
convex hull of the d + 1 points of the standard basis of R4*!.

Pyramids

The d-simplex T (d) can be also seen as the convex hull of a facet F of T (d)
and the vertex in 7' (d)\(aff F). A pyramid generalises this construction.

A d-dimensional pyramid or d-pyramid in R? is the convex hull of a (d —1)-
polytope F and a point x € R? not on aff F; it is denoted by pyr F. The
polytope F is the base of the pyramid, while the point x is the apex of the
pyramid. We will often talk of this pyramid as being on or over F. A face I of
pyr F either is a face of F or contains the apex x. If x € [ then aff F n [ is
a face J of F that contains the other vertices of 7, and so [ is a pyramid with
base J and apex x. The next proposition should now be clear.

Proposition 2.6.2 The number fi of k-faces of a d-pyramid pyr F with base
F is given by

filpyr F) = fi(F) + fi—1(F), foreveryk € [0...d].

The pyramid construction can be generalised. Every d-polytope P is a
0-fold d-pyramid with P as base. And a I-fold d-pyramid with base F is
simply a d-pyramid over a (d — 1)-polytope F. If P is a pyramid over a
base Q that is itself a (d — 1)-pyramid over a (d — 2)-polytope F, then
we say that P is two-fold d-pyramid over the base F. In general, an r-
fold d-pyramid P is a pyramid over a base Q that is itself an (r — 1)-fold
(d — 1)-pyramid and the bases of P and Q coincide. In other words, P is an
r-fold d-pyramid over a (d — r)-dimensional base F and is denoted by pyr, F.
An inductive application of Proposition 2.6.2 yields the number of faces of

pyr, F.

Proposition 2.6.3 The number fi of k-faces of an r-fold d-pyramid pyr, F
with base F is given by

r

,
Je(pyr, F) = Z (i)fk_,-(F), foreveryk € [0...d].

i=0
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If the dimension of a d-pyramid or an r-fold d-pyramid is clear from the
context or is nonessential, then we simply write pyramid or r-fold pyramid.

Bipyramids

Let F be a (d — 1)-polytope in R? and let I = [x, y] be a line segment in RY
such that rint I A rint F is a unique point. Then a d-bipyramid P in R? is the
convex hull of F and 7; it is denoted by bipyr F. The polytope F is the base of
the bipyramid, while the segment [ is the axis of the bipyramid. We will often
talk of a bipyramid on or over F. A face of bipyr F is either a proper face of
F, a pyramid with a base in F and an apex in {x, y}, or a vertex in {x, y}. The
next proposition should now be clear.

Proposition 2.6.4 The number fi of k-faces of a d-bipyramid bipyr F with
base F is given by

Je(F) +2fi—1(F), ifkel0...d =2];

bi F)=
Ji(bipyr F) {2fdz(F), Fk—d 1.

The definition of an r-fold d-bipyramid follows the same idea as that of an
r-fold d-pyramid. Every d-polytope P is a O-fold d-bipyramid with P as base.
An r-fold d-bipyramid P is a bipyramid over a base Q that is itself an (r — 1)-
fold (d — 1)-bipyramid, and the bases of P and Q coincide. In other words, P
is an r-fold d-bipyramid over a (d — r)-dimensional base F and is denoted by
bipyr, F.

If the dimension of a d-bipyramid or an r-fold d-bipyramid is clear from the
context or is nonessential, then we simply write bipyramid or r-fold bipyramid.

We met a (d — 1)-fold d-bipyramid in Chapter 1, the d-crosspolytope I (d).
In Chapter 1, the d-crosspolytope appeared as the dual of the d-cube. As a
(d —1)-fold d-bipyramid, I (d) can be realised as the convex hull of d segments
that are pairwise orthogonal and have a common midpoint. It follows that 7 (d)
is a bipyramid over I(d — 1), wherefrom we get the number fj; of k-faces.
Figure 2.6.1 shows crosspolytopes in R3.

Proposition 2.6.5 The number fi of k-faces of a d-crosspolytope I(d) is
given by

frl(d)) = 2’<+‘< d 1>,f0reveryk el—1...d—11

k+
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Prisms

Let F be a (d — 1)-polytope in R? and let / = [0,x] be a line segment in R¥
such that aff 7 is not parallel to any line in aff F'. Then the d-prism P with base
F and axis I, denoted prism F, is the Minkowski sum F + . This amounts
to saying that prism F' = conv(F U (F + x)). A k-face of prism F is either a
k-face of F, a k-face of F + x, or the sum of I/ and some (k — 1)-face of F.
The next proposition should now be clear.

Proposition 2.6.6 The number fi of k-faces of a d-prism with base F is
given by

2 fi(F), ifk=0;

fk(prlsm ) {2fk(F)+fk—1(F)’ lka[ld]

Continuing with the analogy to both pyramids and bipyramids, we define
r-fold d-prisms. Every d-polytope P is a 0-fold d-prism with P as base. An
r-fold d-prism P is a prism over a base Q that is itself an (r — 1)-fold (d —
1)-prism and the bases of P and Q coincide. In other words, P is an r-fold
d-prism over a (d — r)-dimensional base F and is denoted by prism, F.

We have special names for some prisms. A d-prism with a simplex as a base
is a simplicial d-prism. A (d — 1)-fold d-prism, which is also a d-fold d-prism,
is a d-parallelotope; it is the sum of d segments with a common point such
that no segment is in the affine hull of the others.

We met a d-parallelotope in Example 2.1.6, the d-cube Q(d). There, we
realised Q(d) as the convex hull of 2¢ vectors (+1, ..., + 1)’. Here, we obtain
Q(d) as the sum of d segments that are pairwise orthogonal and have equal
length. It follows that Q(d) is a prism over Q(d — 1), wherefrom we get the
number f; of k-faces. Figure 2.1.1 shows cubes in R3.

(b)

Figure 2.6.1 Crosspolytopes in R3. (a) A 1-crosspolytope. (b) A 2-crosspolytope.
(c) A 3-crosspolytope, usually known as an octahedron.
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Proposition 2.6.7 The number fi of k-faces of a d-cube Q(d) is given by
d—k d
fe(Q(d)) =2 . , foreveryk € [0...d].

If the dimension of a d-prism or an r-fold d-prism is clear from the context
or is nonessential, then we simply write prism or r-fold prism.

Wedges
Let P be a d-polytope in RY. Embed P x {0} in the hyperplane

H:= {( * >€Rd+l
Xd+1

of R4+ let F be a proper face of P, and let C be the halfcylinder P x [0,00)
RZ*1. We cut the halfcylinder with a hyperplane H' through F x {0} so that
C is partitioned into two parts, one bounded and one unbounded. The wedge
of P at F is the bounded part; it is denoted by W (P). The sets P and H' n C
define facets of W (P) that are combinatorially isomorphic to P and intersect
at the face F x {0}; the facets P and H' n C are the bases of W (P). See an
example in Fig. 2.6.2.

The wedge W over a d-polytope P x {0} < R?*! at a face F x {0} of
P x {0} is combinatorially isomorphic to a prism Q over P x {0} where the
face prism(F x {0}) of Q has collapsed into F x {0}. Some proper k-faces of
W will be wedges defined as the wedge of a (k— 1)-face J x {0} of P x {0} ata
proper face (F n J) x {0}. Some proper k-faces of W are k-prims over (k — 1)-
faces of P x {0} disjoint from F x {0}; these prisms are the vertical faces of
W. These descriptions together with Proposition 2.6.6 give the following.

Xd+1 = 0}

g

F x {0} (b)

P x [0,00) C R?
(a)

Figure 2.6.2 The wedge of the pentagon P. (a) The cylinder P x R in R3. (b) The
wedge over P at a facet of P.
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Proposition 2.6.8 Let P = R4t be a d-polytope and F a proper face of P.
A k-face of the wedge W of P at F is either a k-face of one of the bases of W,
or the wedge of a (k — 1)-face J of P at the proper face F N J, or a vertical
k-face.

Proposition 2.6.9 The number fi of k-faces of the wedge W of a d-polytope
P at a facet F of P is given by

2fx(P) — fx(F), ifk =0;
2fk(P) + fi—1(P) — fi(F) — fe—1(F), ifke[l...d+1].

Je(W) = {
Dual Wedges
Let P be a d-polytope in R?. Embed P x {0} in the hyperplane

H::{( * )GR‘H]
Xd+1

of R4+! and let v be a vertex of P. The dual wedge of P at v, denoted by
dW, (P), is the (d + 1)-polytope

dW,(P) := conv ((P x {0}) U (v x {—1}) U (v x {1})).

Xdy1 = 0}

The facial structure of the dual wedge is plain from its description.

Proposition 2.6.10 Let P x {0} < R4 be a d-polytope and v a vertex of P.
A k-face of the dual wedge of P at v is either a k-face of P not containing v,
or the dual wedge of a (k — 1)-face of P at v, or a pyramid with apex v x {—1}
orv x {1} over a (k — 1)-face of P not containing v.

As the name indicates, the dual wedge is in some sense the dual operation of
a wedge: if we perform the wedge of a polytope P at a facet F of P, then we
are performing the dual wedge of the dual polytope P* at the conjugate vertex
of F in P* (Problem 2.15.11).

Truncation of Faces

Let P be a d-polytope in R?, let F be a face of P, and let K be a closed
halfspace in R such that the vertices of P not in K are the vertices of F. A
polytope P’ is obtained by truncating the face F of P if P’ = P n K. The
polytope P’ retains all the old facets of P, except F if it was a facet, and gains
a new facet.

Truncating faces is a flexible operation. We can see that a simplicial d-prism
is obtained from a d-simplex T by truncating a vertex of 7.
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P P#pP'

Figure 2.6.3 Connected sum of two polytopes.

Connected Sums

Two polytopes P and P’ are projectively isomorphic if there is a projective
isomorphism ¢ permissible for P such that {(P) = P’.

Let P and P’ be two d-polytopes with a facet F of P projectively isomor-
phic to a facet F’ of P’. The connected sum P#rQ of P and P’ is obtained
by ‘gluing’ P and P’ along F and F’; if the facet F is of no importance, we
simply write P#P’. Projective transformations on the polytopes P and P’ may
be required for the connected sum to be convex. A common method is first to
assume that P and P’ are realised so that P n P/ = F = F’, and then to apply
a projective transformation ¢ to P’ so that ¢ fixes F’ and conv(P U ¢(P))
becomes a realisation of P#r P’; Problem 2.15.7 asks for the details of this
transformation. The connected sum of two polytopes is depicted in Fig. 2.6.3.
The faces of P#p P’ are described next.

Proposition 2.6.11 Let P and P’ be two d-polytopes with a facet F of P
projectively isomorphic to a facet F' of P'. Then the proper faces of P#p P’
consist of all the proper faces of P and P’, except for the facets F and F'.

The connected sum of a d-simplex and a d-polytope with a simplex facet
is called stacking; this sum is always possible (Problem 2.15.9). The stacked
polytopes are the polytopes obtained from a simplex by successive stacking.
The dual operation of stacking is truncating a vertex: if we stack over a facet
F of a polytope P, then the conjugate vertex of F in the dual P* of P
gets truncated (Problem 2.15.10). In particular, the dual of a stacked polytope
is a truncated polytope, a polytope obtained from a simplex by repeatedly
truncating vertices.
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Pl

PxP
P

Figure 2.6.4 Cartesian products of two polytopes. The Cartesian product of the
2-cube P := conv {(—1, — 1), (1, — 1)/, (=1,1)",(1,1)' } and the segment P’ :=
conv{(1),(2)}.

Cartesian Products

The Cartesian product P x P’ of a d-polytope P — R? and a d’-polytope
P’ « RY s the Cartesian product of the sets P and P’:

Px P = {(;}) e RIH

The resulting polytope is (d + d’)-dimensional. An example is depicted in
Fig. 2.6.4.

The characterisation of the faces of a Cartesian product is presented in
Proposition 2.6.13.

peP, pe P}. (2.6.12)

Proposition 2.6.13 Let P — RY be a d-polytope and P’ R qd -polytope.
The k-faces of the Cartesian product P x P’ are precisely the Cartesian
products of an i-face F of P and a j-face F' of P' such thati + j = k,
foreachke[0...d +d').

Free Joins

Let P < R9T4'+1 be a d-polytope and P’ < R4+4'+1 a ¢’ -polytope such that
their affine hulls are skew; two affine spaces are skew if they do not intersect
and no line from one space is parallel to a line from the other. The free join
P + P’ of the polytopes P and P’ is the (d + d’ + 1)-polytope conv(P U P’).
For a concrete setting, let P be a d-polytope and P’ a d’-polytope both of
which are embedded in R¥+4+1 as follows:
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P =convs |04 | € RA+d'+1 peP;,
0
0y
P =conv! | p' | e RIFHL pl e P!
1
Then
P« P = conv 0y | € RA+d'+1 pPeEP
0 (2.6.14)
0, .6.
U p' | e R pl e p!
1

A pyramid over a d-polytope P with apex x is the free join of P and the point
x; in this case, we write P = x rather than P * {x}.

The characterisation of the faces of a free join is presented in Proposi-
tion 2.6.15.

Proposition 2.6.15 Let P = R4+ pe g d-polytope and P! < R+ +1 ¢
d’-polytope such that aff P and aff P’ are skew. The k-faces of the free join
P = P! are precisely the free joins of an i-face F of P and a j-face F' of P’
suchthati +j+ 1=k forke[0...d +d'].

A consequence of Proposition 2.6.15 is a formula for the number of faces of
a free join.

Corollary 2.6.16 Let P <« RI+4'+1 pe g d-polytope and P! < Ri+d'+1 4
d'-polytope such that aff P and aff P’ are skew. The number f; of k-faces of
P « P’ is given by

k
fe(P Py = Z fi(P) fi—i—1(P), foreveryk € [0...d +d'].

i=—1

Direct Sums

The direct sum P @ P’ of a d-polytope P = R and a d’-polytope P’ = R’
with the origin in their relative interiors is the (d + d’)-polytope
p/ e P/ }) .

P@® P = conv <{(0p ) € ]Rd+d/ pE< P} U {((I))d,) € Rd+d’
dl
(2.6.17)
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P/

P Pao P

Figure 2.6.5 Direct sum of two polytopes. The direct sum of the 2-cube
P := conv{(—1, — D", (I, - D", (=L, D", (I,1)’} and the segment P’ :=
conv{(—1),(1)}.

The resulting polytope lies in R+’ and has fo(P) + fo(P") vertices and
fa—1(P) x fp_1(P") facets. An example is depicted in Fig. 2.6.5.

From the definition, it is clear that the direct sum P @ P’ is a projection of
the join P * P’. It is not so clear but true that the direct sum P @ P’ is closely
related to the Cartesian product P x P’ by duality.

Proposition 2.6.18 If P < R? is a d-polytope and P' RY isad -polytope
such that the origin is in their relative interiors, then

P® P = (P* x (P)*)*.

2.7 Face Figures

Face figures of a d-polytope P are polytopes whose face lattices are formed by
the set of faces F' between some i-face F; and some j-face F; of P such that
F; € F c Fj,for —1 <i < j < d. The most useful of the face figures is the
vertex figure, the case wheni = 0 and j = d, and as such, vertex figures are
the focus of this section.

Vertex figures exist around each of the vertices of a polytope; they contain
information on the facial structure of the polytope and the dual polytope.
Let P be a d-polytope in R?, let v be a vertex of P, and let H be a
hyperplane in R? that has v on one side of H and the remaining vertices of
P on the other side. The vertex figure P/v of P at v is the set P n H; see
Fig. 2.7.1.
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(a)

Figure 2.7.1 Vertex figures of polytopes. (a) A segment as the vertex figure of a
2-polytope. (b) A triangle as the vertex figure of a 3-polytope.

Theorem 2.7.1* Let P be a d-polytope in R and let H be a hyperplane in R?
such that H intersects the interior of P. Then the following hold:

(i) The polytope P’ :== P n H is (d — 1)-dimensional.

(ii) If F is a k-face of P, then the set F' :== F n H is a k'-face of P' with
k' < k; in the case of F and F' being proper faces and H not being a
supporting hyperplane of F at F', we have that k' = k — 1.

(iii) If F' is a k'-face of P’ but not of P, then there is a unique k-face F of P
suchthat F' = HnFand k' =k — 1.

While many choices are possible for a hyperplane that defines a vertex figure
0 of a polytope, all of them produce the same face lattice of Q. In other words,
the combinatorics of Q is independent of the hyperplane.

Theorem 2.7.2 Let P be a d-polytope and let v be a vertex of P. Suppose
that H is a hyperplane in R¢ such that H ~ P is the vertex figure P /v of P
at v. Then there is a bijection o from the k-faces F of P that contain v to the
(k — 1)-faces F' of P /v, given by
o(F)=HnF =:F
o W(F) = aff({(v} U F/) =: F.

Proof The hyperplane H intersects int P, and so Theorem 2.7.1(i) implies
that P/v is a (d — 1)-polytope. If F is a k-face of P that contains v, then H
does not support F, which implies that F’ := F n H is a k’-face of P /v of
dimension dim F — 1 (Theorem 2.7.1(ii)). Moreover, for each k’-face F’ of
P /v, we have that F "is not a face of P. Therefore, Theorem 2.7.1(iii) gives

the existence of a unique k-face F of P that contains v and satisfies k¥’ = k — 1.
It is now clear that o is a bijection (by Theorem 2.7.1). O

4 A proof is available in Brgndsted (1983, thm. 11.1).
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There is a close link between the vertex figure of a polytope P at a vertex
v € P and the facet of the dual polytope P* that is conjugate to v.

Theorem 2.7.3 Let P and P* be dual polytopes and let r be an antiisomor-
phism from L(P) to L(P*). Suppose that v is a vertex of P and that P /v is
the vertex figure of P at v. Then the facet ¥ (v) of P* is a dual of P /v.

Proof This is a consequence of Theorem 2.7.2 and the fact that L(P) is the
opposite of L(P*) (Corollary 2.4.11).

From Theorem 2.7.2, it follows that the face lattice L(P/v) of P/v is
isomorphic to the sublattice £, of L(P) formed by the faces of P containing
v. And, since L£(P) is the opposite of L(P*), L, is antiisomorphic to the
sublattice L(y(v)) of L(P*) corresponding to the facet ¥ (v) of P*. Hence
L(P/v) is antiisomorphic to L(y (v)), as desired. L]

Face figures generalise vertex figures; they can be obtained as an iterated
vertex figure. Let P be a d-polytope, F; an i-face of P, and F; a j-face of P
such that —1 < i < j < d. The set of faces F' of P such that F; € F < Fj is
a face figure F;/F; of P. The vertex figure P /v of P at a vertex v is recovered
when F; = v and F; = P. It is useful to consider F; as a j-polytope and
F; as a face of Fj, as we will see in Chapter 8. In this way, we can extend
Theorem 2.7.3 to all face figures. If we consider F; and its dual polytope F ]?"
as j-polytopes and let ¥r; be an antiisomorphism from L(F;) to L(F j?"), then
the face figure F;/F; is combinatorially isomorphic to the dual of the face
wj(Fi) in F;k.

Theorem 2.7.4° Let P be a d-polytope, F; an i-face of P, and Fj a j-face of
P such that —1 < i < j < d. Then the face figure F;/F; is combinatorially
isomorphic to a (j — 1 —i)-polytope Q. Additionally, to each face F of P such
that F; © F < F; there corresponds a face in Q of dimension dim(F) — 1 —1i.

This is a good place to introduce some graph-theoretical terminology in
order to streamline our future statements. For an edge ¢ = conv{x,y} of a
polytope P, we write e = [x, y] or e = xy, and we say that the vertices x and
y are adjacent or neighbours, and that the edge e is incident with x and y. We
denote the set of neighbours of a vertex x in P by AVp(x):

Np@x) = {y e V(P)| xy € E(P)}; (2.7.5)

we often drop the symbol P if the reference is clear from the context.

SA proof is available in Brgndsted (1983, thm. 11.4).
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In a polytope, issuing a ray from each edge containing a given vertex
produces a cone that contains the polytope.

Theorem 2.7.6 Let P be a polytope in RY and let v € V(P). Then the affine
convex cone based at v and spanned by the neighbours of v in P contains P.
Notationally,

Pcv+cone{u—vlueNp)}.

Proof Let H be a hyperplane in R? such that P ~ H defines the vertex figure
P /v of P at v. Take any other vertex y of P. Then the segment [v, y] intersects
H atapoint y’, a point of P/v. It follows that y lies in the ray {v+a(y’ —v) |
a > 0}, which in turn implies that

Pc{v+a(y —v)foraly e P/v,a>0}. (2.7.6.1)

Every point y’ € P/v is in the convex hull of V(P /v) and so

{v+a(y —v)|forall y € P/v,a >0}
Cv+cone{w—v|forallwe V(P/v)}. (2.7.6.2)

Additionally, every vertex of P /v lies in a ray from v to a neighbour of v.
Thus

v + cone {w — v| forall w € V(P/v)} < v+ cone {u — v| u € Np(v)}.

(2.7.6.3)
Combining (2.7.6.1), (2.7.6.2), and (2.7.6.3), we get that
Pcv+cone{u—vlueNpw},

the desired conclusion. ]

An immediate corollary of Theorem 2.7.6 is the following.
Corollary 2.7.7 Let P be a d-polytope in R? and let v € V(P). Then
aff ({v} U Np(v)) = R

Proof 1f the the statement were false, then the set {v} U N (v) would lie in
a hyperplane H in R?. This would in turn imply that the affine convex cone
C :=v+cone{u —v|ueN()}isin H. However, P = C (Theorem 2.7.6),
which would lead to the contradictory conclusion that a d-polytope lies in H.
Hence the corollary follows. O

Another corollary of Theorem 2.7.6 is the following.
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Corollary 2.7.8 Let P be a d-polytope in R? and let v € V(P). Suppose
that H is a hyperplane in R and K is a closed halfspace defined by H. If H
contains v and K contains N'p (v), then K is a supporting halfspace of P, that
is, PS K.

Proof The vertices {v} U N (v) of P all lie in K, and so K, being an affine
convex cone itself, contains the affine convex cone C := v+ cone{u —v | u €
N (v)}. By Theorem 2.7.6, P < C. Hence P < K. O

2.8 Simple and Simplicial Polytopes

A polytope is simplicial if every facet is a simplex. And a d-polytope is simple
if every vertex is contained in precisely d facets; otherwise the d-polytope is
nonsimple. It is clear that a simplex is a simple polytope. A face of a polytope
that is itself a simple polytope is a simple face; otherwise the face is nonsimple.
Trivially, every vertex, edge, and 2-polytope is simple. Simplicial and simple
polytopes are closely related by duality.

Theorem 2.8.1 A polytope is simple if and only if its dual polytope is
simplicial.

Proof Let P be a d-polytope, P* the dual polytope of P, and ¥ an
antiisomorphism from L£(P) to L(P*). Suppose that P is simple. Then every
vertex v of P is contained in precisely d facets. Since L(P) is the opposite
of L(P*), the facet ¥ (v) of P* that is conjugate to v contains precisely d
vertices; that is, ¥ (v) is a simplex (Problem 2.15.5). Every facet of P* is the
conjugate of some vertex of P; hence P* is simplicial.

Suppose that P* is simplicial. Then every facet F of P* is a simplex; it
has precisely d vertices. Because L(P*) is the opposite of L(P), the vertex
¥ ~1(F) of P is contained in precisely d facets. Additionally, every vertex of
P is the conjugate of some facet of P*. Hence P is simple. O

In the same way that we gave special names to the O-faces, 1-faces, and
(d — 1)-faces of a d-polytope P, we give the name ridge to a (d —2)-face of P.

We define simple polytopes by the number of facets in which each vertex
is contained. An alternative definition could have considered the number of
edges.

Theorem 2.8.2 A d-polytope is simple if and only if each vertex is incident
with precisely d edges.
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Proof Let P be a d-polytope, P* the dual polytope of P, and i an
antiisomorphism from L(P) to L(P*). A vertex v of P is contained in
precisely d edges if and only if the (d — 1)-face ¥ (v) of P* contains precisely
d ridges of P*. And a (d — 1)-face has precisely d ridges of P* if and only
ifitis a (d — 1)-simplex (Problem 2.15.5). Thus, every vertex of P is incident
with precisely d edges if and only if P* is simplicial, and thus the result now
follows from Theorem 2.8.1. O

A d-polytope P is k-simplicial if each k-face of P is a simplex; every
polytope is 1-simplicial and simplicial polytopes are (d — 1)-simplicial. The
polytope P is said to be k-simple if each (d — 1 — k)-face is contained in
precisely k + 1 facets; every polytope is 1-simple and simple polytopes are
(d — 1)-simple. Theorem 2.8.1 ensures that a polytope P is simple if and only
if P* is simplicial. This generalises to k-simplicial and k-simple polytopes: P
is k-simplicial if and only if P* is k-simple (Problem 2.15.8).

According to Theorem 2.4.16, a k-face F of a d-polytope is contained in at
least d — k facets of the polytope. This lower bound is met with equality in the
case of simple polytopes.

Theorem 2.8.3 Let P be a simple d-polytope, k a number in [0...d — 1], and
Fi, ..., Fy_ facets of P. Then

d—k
F=()F
i=1
is either (& or a k-face of P.

Proof Let P* be the dual polytope of P, and let ¥ be an antiisomorphism
from L(P) to L(P*). If F = (& there is nothing to prove, so suppose
otherwise. The face F is the largest face of P contained in the facets
Fi,...,Fy—, and so the face v (F) is the smallest face of P* containing
the vertices ¥ (F1), ..., ¥ (Fg—t). Since P* is simplicial, each facet of P*
is a simplex (Theorem 2.8.1), which implies that every face of P* is simplex.
Thus ¥ (F) is a (d — k — 1)-simplex. Theorem 2.4.12 now ensures that F is a
k-face of P. O

Theorem 2.8.3 gives that a j-face of a simple d-polytope is contained in
exactly d — j facets. We can give the exact number of k-faces containing the
j-face.

Theorem 2.8.4 Let P be a simple d-polytope and let 0 < j < k < d. Then

there are precisely
d—j
d—k
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k-faces of P containing a given j-face of P.

Proof Let J be a j-face of P. If k = d then P is the only d-face containing
J. Let P* be the dual polytope of P and let i/ be an antiisomorphism from
L(P) to L(P*). If instead k < d, then ¥ (J) is a (d — 1 — j)-face of P*
and the number of k-faces of P containing J coincides with the number of
(d — 1 — k)-faces of {(J). Since ¥ (J) isa (d — 1 — j)-simplex, it contains

d—j
d—k
(d — 1 — k)-faces by Proposition 2.6.1. The proof is now complete. O

The application of duality in the proof of Theorem 2.8.4 also gives that each
vertex of a k-face F in a simple polytope is contained in precisely k (kK — 1)-
faces of F', which ensures that F is also a simple polytope (by definition).

Theorem 2.8.5 Every proper face of a simple polytope is another simple
polytope.

Another important property of simple polytopes is that every k-subset of
edges incident with a vertex defines a k-face. It is easy to find examples
of polytopes that do not satisfy the latter property. For instance, consider a
3-crosspolytope I as a bipyramid over a quadrangle Q. Then no two edges of
Q sharing a vertex define a 2-face of /.

Theorem 2.8.6 Let P be a simple d-polytope and k € [0...d — 1]. Suppose

that v is a vertex of P, vvy,...,vv; are k edges of P that are incident with
v, and F is the smallest face of P containing these edges. Then F is a simple
k-face of P.

Proof Let P* be the dual polytope of P and let ¥ be an antiisomorphism
from L£(P) to L(P*). By duality, the face  (F) is the largest face of P*
contained in the (d — 2)-faces ¥ (vvy), ..., ¥ (vvg) of the facet ¥ (v):

k
Y(F) =[] ¥@o).
i=1

The facet i (v) is a simplex (by Theorem 2.7.3 or Theorem 2.8.1). From
Theorem 2.8.3, it follows that ¥ (F) is a (d — 1 — k)-face of ¥ (v). Since ¥ (F)
is contained in precisely k (d — 2)-faces of ¥/ (v), the k edges vvy, ..., vvg are
the only edges of P that are incident with v and are contained in F.

The face F is the conjugate of ¢ (F), and so it is a k-face of P. Thus, by
Theorem 2.8.5 it is a simple polytope. O
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The proof of Theorem 2.8.6 also yields a slightly more general result.

Theorem 2.8.7 Let P be a d-polytope and k € [0...d — 1]. Suppose that
v is a vertex of P incident with precisely d edges in P. Further suppose that
vV, ...,V are k edges of P that are incident with v and that F is the smallest
face of P containing these edges. Then F is a k-face of P and these k edges
are the only edges of F incident with v.

By Theorem 2.8.7, vertices in a d-polytope P that are incident with precisely
d edges behave as vertices of a simple d-polytope. In view of this, we
will say that such a vertex is simple; a vertex in P incident with more
than d edges is nonsimple. Since every vertex is a simple O-polytope, the
expressions ‘simple vertex’ and ‘nonsimple vertex’ will refer only to the nature
of the vertex in relation to the ambient polytope, and they should cause no
confusion.

A d-simplex is both simple and simplicial, which characterises d-simplices
ford = 3.

Theorem 2.8.8 A simple and simplicial polytope is a simplex or a 2-polytope.

Proof The case of two dimensions is trivial, so let P be a d-polytope that
is both simple and simplicial for d > 3. Take a vertex vg of P. Since P
is simple, the vertex vg is incident with precisely d edges vovy, ..., V904
(Theorem 2.8.2). Let X := {wvo,vy,...,v4} and let T := conv X. Because
P is simplicial, every d — 1 of these edges defines a simplex facet of P
(Theorem 2.8.6). It follows that, for d > 3, every pair of vertices in X are
adjacent in P. As aresult, every vertex v; in X is adjacent to precisely d other
vertices in X. Hence T < P.

Consider any supporting halfspace K of T and let H be a hyperplane
bounding K. Then T n H is a proper face of T and thus it contains a vertex
vy with £ € [0...d]. Since H contains v, and K contains all the neighbours
of vy in P, Corollary 2.7.8 ensures that K is a supporting halfspace of P. In
other words, every supporting halfspace of T is a supporting halfspace of P.
A polytope is the intersection of its supporting halfspaces (Theorem 1.8.3).
Hence P < T, concluding that P = T. U

Similarly, for d > 3, d-cubes are the only simple and cubical polytopes. A
polytope is cubical if every facet is a cube. A proof for this result follows from
Blind and Blind (1998, sec. 7).

Theorem 2.8.9 (Blind and Blind, 1998) A simple and cubical polytope is a
cube or a 2-polytope.
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2.9 Cyclic and Neighbourly Polytopes

Cyclic polytopes are the d-polytopes with the maximum number of k-faces
among the d-polytope with n vertices, for each k € [0...d — 1] (Chapter 8).
Because of this, they feature in a number of fundamental results in polytope
theory, in particular in the upper bound theorem of McMullen (1970). This
section studies them.

The moment curve g in R is defined, for x € [a,b], as

pa(x) = (x,x2, ... xH. (2.9.1)
We next describe some of the properties of the moment curve.

Proposition 2.9.2 (Properties of the moment curve) The moment curve (g in
R? has the following properties:

(i) Every d + 1 points on 4 are affinely independent.
(ii) If d distinct points on g lie in a hyperplane H of RY, then the curve at
each intersection with H passes from one side of H to the other side.

Proof Let H be a hyperplane in R? defined as
H = {y eRd) y-(ai,...,a9)" = —ao}.

Then, for some i € [0... d], we have a; # 0. With the numbers ay, . ..,a4, we
now define a nonzero polynomial pg (x) of degree at most d:

pr(x) =ap+ajx + -+ agx®.
It follows that a point @y (x;) is in H if and only if x; is a root of py. The
polynomial py has at most d roots, and so no d + 1 points on g4 can lie in
H; this shows (i). Suppose that H contains exactly d distinct points of 14.
Then py has d simple roots. In a small neighbourhood of a simple root, the
polynomial is either increasing or decreasing, which causes the moment curve
to pass from one side of H to the other side; this proves (ii) O

A cyclic d-polytope C(n,d) is the convex hull of n > d + 1 points
ma(x1), ..., 1q(x,) on the moment curve satisfying x; < - - - < x,. Properties
of cyclic polytopes are explained from properties of the moment curve.

Proposition 2.9.3 Let P be a cyclic d-polytope on n vertices. Then

(i) P is simplicial; and
(ii) every set of k vertices of P, with 2k < d, forms a (k — 1)-face.

Proof (i) This ensues from Proposition 2.9.2(i).
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(ii) Let P be the convex hull of the n points pg(x1), ..., wq(x,) with x; <
<o < xp.Set X := {x1,...,x,}. Among the elements of X, select a k-subset
X satisfying xi << x,i. With these k numbers, we define a polynomial

Prx) == (x —x)? - (x = xp)® = g +arx + -+ agex™
of degree 2k < d. And with the coefficients ay, . . . , a2, we define a hyperplane
Hy in RY

Hy = {y eRd‘ y-(ai,...,ax,0,...,0)" = —ao}.

It follows that all the points 4 (x]) with x| € X are in H, and that any other
point ug(x;) with x; € X \ X lies in the same side of Hg, as the expression

pa(xj) - (ai, ...,ax.0,...,0)" = —ag + pr(x;)
= —ap + (x; —x{)2~--(xj —x,/()2
> —ap

attests. Hence Hy supports P atconv {jq(x}), ..., pua(x})}, whichisa (k—1)-
simplex by (i). This proves (ii). O

Gale (1963) provided a criterion to tell which d-subsets of vertices of a
cyclic d-polytope form a facet. The criterion relies on a linear ordering < on
the vertices pg(x1), ..., q(x,) of a cyclic d-polytope P given by pgq(x;) <
wa(x;) if and only if x; < x;. Henceforth, we implicitly assume that a cyclic
polytope is coupled with this vertex ordering.

Theorem 2.9.4 (Gale’s evenness condition) Let P be a cyclic d-polytope. A
d-subset X of V(P) is the vertex set of a facet of P if and only if, for every
two distinct vertices in V(P)\X, the number of elements of X between them is
even.

We put Gale’s evenness condition into practice.

Example 2.9.5 Consider a cyclic 3-polytope P on seven vertices and the
following sets:

X1 = {u3(4), u3(5), u3(6)},
X2 :={1u3(3),u3(4), u3(6)},
X3 = {u3(), n33), u3(4)}.
See Fig. 2.9.1. Between any two vertices u3(x;) and u3(x;) of P outside X1,

there are zero elements of X1, since x;,x; € [0... 3]; here, we use the linear
ordering of the vertices of P. Thus X is the vertex set of a facet of P.
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13(0) w3(6)

150) p3(4)

Figure 2.9.1 A cyclic 3-polytope on seven vertices.

Take any two vertices 3(x;) and u3(x;) of P\X,. If x;,xj €[0...2], then
there are zero elements of X, between p3(x;) and u3(x;). So suppose x; = 5.
Then x; € [0... 2], and the vertices ©«3(3) and u3(4) of X, are between w3 (x;)
and p3(x;). Hence X3 is also the vertex set of a facet of P.

Take the vertices u3(0) and u3(2) of P\X3. Between u3(0) and 3(2), there
is exactly one vertex of X3, namely w3(1). Hence X3 is not the vertex set of a
facet of P.

Proof of Gale’s evenness condition (Theorem 2.9.4) Let H be a hyperplane
in RY that is spanned by X. The set X determines a facet of P if and
only if all the vertices in V(P)\X lie in the same side of H. Take any two
distinct vertices g (x;), a(x;) € V(P)\X with x; < x j- The moment curve
at each intersection with H passes from one side of H to the other side
(Proposition 2.9.2(ii)). Therefore, pq(x;) and pg(x;) lie in the same side of H
if and only if, while traversing the curve from w4 (x;) to pq(x;), we encounter
an even number of vertices of X. O

One consequence of Gale’s evenness condition is that every cyclic d-
polytope on n vertices has the same facet-vertex incidence matrix (Section 2.3).
Thus, every two cyclic d-polytopes on n vertices are combinatorially isomor-
phic, and we can just talk of the cyclic d-polytope on n vertices, namely
C(n,d).

A second consequence of Gale’s evenness condition is that we can talk of
linear orderings of vertices of C(n,d) satisfying the condition. We say that a
linear ordering

u < - < u,
of the vertices of C(n,d) is cyclic if it satisfies Gale’s evenness condition: a
d-subset X of V(C(n,d)) determines a facet of C(n,d) if and only if, between
any two vertices of V(C (n,d))\ X, there is an even number of elements of X in
the vertex ordering <’. The aforementioned linear ordering < of the vertices
of C(n,d) given by
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na(xy) < -+ < ug(x,) whenever x; < -+ < xp

is cyclic. The following two assertions are now plain.

Proposition 2.9.6 A simplicial d-polytope P is combinatorially isomorphic to
C(n,d) if and only if some ordering

U <---<uy,
of the vertices of P is cyclic.

Lemma 2.9.7 Let d be even. If the ordering uy < --- < u, of the vertices of
C(n,d) is cyclic, then so is the ordering

U < - <up<u <---<uj_j,
foreachi e [l...n]
Gale’s evenness condition explains the vertex figures of cyclic polytopes.

Theorem 2.9.8 (Vertex figures of cyclic polytopes) Let P be a cyclic
d-polytope with a vertex ordering u; < - - - < u, that satisfies Gale’s evenness
condition (2.9.4). Then the following holds:

(i) For odd d, every facet of P contains uy or u,,.
(ii) For even d, the vertex figure of P at every vertex is a cyclic (d — 1)-
polytope.
(iil) For odd d, the vertex figures P /uy and P /uy of P at vertices u| and uy,
respectively, are cyclic (d — 1)-polytopes.
(iv) If all the vertex figures of P are cyclic (d — 1)-polytopes on n — 1 vertices
then

dfi—1(P) =nfg—(C(n —1,d —1)).
(v) For odd d > 5, we have that
Ja—1(P) =2f4-2(C(n—1,d — 1)) — fa—3(C(n —2,d — 2)).

(vi) Forn = d + 2 and odd d > 5, the vertex figure P /u; of P at some other
vertex u; is not a cyclic (d — 1)-polytope.
(vii) For odd d = 3, P is the dual wedge of C(n — 1,d — 1) at any vertex.

Proof (i) If a facet of P did not contain u; or u,, then there would be an odd
number of vertices between u; and u,,, which would violate Gale’s evenness
condition.

(ii) This is true for d = 2 so assume that d > 4. Let u; be a vertex of P and
X a (d—1)-subset of V(P)\ {u; }. Because P is simplicial and the (k—1)-faces
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of P/u; are in one-to-one correspondence with the k-faces of P containing u;
(Theorem 2.7.2), we have the following.

Claim 1 The proper faces of P/u; can be thought of as faces of P. In
particular, the subset X of V(P) is the vertex set of a (d — 2)-face of P/u;
if and only if the d-subset X U {u;} of V(P) is the vertex set of a (d — 1)-face
Fof P.

Since the graph of P is a complete graph (Proposition 2.9.3), this claim
implies the next assertion.

Claim 2 The polytope P/u; is a simplicial (d — 1)-polytope with vertex set
V(P)\{ui}.

According to Lemma 2.9.7, the ordering
U <Uui+1 < <Up<u <---<Uj—| (2.9.8.1)

is cyclic. If X U {u;} is the vertex set of a (d — 1)-face of P, then Gale’s
evenness condition on P yields an even number of elements from X u {u;}
between any two vertices y and z in V(P)\(X u {u;}), with respect to the
ordering (2.9.8.1). As a consequence, there is an even number of vertices from
X between the same two vertices y and z in V(P)\(X u {u;}), with respect to
the ordering

Uir < - <Up<up <---<uUuj—1 (2.9.8.2)

of the vertices of P/u; (Claims 1 and 2). This shows that the ordering (2.9.8.2)
is cyclic, implying that P /u; is combinatorially isomorphic to a cyclic (d — 1)-
polytope on n — 1 vertices (Proposition 2.9.6).

(iii) The reasoning is similar to that of (ii). According to (i), every facet of
P contains u; or u,. If X U {u;} is the vertex set of a (d — 1)-face of P,
then, by Gale’s evenness condition on P, there is an even number of elements
from X U {u;} between any two vertices y and z in V(P)\(X u {u1}), with
respect to the the ordering u; < --- < u,. As in (ii), it follows that there is
an even number of vertices from X between the same two vertices y and z in
V(P)\(X U {u1}), with respect to the ordering

uy < -+ <uy
of the vertices of P/u; (see Claim 1 from the proof of (ii)). This shows that
this ordering is cyclic, implying that P /u; is combinatorially isomorphic to a
cyclic (d —1)-polytope on n — 1 vertices (Proposition 2.9.6). The same analysis
yields that P /u, is combinatorially isomorphic to a cyclic (d — 1)-polytope on
n — 1 vertices.
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(iv) We count the facet—vertex incidences of P in two different ways. A
vertex u of P is contained in f;_»(P/u) facets of P, which is equal to
fa—2(C(n —1,d — 1)) by assumption. Additionally, a facet contains d vertices
and P has fz_1(P) facets. The result is now clear.

(v) Because of (iii), the vertex figures P/u; and P /u, are cyclic (d — 1)-
polytopes on n — 1 vertices, and so there are fy_»>(C(n — 1,d — 1)) facets
of P containing u and fz;_>(C(n — 1,d — 1)) facets of P containing u,,.
Furthermore, the number of facets of P containing both #; and u,, coincides
with the number of ways of selecting d — 2 vertices from {u, ...,u,_1} such
that the ordering uy < --- < u,_1 is cyclic; this is the same as counting the
number fy_3(C(n —2,d — 2)) of (d — 3)-faces of a cyclic (d — 2)-polytope
on n — 2 vertices. The formula now follows.

(vi) Suppose, by way of contradiction, that the vertex figure P/u of P at
every vertex u is a cyclic (d — 1)-polytope on n — 1 vertices. In this case, an
application of (iv) to P yields that

dfi—1(P) = nfy—>(C(n —1,d — 1)). (2.9.8.3)

Moreover, as d — 1 > 4 is even, Part (ii) gives that all vertex figures of P /u

are cyclic (d — 2)-polytopes on n — 2 vertices. Another application of (iv) to

P /u gives that
d—-Dfa2(Cn—1Ld—-1)=@n-1f-3(Cn-2d-2). (2984

We solve (2.9.8.3) for fy;—1(P) and (2.9.8.4) for fz_3(C(n — 2,d — 2)), and
then we put these expressions for f;_1(P) and f;_3(C(n — 2,d —2)) into (v)
to obtain that

gfdd(c(n —Ld—-1)=2f32(C(n—-1d—-1)

d—1
- fa—2(C(n —1,d — 1)),
n—1
or equivalently that
n d—1
fi2Cn—-1,d—-1)|-—-2+——|=0.
d n—1
Solving this equation amounts to solving
"yl
d n—1

which reduces to (d —n)(1+d —n) = 0. The solutionsaren = d orn = d+1,
violating our assumption of n > d + 2.

(vii) This can be verified from Gale’s evenness condition (2.9.4) on P, and
so it is left to the reader. O
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Cyclic Polytopes and Curves of Order d

Our initial, and the standard, presentation of cyclic polytopes uses the moment
curve to realise the polytopes and unveil their properties. However, other
curves could have been chosen instead, although none would beat the sim-
plicity of the moment curve.

Denote by C[a, b] the space of continuous, real-valued functions defined on
the interval [a, b]. This is a linear space over R with norm

loll := max [p(x)]. (2.9.9)
x€la,b]
The moment curve is defined with the set {(pl xX)=x,...,04(x) = xd} of

functions from C[a, b]. It turns out that polytopes combinatorially isomorphic
to cyclic polytopes can be realised with sets of functions from Cl[a,b] that
satisfy Haar’s condition on [a, b] (Timan, 1963, sec. 2.3).

Definition 2.9.10 (Haar’s condition) A curve wg: R — R? defined by

wg(x) 1= (p1(x), ..., 04(x))" (2.9.10.1)
satisfies Haar’s condition if each ¢; € Cla,b], and for every d + 1 distinct
numbers xi,...,Xg+1 in [a,b] satisfying x; < --- < Xxg41, the points
wgq(x1), ...,wq(xq41) are affinely independent in R4,

A curve wg: R — R? satisfying Haar’s condition is said to be a curve of
order d. Let wg: R — RY be a curve of order d defined as

wa(x) = (@1 (x), ..., a(x))".

We define a d-polytope C’(n,d) as the convex hull of n > d + 1 points

wa(x1) = (@1(x1), ..., 0a(x1))’,

wd(xn) = ((Pl (xn)s R 7€0d(-xn))ts

where x1, ...,x, € [a,b]land x1 < -+ < x,,.

A proof similar to that of Gale’s evenness condition (Theorem 2.9.4) applies
to the polytope C’(n,d). As a result, the polytope C’(n,d) has the same facet—
vertex incidence matrix as the cyclic polytope C(n,d), and so both polytopes
are combinatorially isomorphic.

A result of Sturmfels (1987) states that, for every cyclic-d-polytope P of
even dimension d, there exists a curve wg(x) of order d such that P =
conv {wq(x1), ..., wq(x,)}, for numbers x; < --- < x, in [a, b]. The situation
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is different for odd dimension d > 3: there are cyclic d-polytopesonn > d+3
vertices that do not arise from curves of order d (Cordovil and Duchet, 2000).

Neighbourly Polytopes

One of the most appealing properties of cyclic polytopes is that they are
very ‘neighbourly’: every set of k vertices, k < |d/2|, forms a (k — 1)-
face (Proposition 2.9.3(ii)). We have met this notion before. In the context
of graphs, a complete graph is as ‘neighbourly’ as possible: every two
vertices form an edge. Likewise, in the realm of polytopes, a d-simplex is as
‘neighbourly’ as possible: every k vertices form a proper (k — 1)-face, for each
k < d. In this final part, we explore the concept of ‘neighbourliness’.

We say that a d-polytope P is k-neighbourly if every set of at most k vertices
is the vertex set of a proper face of P. Proposition 2.9.3(ii) states that cyclic
d-polytopes are |d /2|-neighbourly. We will see that, apart from the d-simplex,
no other d-polytope is k-neighbourly for k > |d /2|, and so |d/2|-neighbourly
d-polytopes on n vertices such as C(n,d) are the second best ‘neighbourly’
d-polytopes, and they exist for every n > d + 1 (Proposition 2.9.3(ii)). For
this reason, we call a |d/2|-neighbourly d-polytope simply a neighbourly
d-polytope; equivalently, we may say that a neighbourly d-polytope is a
d-polytope with the (|d/2]| — 1)-skeleton of some n-simplex forn > d + 1.
Proposition 2.9.11 gathers the main properties of k-neighbourly polytopes.

Proposition 2.9.11¢ Ler P be a k-neighbourly d-polytope. Then

(i) every k vertices of P are affinely independent;
(i) k < d;
(iii) P is k'-neighbourly, for each k' € [1..k];
(iv) ifk > |d/2| then P is a d-simplex; and
(v) if k = |d /2] then P is (d — 2)-simplicial, and if in addition d is even, then
P is simplicial.

2.10 Inductive Constructions of Polytopes

This section focusses on an inductive construction of the convex hull of
a polytope, one in which a vertex is added at each stage. This is the so-
called beneath-beyond algorithm of Griinbaum (1963) and Griinbaum (2003,
sec. 5.2).

oA proof is available in Griinbaum (2003, sec. 7.1).
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Let P be a d-polytope in RY and let x be a point in RY. We say that a
facet F of P is visible from the point x with respect to a polytope P in R?
if x belongs to the open halfspace determined by aff F' that is disjoint from P
(Fig. 2.10.1(a)). If instead x belongs to the open halfspace that contains the
interior of P, we say that the facet F' is nonvisible from x (Fig. 2.10.1(a)).
Similarly, a hyperplane H, disjoint from the interior of P, is either visible or
nonvisible from the point x, with respect to P, depending on whether x lies
in the open halfspace determined by H that is disjoint from P or in the open
halfspace of H that contains the interior of P. Moreover, the point x is beyond
aface J of P if the facets of P containing J are precisely those that are visible
from x and the facets of P not containing J are all nonvisible from x.

Our terminology follows that of Ziegler (1995, sec. 8.2), and it differs
from that of Griinbaum (2003, sec. 5.2) in that the definitions of ‘visible’
and ‘nonvisible’ coincide with those of ‘beyond’ and ‘beneath’ in Griinbaum
(2003, sec. 5.2), respectively. In addition, a facet F is visible or nonvisible from
a point x in our sense if and only if x is beyond or beneath aff F', respectively,
in Griinbaum’s sense.

Theorem 2.10.1 (Construction of polytopes; Griinbaum [1963]) Let P and P’
be two d-polytopes in RY and let v’ be a vertex of P’ such that v/ ¢ P and
P’ = conv(P U {v'}). Then the following hold:

(i) A face F of P is a face of P’ if and only if there exists a facet of P
containing F that is nonvisible from v’ with respect to P.
(ii) If F is a face of P with v’ € aff F, then F' := conv(F u {v'}) is a face of
P’
(iii) If F is a face of P such that, among the facets of P containing F, there is
at least one that is visible from v’ (with respect to P) and at least one that
is nonvisible (with respect to P), then

F' := conv(F U {v'})

is a face of P'.

(iv) For each face F' of P’, there is a face F of P for which (i), (ii), or (iii)
applies. In other words, each face of P’ falls precisely in one of the above
cases.

Proof The main observation here is that every face of P’ is either a face of P
or the convex hull of v’ and some face of P, because a hyperplane supporting
P’ at a face of P’ other than v’ also supports P.

(i) A facet J of P with supporting hyperplane H is a facet of P’ with the
same supporting hyperplane H if and only if J is nonvisible from v’ (with
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Figure 2.10.1 Inductive construction of polytopes. (a) The facet R of P is visible
from the point x and nonvisible from the point z. The point x is beyond the
face F but the points y and z are not. (b) Auxiliary figure for the proof of
Theorem 2.10.1(iii). (c) The four cases of the proof of Theorem 2.10.1(iv). All
the facets of P containing F are visible from x (Case (1)). All the facets of P
containing J are nonvisible from x (Case (2)). All the facets of P containing /
are visible from v’ or contain v’ in their affine hull and at least one such facet
contains v’ in their affine hull (Case (3)). All the facets of P containing F are
nonvisible from v’ or contain v’ in their affine hull and at least one such facet
contains v’ in their affine hull (Case (4)). (d) P’ := conv(P u {v'}). The polytope
P is highlighted in grey and the polytope P’ is highlighted in a tiling pattern.

respect to either P or P’). As a consequence, each face F of P that s in such a
facet J will be a face of P’. Now consider a face F of P and P’. Then F does
not contain v’. Since F is the intersection of all the facets of P’ that contain it,
F is in some facet J’ of P’ that does not contain v’. The point v’ is a vertex
of P’, which implies that J' is nonvisible from v’ with respect to P’. Hence
the facet J' is facet of P that is nonvisible from v’ with respect to P. This
proves (i).

(i1)—(iii) Suppose that F' is a face of P that satisfies (ii) or (iii). We establish
that F’ := conv(F U {v'}) is a face of P’. First, suppose that F satisfies (ii).
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Then a supporting hyperplane of P at F will be a supporting hyperplane of P’
at F', ensuring that F’ is a face of P’. So assume that the condition (iii) holds.

Let F be a facet of P that contains F and is visible from v’ and let F, be
a facet of P that contains F and is nonvisible from v’. Then F < Fy n F,.
Suppose that Hp is a supporting hyperplane of P at F, H, := aff F), and
H, := aff F,,. Rotate Hy and H, slightly around Hy n Hr and H, n HF,
respectively, and towards Hfr (see Fig. 2.10.1(b)) in such a way that the two
resulting hyperplanes H; and H,, remain visible and nonvisible from v’ (with
respect to P) and that H; N P = H,;n P = F.The hyperplanes H) and H,
allow us to define a new hyperplane Hy, := aff({v'} U (Hy n H,)) that contains
v’ and intersects P at F (since Hy n P = H, n P = F). It follows that

Hpn P' = Hp nconv(P U {v'}) =conv(F u {v'}) = F/,

which shows that F’ is a face of P’.

(iv) Let F’ be a proper face of P’ such that none of (i), (ii), or (iii) applies.
Then F’ = conv(F U {v'}) for some face F of P, as the case of F’ being a
face of P is covered in (i). We can further assume that v/ ¢ aff F, as v’ € aff F
is covered in (ii). We (naively) list all the possibilities for the relative position
of v’ and the facets of P containing F (Fig. 2.10.1(c)):

(1) all the facets of P containing F are visible from v’,

(2) all the facets of P containing F are nonvisible from v’,

(3) all the facets of P containing F are visible from v’ or contain v’ in their
affine hull, and at least one such facet contains v’ in their affine hull (see
the face I and vertex v’ on Fig. 2.10.1(c)), and

(4) all the facets of P containing F are nonvisible from v’ or contain v’ in their
affine hull, and at least one such facet contains v’ in their affine hull (see
the face F and vertex v’ on Fig. 2.10.1(c)).

The cases (1), (2), and (3) are not real alternatives, as F’ is a face of P’ for
which none of (i), (ii), or (iii) holds; see Fig. 2.10.1(c). Case (4) can certainly
happen. In case (4), for each facet J of P that contains v’ in their affine hull,
we must have that aff J is a supporting hyperplane of P’ (and of P). It must
then follow that there is a proper face R of P that contains v’ in the affine hull
and is of the form R = H n P for some supporting hyperplane H of P’ (and
of P); see Fig. 2.10.1(d). Hence (ii) applies, and F’ = conv(R U {v’}). This
completes the proof of the theorem. O

We mention that there was a mistake in the original proof of Griinbaum
(1963, thm. 5.2.1); Case (4) of our proof of Theorem 2.10.1(iv) is overlooked.
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However, Case (4) cannot arise if conv(F U {v'}) is a facet of P’; this and
other consequences of Theorem 2.10.1 ensue.

Corollary 2.10.2 (Altshuler and Shemer, 1984) Let P and P’ be two d-
polytopes in R, and let v' be a vertex of P' such that v ¢ P and P’ =
conv(P U {v'}). Then the following hold:

() V(P") = V(P) u {v'} if and only if every vertex of P is in a facet of P
that is nonvisible from v'.

(ii) A facet F of P is a facet of P’ if and only if it is nonvisible from v’.

(iii) The set conv(F U {v'}) is a facet of P’ if and only if either v' € aff F
or among the facets of P containing F there is at least one that is visible
from v’ (with respect to P) and at least one that is nonvisible (with respect
to P).

We end this section with two applications of Theorem 2.10.1; each describes
an algorithm that changes the combinatorial structure of a polytope.

Let P be a d-polytope in R? and and let v be a vertex of P. Further, let v’
be a point outside P such that the halfopen segment (v, v’] does not intersect
any hyperplane spanned by the vertices of P. In the case that v belongs to the
interior of P’ := conv(P U {v'}), we say that P’ is obtained from P by pulling
v to v’. The position of v’ ensures that v’ is beyond v. The next result follows
at once from Theorem 2.10.1.

Theorem 2.10.3 (Pulling vertices; Eggleston et al., 1964) Let P’ be a d-
polytope in R? obtained from a d-polytope P by pulling a vertex v of P to
a vertex v’ of P'. Then, for each k € [1...d — 1], the k-faces of P’ are as
follows:

(1) The k-faces of P that do not contain v.
(ii) The pyramid conv(F U {v'}) for each (k — 1)-face F of P that does not
contain v but belongs to a facet of P that contains v.

Moreover, fo(P') = fo(P) and fi(P') > fi(P) foreachke[l...d —1].

Repeated applications of Theorem 2.10.3 transform any d-polytope P into a
simplicial polytope with the same number of vertices as P and at least as many
faces of higher dimension. We state the result.

Theorem 2.10.4 Let Q be a d-polytope obtained from a d-polytope P by
successively pulling each of the vertices of P. Then the following hold:

(i) The polytope Q is a simplicial d-polytope satisfying fo(Q) = fo(P), and
fi(Q) = fu(P) foreachke[l...d —1].
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(1) If some i-face of P is not a simplex, then fi(Q) > fix(P) for each k €
[[—1...d—1]

‘Pushing’ a vertex into the interior of a polytope yields a similar outcome
to that of pulling the vertex into the exterior of the polytope. Let P be a d-
polytope in R? and let v be a vertex of P. Further, let H, be a hyperplane that
separates v from the other vertices of P and let v’ € int P n H, so that v’ is at
Euclidean distance at most ¢ from v and no hyperplane spanned by vertices of
P intersects the halfopen segment (v, v']. In this case, we say that the polytope
P’ := conv((V(P)\{v}) u {v'}) is obtained from P by pushing v to v'. The
next theorem is an analogue of Theorem 2.10.3. A proof, however, does not
follow from Theorem 2.10.1, and so we give one.

Theorem 2.10.5 (Pushing vertices; Klee, 1964b, sec. 2) Let P’ be a d-polytope
in RY obtained from a d-polytope P by pushing a vertex v of P to a point v'.
Then the following hold:

(i) The k-faces of P that do not contain v are all k-faces of P'.
(ii) For each pyramidal k-face F of P with apex v, the pyramid

conv ((F\{v}) v {v’})

is a k-face of P'.
(ii) V(P") = V(P)\{v}) U {v'}.
(iv) For each k-face F of P that contains v but is not a pyramid with apex v,
the set conv(F\{v}) is a k-face of P’.
(v) Each proper face of P’ containing v' is a pyramid with apex v’.

Moreover, fo(P') = fo(P) and fi(P') = fi(P) foreachke[l...d —1].

Proof Let F be a k-face of P and let Hr be a hyperplane supporting P at F.
As P’ < P, the hyperplane Hr doesn’t meet the interior of P’. It follows that
F =Hp nP = Hpn Pis ak-face of P if v ¢ F; this proves (i). So assume
thatv e F.

We consider what happens when we continuously move v to v’ along the
segment [v,v’]; at time ¢ = 0 we have v and at time r = 1 we have v’. Let
Hrp(t) be the hyperplane obtained at time ¢ from moving Hf together with v;
here, Hr (0) = HF. Similarly define P (¢) and F (¢) so that P(0) = P, P(1) =
P’  and F(0) = F. Since F(0) = F is a face of P(0) = P, Theorem 2.3.7
ensures that

aff V(F (1)) n conv(V(P()N\V(F (1)) = & (2.10.5.1)
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at time + = 0. If we move v(¢) continuously from r = Otor = 1 by a
sufficiently small amount, then aff V(F (t)) and Hr(¢) also move continuously.

(ii) First, suppose that F is a pyramid with apex v and base R. Then
R = conv(F\{v}) is a (k — 1)-face of both P and P’ by (i). Additionally,
v’ ¢ aff V(R) by the assumption that no hyperplane spanned by vertices of P
intersects the segment (v, v’]. Therefore, (2.10.5.1) becomes

aff(V(R) u {v()}) N conv(V(P(@))\(V(R) u {v(H)})) = T

for each ¢ € [0, 1]. Hence conv(V(R) U {v(t)}) is a k-face of P(r) for each
t € [0,1]. In the particular case t = 1, we have (ii).

(iii) This follows at once from (i) and (ii): every vertex of P other than v is
a vertex of P’ by (i), while v’ is a vertex of P’ by (ii).

(iv) Now suppose that F' is not a pyramid with apex v. Since F is a face of
P, at time t = 0(2.10.5.1) becomes

aff V(F) n conv (V(P(1)\V(F)) = &.

We also have that aff(V(F)\{v}) = affV(F), and so v € aff(V(F)\{v}).
Therefore, using the assumption that no hyperplane spanned by vertices of P
intersects the segment (v, v’] and the fact that v ¢ P(z) for each ¢ € (0,1], we
obtain that

affV(F)\{v}) n conv (V(P()\ (V(F)\{v})) = &, foreach € (0,1].

Hence conv(F\{v}) is a k-face of P(¢) for each ¢ € (0,1]. In the particular
case t = 1 we have (iv).

(v) Suppose that F’ is a proper face of P’ that contains v’ and yet is not a
pyramid with apex v’. If J/ is a facet of P’ containing F’, then v’ belongs to
aff J/, which is spanned by V(J) n V(P). This contradicts the definition of
pushing. O

A corollary follows at once.

Corollary 2.10.6 Let Q be a d-polytope obtained from a d-polytope P by
successively pushing each of the vertices of P. Then the following hold.

(i) The polytope Q is a simplicial d-polytope satisfying fo(Q) = fo(P) and
fx(0) = fi(P) foreachke[l...d —1].
(ii) If some k-face of P is not a pyramid, then fi,(Q) > fi(P).

The same idea behind the proof of Theorem 2.10.5 proves the following
variation by Santos (2012).
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Theorem 2.10.7 (Santos, 2012, lem. 2.2) Let P’ be a d-polytope in R?
obtained from a d-polytope P by pushing a vertex v of P to a point v'. Then
there exists a map ¢ from the facets of P’ to the facets of P that satisfies the
following:

(i) If F' is a facet of P’ such that v’ € F', then there is a unique facet ¢(F")
of P such that V(F)\{v'}) U {v} € V(p(F")).
(ii) If F' is a facet of P’ such that v’ ¢ F’, then there is a unique facet ¢(F’)
of P such that V(F') € V(e(F")).
(iii) The map ¢ sends two facets F 1/ and le of P’ that share a ridge either to
the same facet of P or to two facets ¢(F 1’ ) and (p(FZ') of P that share a
ridge.

Repeatedly pulling the vertices of a polytope transforms it into a simplicial
polytope (Theorem 2.10.4), and so does repeatedly pushing its vertices
(Corollary 2.10.6). Dually, every polytope can be transformed into a simple
polytope by truncating the vertices, then the original edges, and so on up to
ridges (Problem 2.15.12).

2.11 Complexes, Subdivisions, and Schlegel Diagrams

Polytopal complexes, a concept borrowed from algebraic topology, will prove
useful in our study of polytopes. Among other purposes, we will use them to
visualise polytopes via Schlegel diagrams, establish the existence of shellings
of polytopes (Section 2.12), and prove identities such as Euler—Poincaré—
Schléfli’s equation for polytopes (Theorem 2.12.17). We proceed with the basic
definitions related to polytopal complexes.

Definition 2.11.1 (Polytopal complex) A polytopal complex C is a finite,
nonempty collection of polytopes in R that satisfies the following three
conditions:

(i) the empty polytope is always in C,
(ii) the faces of each polytope in C all belong to C, and
(iii) polytopes intersect only at faces: if Py € C and P, € C then Py n Py is a
face of both P; and P;.

A complex C with members {Py,...,P,} is said to be a complex on
{P1, ..., P,}. The underlying set of C, denoted setC, is the set of points in
RR¢ that belong to at least one polytope in C.
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If a polytope is a member of a complex C, we say that the polytope is a
face of the complex. The dimension of a complex C is the largest dimension
of a face in C; if C has dimension d we say that C is a d-complex. The set
of k-faces of a complex C is denoted by F;(C) and the set of all faces of C
is denoted by F(C). Additionally, the number of k-faces is denoted by f;(C):
fx(C) = #F(C). As with the case of polytopes, we denote by V(C) the set of
vertices of C and by £(C) the set of edges of C. Faces of a complex of largest
and second largest dimension are called facets and ridges, respectively. If each
of the faces of a complex is contained in some facet, we say that the complex
is pure.

We mention two important families of polytopal complexes. A simplicial
complex C is a polytopal complex in R? where all its polytopes are simplices.
A cubical complex C is a polytopal complex in R¢ where all its polytopes are
cubes.

A subcomplex of a polytopal complex C is a subset of C that is itself a
polytopal complex. A subcomplex of dimension k is a k-subcomplex. This
book is concerned only with polytopal complexes, and so we often drop the
adjective ‘polytopal’. The undirected graph formed by the vertices and edges
of C, denoted by G (C), is the graph of the complex C.

For two polytonal complexes C and C’, define their intersection C n C’ as
the collection of polytopes in C and C’, and their union C U C’ as the collection
of polytopes in C or C’. The intersection C n C’ is always a complex, and the
union C U C’ is a complex if the intersections P n P’ with P € C and P’ € C’
are all polytopes in C n C'.

Complexes can be defined from a polytope P. Two basic examples are given
by the complex of all faces of P, called the complex of P and denoted by C(P),
and the complex of all proper faces of P, called the boundary complex of P
and denoted by B(P). The k-skeleton By of a d-polytope P is the subcomplex
formed by the faces of dimension at most k; the (d —1)-skeleton of P coincides
with the boundary complex of P, while the 1-skeleton of P coincides with the
graph G(P) of P.

Similarly, a complex can be defined from a set {Py, ..., P,} of polytopes,
where each pair intersects at a common face, by forming the complex the
complex C(Py) U - - - U C(Py). In this case, we say that the complex is induced
by {Pi,..., Py}, and denote itas C(P; U - -+ U Pp).

The face poset L(C) of a complex C is the poset formed by the set of faces of
C partially ordered by inclusion. Two complexes C and C’ are combinatorially
isomorphic, or simply isomorphic, if their face posets are isomorphic. For
isomorphic complexes, we write C = (’.
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(a) (b) ()

Figure 2.11.1 Triangulations of 3-polytopes. (a) A triangulation of a pyramid over
a quadrangle with two 3-simplices. (b) A triangulation of a simplicial 3-prism P
with three 3-simplices: first divide P into a 3-simplex and a pyramid R over a
quadrangle, then triangulate R as in (a). (¢) An initial step in a triangulation of
a 3-cube Q with six 3-simplices: first divide Q into two simplicial 3-prims, then
triangulate each prism with three 3-simplices as in (b).

Subdivisions

Polytopal subdivisions are an important kind of polytopal complexes. In
general, they come into play when we want to decompose a geometric
object into simpler pieces, reducing the geometry to a simpler piecewise
geometry. This is the case of Delaunay subdivisions (Goodman et al., 2017,
sec. 16.3, ch. 27) in computational geometry. Triangulations are the most
studied subdivisions. They have found applications in computational geometry
via mesh generations (Goodman et al., 2017, sec. 29.4, 29.5), in commutative
algebra in connection with Grobner bases (Sturmfels, 1996), in tropical
geometry via tropical hyperplane arrangements (Ardila and Develin, 2009),
and in optimisation in connection with transportation polytopes (De Loera
et al., 2009).

A polytopal subdivision S of a d-polytope P in R is a pure polytopal
d-complex with the same underlying set as P. A polytopal subdivision is a
triangulation if all the polytopes in S are simplices; see Fig. 2.11.1. Two poly-
topal subdivisions are combinatorially isomorphic if they are combinatorially
isomorphic as polytopal complexes.

Some subdivisions can be obtained from projecting a polytope in R4*! to
RY; these are the regular subdivisions. Suppose that a polytope Q in R is the
image of a polytope P in R4t! under the projection 7 that deletes the last
coordinate (namely 7 (x,x441) = x). A face F of the polytope P is a lower
face of P if x —Ley4+1 ¢ P for each pointx € F and each A > 0. Equivalently,
F is alower face of P if, fora vectorr := (ry, ...,rq+1)" € R9t! we have that

F={xeP|r-x=vy},r-x <yisvalidfor P,and ry4; <O.
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wy = (vlvyl)t wo = (”27yz)t w3 = (”3#3)’5 wy = (”4#/4)’5
ws = (’Us~,y5)t’ we = (’Umya)t wr = (1)77?/7)'5 wg = (Us7y8)t

Figure 2.11.2 Regular subdivisions of polytopes. (a) A regular subdivision
of a segment Q that arises from a 2-polytope P. (b) A regular subdivision
of a 2-polytope Q := conv{vy,...,vg} that arises from a 3-cube P :=
conv{wi, ..., wg}; the lift vector y := (yy,...,ys)".

This amounts to saying that F can be seen from a point far below, namely
from a point —aey1 with sufficiently large «. The set of lower faces of P is
the lower envelope of P. A polytopal subdivision S of the polytope Q in R? is
regular if it is the set of projections of all the lower faces of P:

S(Q) = {n(F)| F is alower face of P}.

See Figure 2.11.2. An equivalent definition of a regular subdivision of Q in R¢
uses a lift vector y = (y1, ..., yn)" € R" to define the vertex set of P. Suppose
that O = conv{vy,...,v,}, and foreach i € [i...n] let w; := (v;, )" €
R4*1 We say that a subdivision of Q is regular if it is combinatorially
isomorphic to the lower envelope of the polytope P := conv{wy, ..., w,}; see
Fig. 2.11.2(b). Being regular is not a combinatorial property; there are pairs
of subdivisions that are combinatorially isomorphic and yet one is nonregular
and the other is regular, as Fig. 2.11.3 and Example 2.11.2 show.

Every subdivision of a 1-polytope is regular and so are the subdivisions of a
2-polygon without interior points. It is also the case that every subdivision of a
d-polytope that is the convex hull of at most d + 3 points, vertices or otherwise,
is regular (Lee, 1991). But there are subdivisions of 2-polygons with six
points, vertices or otherwise, that are not regular (Fig. 2.11.3). Example 2.11.2
explores this situation.
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U3 Uy

(a)

Figure 2.11.3 Regular and nonregular subdivisions of 2-polytopes with interior
points. (a) A nonregular triangulation. (b) A regular triangulation that is combi-
natorially isomorphic to the triangulation in (a); it is the Schlegel diagram of the
3-crosspolytope. (c) A regular subdivision that is not a Schlegel diagram.

Example 2.11.2 Consider the three subdivisions of Fig. 2.11.3 and suppose
that they lie in the hyperplane x3 = 0 of R3.

(a) We show that the subdivision S, of Fig. 2.11.3(a) is nonregular. Suppose
that S, is regular with vertex set {vy, ..., ve} and lift vector y = (yy, - .., y¢)'
such that S, is the set of projections of the lower faces of the 3-polytope P, :=
conv{(v,y1)’, ..., (v, y6)'}. By assumption, the interior triangle v4vs5v¢ of
S, is the projection of a triangular face F of P, that lies in a plane in R, and
so we may assume that the three components y4, ys, y¢ have the same value,
say zero; this may require applying an affine transformation to P, for instance a
rotation, so that aff ' becomes parallel to the plane x3 = 0. From Fig. 2.11.3(a)
we see that the segments [v1,v2] and [v4,v5] are parallel. This implies that
if y1 = y; then the trapezoid vvyv4v5 of S, would come from the 2-face
(v1,y1)", (02, y2)7, (4, y4)", (vs,y5)" of P,, which disregards the existence of
the edge [v2, v4]. Because the edge [v2, v4] is present, we must have that y; >
y2. Similar reasoning on the trapezoids vov3v5v6 and v{v3v4V6 yields that
y2 > y3 and y3 > yj, respectively. Thus, we have that y; > y» > y3 > yj, a
contradiction. Hence &, is a nonregular subdivision.

(b) The subdivision S, € R? of Fig. 2.11.3(a) is combinatorially isomorphic
to the subdivision S,. That S), € R? is regular follows from being a Schlegel
diagram (Proposition 2.11.10).

(c) We show that the subdivision S, € R? of Fig. 2.11.3(c) is regular.
Suppose that S, has vertex set {vy,...,vg} and lift vector y = (yq,...,ys)’
such that S, is the set of projections of the lower faces of the 3-polytope
P. := conv{(vy,y1)’, ..., (vs,yg)"}. The interior quadrangle vsvgv7vg of S,
comes from a quadrangular face of P, and so we may assume that the four
components Vs, Ve, y7, y3 have the same value, say zero. If we consider the
trapezoid v1v2v5v6 and reason as in the case (a), we have that y; > y;.
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Similarly, the trapezoids vov3vev7, V30407V, V1V4V50g yield that y3 > yo,
¥3 > ya, and y; > y4, respectively. Meeting these constraints gives a suitable
lift vector, say y; = 2,y2 = 1,y3 = 2,y4 = 1. The existence of the lift vector
y shows that S, is regular.

Schlegel Diagrams

Schlegel diagrams are regular subdivisions of a facet of a polytope that capture
the combinatorics of the polytope and, as such, they will help visualise 3-
polytopes and 4-polytopes.

We first define the basic elements of a Schlegel diagram. Let P be a d-
polytope in R and let F be a facet of P whose affine hull is defined by the
equation r - x = y. Choose a point y, € R¢ beyond F and consider the
segment £(x) := [yp,x] from yr to every point x € P. We let ¢(x) be the
intersection of £(x) and F. Then

Yy —Tr-JYf

w(x)zvaLr.x_r.yF(x—yF). (2.11.3)

We extend the function ¢(x) to proper faces of P. To do so, for each proper
face J we define an affine cone C; with apex y as

Cy:={yp+a(x — yp)| foreach x € J and each « > 0}. (2.11.4)
With the cone C; in place, we have that
¢(J):=Cynaff F. (2.11.5)
See Fig. 2.11.4 for a depiction of the function ¢ and the cone C; related to a
face J of a polytope P.
A Schlegel diagram of a polytope P based at the facet F of P, denoted by

D(P, F), is the image under the aforementioned function ¢ of all the proper
faces of P other than F (see (2.11.5)):

D(P.F) = {p(J)| J € LIP)\{P,F}}. (2.11.6)
For simplicity, we will also refer to D(P, F) as the Schlegel diagram of P at F.
The Schlegel diagram of P at F is a polytopal subdivision of F that captures

the combinatorics of P, regardless of the point y that we choose beyond the
facet F, as the following theorem shows.
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Figure 2.11.4 Definitions of the basic elements in the construction of Schlegel
diagrams. (a) Definition of the function ¢(x) for each vertex x of a polytope P.
(b) Definition of the cone C; and image ¢(J) for a proper face J of P; the image
¢ (J) is highlighted in bold.

Theorem 2.11.77 Let P be a d-polytope in RY and F a facet of it. A Schiegel
diagram of P at F is a polytopal subdivision of F that is combinatorially
isomorphic to the complex B(P)\{F} of the proper faces of P other than F.

Theorem 2.11.7 is illustrated in Fig. 2.11.5.

The face lattice L(P) of a polytope P can be readily reconstructed from the
Schlegel diagram D(P, F) of P at a facet F of P. From F = setD(P,F)
and Theorem 2.11.7, we have that D(P, F) is combinatorially isomorphic to
B(P)\{F}. We construct the facet poset L(D(P, F) u{F, P}, <) whose faces
are partially ordered by inclusion. In the poset L(D(P, F) U{F, P}, <), aface
R of D(P, F) satisfies R < F if and only if R is a face of the facet F. We list
three simple consequences of this discussion and Theorem 2.11.7.

Corollary 2.11.8 Let P be a d-polytope in R¢ and F a facet of it. Then the
following hold.

(1) The underlying set of D(P,F) is F:setD(P,F) = F.
(ii) For every face R of D(P, F), R n 1bdF is a face of F.
(iii) The face lattice L(P) of P is combinatorially isomorphic to the face poset
L(D(P,F) u {F, P}, <).

Similar to projective transformations, duality can be applied to produce
combinatorially isomorphic polytopes with prescribed properties. The appli-
cation of duality relies on two observations. First, polytopes P and x + P are
combinatorially isomorphic, and so if they both have zero in their interior then
their duals exist and are combinatorially isomorphic. Second, if the translation

7 A proof is available in Ziegler (1995, prop. 5.6).
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Figure 2.11.5 Schlegel diagrams of polytopes; the projection facet F has been
highlighted in bold. (a) A quadrangle and one of its Schlegel diagrams. (b) A 3-
cube and one of its Schlegel diagrams. (c) A 3-simplex and one of its Schlegel
diagrams. (d) A Schlegel diagram of a 4-cube; the projection facet is a 3-cube. (e)
A Schlegel diagram of a 4-crosspolytope; the projection facet is a 3-simplex. (f) A
Schlegel diagram of the Cartesian product of a 2-simplex with another 2-simplex;
the projection facet is a simplicial 3-prism.

vector x is chosen so that a vertex in x + P moves closer to 0, then the
corresponding facet F in (x + P)* moves farther from the vertices in (x + P)*
notin F (Fig. 1.11.1).

Theorem 2.11.9 Let P be a d-polytope in RY and let F be a facet of P.
Then there is a d-polytope Py combinatorially isomorphic to P such that, for
the facet Fy of Py corresponding to F under this isomorphism and for every
vertex v of P| not on Fi, the orthogonal projection of v onto Fy lies in the
relative interior of Fy.

We offer two proofs of this result, one via projective transformations and
another via duality.
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HP
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Figure 2.11.6 Projective transformation for Theorem 2.11.9.

Proof via projective transformations We follow the scheme described in Sec-
tion 2.5. Pass to P(R?*!) and embed the polytope P in a nonlinear hyperplane
H¢. Projectively complete H¢ by adding the hyperplane at infinity HS,. The
definitions of H¢ and HS, are irrelevant, but if concrete definitions are desired,
consult Section 2.5.

Choose a point y € H¢ beyond the facet F and a linear hyperplane HZ%, that
strictly separates y and P; this latter choice requires invoking the separation
theorem (1.8.5). To finalise our scheme, select a nonlinear hyperplane H? that
is parallel to H%, and admissible for P, and let ¢ be a projective transformation
admissible for P that fixes the points in H¢ n H? and sends each point in
H\(HP? U HY) to the point in H” lying on the same line through the origin
(Fig. 2.5.1(a)); the transformation ¢ maps P onto a polytope P; on H”. See
Fig. 2.11.6.

This transformation makes the facet F1 := ¢ (F) of P; very large and moves
it far away from the vertices of P; not in F;. Under this transformation, the
polytope Pj is contained in the pyramid conv({¢(y)} U F}); see Fig. 2.5.2(d).
It follows that the orthogonal projection of Py onto aff F| maps P;\F; onto
rint F1, as desired. O]

Proof via duality Assume that 0 € int P. Let vy, ..., v, be the vertices of P*
and assume that v is the vertex of P* conjugate to the facet F of P.

We translate the polytope P* so that the vertex v gets closer to 0. Pick a
point y € int P* so that the hyperplane through y with normal v; — y strictly
separates v; from the other vertices of P*. Then, for every i € [2...n], we
have that

(vi—y) <@ —y)-y<@ —y) - v. (2.11.9.1)
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Define the polytope P;* with vertices v1 — y, ..., v, — y; the polytope P* is
equal to P* — y. We show that like P*, P;* contains zero in its interior. Since
y € int P*, by Theorem 1.7.6 we can write it as

y=avy+ -+ oy,
for positive scalars a7y, ..., o, such that ZLI o; = 1, and so
O=ai(vi —y)+ - +o(v, — y),

yielding that 0 € int P;* by Theorem 1.7.6.

Let P; be the dual of P1*~ Then P; and P are combinatorially isomorphic;
let o be an isomorphism from L£(P) to L(P;). Foreachi € [1...n] and each
facet F; of P; conjugate to the vertex v; — y of P.¥, it follows that

affE:{xeRd’(vi—y)-le}. (2.11.9.2)

We show that the facet Fi = o (F) of P; has the desired properties. Because
of (2.11.9.2), forevery x € Pj andeveryi € [1... n], we have that (v;—y)-x <
1, and for every point x € P;\F; we have that (v; — y) - x < 1. Consider a
point x € P\ F}. Its projection x' = Taff F, (x) onto aff Fy is given by (1.4.8):

/ (vi—y) -x—
=X - )

1
x ).

lvg —y

The point x” is in the interior of ('_, H, (v; — y,1):

(vi—y)'xfz(v,-—y»[x—wm—y)]
o1 — 312
=<viy)'x%(viy>‘(v1y>
-
) ex—1
<1%<viw(v1y>
< 1.

To see the last step, observe that
(v —y)-x—1

| ”2 < 0 and that (v; — y) - (v1 — y) <0 by (2.11.9.1).
vy —y

As x’ € aff F| n int (ﬂl'-’zz H; (vi — y, 1)), we conclude that x’ € rint Fj, as
desired. [

Thanks to Theorem 2.11.9, we can transform a polytope P with a given facet
F into a combinatorially isomorphic polytope P’ so that, for the facet F’ of P’
corresponding to F, the orthogonal projection 7 of each point x € P’ onto F’
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(a) (b)

Figure 2.11.7 A Schlegel diagram of the 3-cube represented as a regular subdivi-
sion. (a) A 3-cube P with a facet F' highlighted. (b) A Schlegel diagram D(P, F)
of 3-cube P at a facet F where D(P, F') is combinatorially isomorphic to a regular
subdivision of F.

lies in the relative interior of F’. As a result, the Schlegel diagram D(P, F) of
P at F is combinatorially isomorphic to the Schlegel diagram D(P’, F’) of P’
at F’; see Fig. 2.11.7. This construction has an important consequence.

Proposition 2.11.10 Let P be a d-polytope, F a facet of it, and D(P,F) a
Schlegel diagram of P at F. Then D(P, F) is combinatorially isomorphic to a
regular subdivision of F.

Proof We first preprocess P so that F' is the orthogonal projection of P, as
in Theorem 2.11.9; see also Proposition 2.1.3. It follows that D(P, F) is the
set of projections of the lower faces of P, giving that D(P, F) is a regular
subdivision of F. O

A Schlegel diagram of a polytope P is clearly not uniquely determined; it
depends on the projection facet F' and the point y  beyond F. In view of
Proposition 2.11.10 and Theorem 2.11.9, we can always assume that F is the
orthogonal projection of P (see also Proposition 2.1.3).

While every Schlegel diagram can be realised as a regular subdivision
(Proposition 2.11.10), not every regular subdivision is a Schlegel diagram. We
use Proposition 2.11.10 to show that the regular subdivision of Fig. 2.11.3(c)
is not a Schlegel diagram.

Example 2.11.11 Suppose that the regular subdivision S, of Fig. 2.11.3(c)
lies in the hyperplane x3 = 0 of R3. Further suppose that S. has vertex
set {vy,...,vg} and lift vector y = (yi,...,ys)" such that S, is the set of
projections of the lower faces of the 3-polytope
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Pe:=conv{(v1,y1)", ..., (v3,y8)" }.

Suppose that S, is a Schlegel diagram of P, at a facet F' with vertex set
(01, y1)", (v2, 2)!, (13, y3)", (v4, v4)'. Then F lies in a plane of R3. The analysis
in Example 2.11.2(c) showed that y; > y2, y3 > y2, ¥3 > Y4, y1 > V4; this
contradicts the planarity of aff F'. Hence, S, is not a Schlegel diagram.

Stars, Antistars, and Links in complexes

For a polytopal complex C, the star of a face F in C, denoted st(F,C), is the
subcomplex of C formed by all the faces containing F and their faces; the
antistar of a face F of C, denoted ast(F,(), is the subcomplex of C formed by
all the faces disjoint from F’; and the link of a face F, denoted 1k(F,C), is the
subcomplex of C formed by all the faces of st(F,C) that are disjoint from F.
For a subset X of V(C), we denote by C — X the subcomplex of C formed by the
faces of C that contain no vertex from X. It follows that ast(F,C) = C — V(F)
and Ik(F,C) = st(F,C) — V(F). We define stars, antistars, and links in a
polytope always with respect to B(P); that is why we often write st(F, P),
ast(F, P), or Ik(F, P) without explicitly stating B(P). Furthermore, we may
also write st(F), ast(F), or Ik(F) if P is clear from the context.

Figure 2.11.8 depicts the star and link of a vertex in the 4-cube. Let x be a
vertex in a d-cube Q(d) and let x° denote the unique vertex not contained in
the star of x. Then the antistar of x coincides with the star of x° and the link
of x is the subcomplex C(Q(d)) — {x,x°}.

The star, antistar, and link of a vertex are all pure complexes. But more is
true for the link.

Proposition 2.11.12 Let P be a d-polytope. Then the link of a vertex in B(P)
is combinatorially isomorphic to the boundary complex of a (d — 1)-polytope.

M
(a) (b) (c)

Figure 2.11.8 Complexes in the 4-cube. (a) The 4-cube with a vertex x high-
lighted. (b) The star of the vertex x. (c) The link of the vertex x.
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13

Figure 2.11.9 The link of a vertex in the 4-cube. (a) The 4-cube with a vertex x
highlighted. (b) The link of the vertex x in the 4-cube. (c) The link of the vertex
x as the boundary complex of the rhombic dodecahedron (Proposition 2.11.12).

In particular, for each d > 3, the graph of the link of a vertex is isomorphic to
the graph of a (d — 1)-polytope.

Proof Letx be avertex of P and let x’ be a point in RY \ P beyond x. Suppose
P’ := conv(P U {x’}). We could think of P’ as being obtained from P by
pulling the vertex x to x’ (Theorem 2.10.3).

The facets in the star of x in B(P) are precisely those that are visible from
x’, and every other facet of P, which is in the antistar of x, is nonvisible from
x'. The link of x is, by definition, the subcomplex of B(P) induced by the
ridges of P that are contained in a facet of the star of x, a facet visible from
x’, and a facet of the antistar of x, a facet nonvisible from x’'. Consequently,
according to Theorem 2.10.1(i) the ridges in lk(x, B(P)) are all faces of P’.
Furthermore, for every ridge R € Ik(x, B(P)), R’ := conv(R U {x’}) is a facet
of P’ (Theorem 2.10.1(iii)), a pyramid over R with apex x'; and every facet in
the star of x” in B(P’) is one of these pyramids. Hence, the boundary complex
of the vertex figure of P’ at x’ is combinatorially isomorphic to the link of x in
P. Since the vertex figure is combinatorially isomorphic to a (d — 1)-polytope
(Theorem 2.7.3), the propostion follows.

O

Proposition 2.11.12 is exemplified in Fig. 2.11.9.

2.12 Shellings and Euler-Poincaré-Schléfli’s Equation

A shelling is a certain linear ordering of the facets of a pure complex. While
not every pure complex has a shelling, the boundary complex of every polytope
has one; this is central to a number of inductive arguments on polytopes.
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13 143 ° |3

1 1 6 [§ 6 T 6

4 |4

Figure 2.12.1 A shelling F| = x123, F) = x345,F3 = x156, F4 = 1267, F5 =
2347, Fg = 4567 of the boundary complex of the 3-cube, where the facets of the
star of a vertex x come first. The intersection of the current facet with the union
of the previous ones is highlighted in bold.

N —

2 £
j2) °\0

Figure 2.12.2 A sequence Fy, F», F3, F4 of facets of the boundary complex of the
3-cube that is not the beginning of any shelling of the 3-cube. The intersection of
the current facet with the union of the previous ones is highlighted in bold. The
intersection Fy n (F1 v F, U F3) is not the beginning of a shelling of Fj.

Definition 2.12.1 (Shelling) Let C be a pure complex. A shelling of C is a
linear ordering Fi, . .., F; of the facets of the complex such that either dim C =
0, in which case the facets are vertices, or it satisfies the following:

(1) The boundary complex of Fj has a shelling.
(ii) For j € [2... s], the intersection

j—1
Fjﬂ(U F,‘):le)”'URr

i=1
is nonempty and the beginning Ry, ...,R, of a shelling Ry,...,R,,
Ry41, ..., R, of the boundary complex of F;.

A complex is shellable if it is pure and admits a shelling. Figure 2.12.1
depicts an example of a shelling, while Fig. 2.12.2 depicts a sequence of facets
that is not the beginning of any shelling. Abusing terminology, we will refer to
a shelling of the boundary complex of a polytope as a shelling of the polytope.

Shellings of a complex can be rearranged in number of ways.

Lemma 2.12.2 Let C be a shellable complex and let Fy, ..., Fy,Jry1, ...,
Js be a shelling of C. If F{, ..., F! is a different shelling of the subcomplex
C(Fiu---UF,)ofCthen F!, ... ,Fr’, Jr+1, - - -, Js is a different shelling of C.
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In the case of polytopes, we can even obtain a new shelling by reversing the
order of a shelling.

Lemma 2.12.3 Let P be a d-polytope and let Fy, ..., Fs be a shelling of P.
Then the reverse sequence Fy, ..., F1 is also shelling of P.

Proof The lemma is plainly true for d = 1, and so we have the basis of an
induction on d. Assume that d > 2. Since F1, ..., Fy is a shelling of P each
facet F; fori € [1...s] is shellable (Definition 2.12.1(i)—(ii)); in particular, for
j €[2...s], the intersection

j—1
ij(U Fi>=R1u~--uRr
i=1

is nonempty and can be extended to a shelling Ry, ...,R,, Ry41,...,R; of
F;. By the induction hypothesis, the sequence Ry, ...,Ry41, Ry, ..., Ry is a
shelling of F;. For every (d — 2)-face R of F;, there is a unique facet Fy such
that R = Fy n F}, and so the intersection

N
Fjn U FFl=R U---UR
i:j+l

is nonempty and the beginning of a shelling of F;. Since Fj is shellable, we
obtain the shelling Fg, ..., F; of P, and so the proof of the lemma is complete.
O]

We extend the notion of ‘general position’ given in Section 1.1 from sets in
RR? to points, lines, and line functionals in R, with respect to a d-polytope.

Definition 2.12.4 (Point in general position) Let P be a d-polytope in R? and
let F1, ..., F, be the facets of P. A point x is in general position with respect
to P if it does not lie in any of the hyperplanes aff F1, ..., aff F),.

Definition 2.12.5 (Line in general position) Let P be a d-polytope in R? and
let Fy, ..., F, be the facets of P. A line ¢ is in general position with respect
to P if it is not parallel to any of the hyperplanes aff F; and intersects the
hyperplanes aff F; at pairwise distinct points.

Definition 2.12.6 (Linear functional in general position) Let P be a d-
polytope in R?. A linear functional in R¥ is in general position with respect to
P if its values on the vertices of P are pairwise distinct.
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We establish the existence of lines and linear functionals in general position
with respect to a polytope. The proofs rely on the fact that finitely many
polynomials in one variable have together only finitely many zeros.

Proposition 2.12.78 Let P be a d-polytope in R%. Then, every nonzero vector
a in R can be perturbed slightly so that the resulting vector a(e) for some
& > 0 defines a line £(¢) := aa(e) or a linear functional ¢.(x) := a(e) - x
that is in general position with respect to P.

Shellings in polytopes have many theoretical and computational applica-
tions. We show their existence next.

Theorem 2.12.8 (Existence of line shellings; Bruggesser and Mani, 1971)
Every polytope is shellable.

Proof Let P be a d-polytope in R? with 0 in its interior. We prove the
existence of a particular kind of shelling of P.

Letx € Rd\P be a point in general position with respect to P.
Then there is a shelling of P in which the facets of P that are (%)
visible from x come first and the facets that are nonvisible from
X come last.
The statement (*) is true for d = 1, and so assume that d > 2. As part of an
induction argument on d, suppose that (*) holds for d — 1.

Take a line £ that hits the interior of P, passes through 0 and x (that is,
¢ = ax for every @ € R), and is in general position with respect to P. Orient
£ from the interior of P to x; see Fig. 2.12.3. While traversing ¢, if you reach
infinity then return to the polytope from the opposite side. Label the facets
F1, ..., F, of P as they become visible when traversing £, and let x; be the
intersection of ¢ with aff F; for each i € [1...n]. By our choice of ¢, the
points x1,...,x, are all distinct. Further assume that when we traverse the
line £ = ax from 0 to x, we encounter the points x1, ...,Xk, in that order
before reaching infinity, and then encounter the points X1, . ..,X,, again in
that order, when we return to the polytope from the opposite side.

For eachi € [1... n], suppose that

affFi:{yeRd’ai-yzl},

in which case each inequality a; - y < 1 is valid for P. This implies that

X

x; = (2.12.8.1)

X -a;

8 A proof is available in Ziegler (1995, lem. 3.2).
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Figure 2.12.3 A line shelling F1, . .., Fs of the boundary complex of a polytope.
The line £ is oriented from the interior of the polytope to a point x and, for each
i €[l...6], the point x; is the intersection of ¢ with aff F;.

and that

x-ar>x-ay>--->x-a>0>x a1 >--->x-a, (2.128.2)

which in turn yields that

1 1 1 1
—_— << <0< <
X - @4 X-a, X -a X -ap

1
<< — . (21283)
X - ag

By construction, the sequence F1, ..., F), is ordered so that the facets visible
from x come before the facets that are nonvisible from x. See Fig. 2.12.3.

It remaing to show that the sequence Fi, ..., F, is a shelling of P. We verify
Definition 2.12.1. The facet Fj is shellable by induction. Each point x ; with
J €[2...n]is outside F; and is in general position with respect to F;. Suppose
the facet F; appears before reaching infinity. The intersection

j—1
ﬂm(UE)
i=1

is precisely the union of the facets Ry, ..., R, of F; that are visible from x ;:
aj-xj=1anda;-x; > lforeachi € [1... j—1],by(2.12.8.1) and (2.12.8.2).
Therefore, the induction hypothesis ensures that Ry, ..., R, is the beginning of
a shelling of F;, which also implies that the other facets of F;, those nonvisible
from x ;, are the end of the shelling. Thus, Definition 2.12.1(ii) holds for this
facet F;. Further, suppose that the facet F; appears after we passed infinity.

The intersection
j—1

i=1
consists precisely of the facets Ry, ..., R, of F; that are nonvisible from x ;:
aj-x; =1landa; -x; < 1foreachi € [I....j — 1], by (2.12.8.1) and
(2.12.8.2). Therefore the induction hypothesis ensures that Ry, ..., R, are the
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end of a shelling S of F;. According to Lemma 2.12.3, the faces Ry, ..., R,
is the beginning of another shelling of F;, the shelling obtained by reversing
§. Thus, Definition 2.12.1(ii) holds for this facet F; as well. Consequently, the

two conditions of Definition 2.12.1 are met and so the order Fi, ..., F, is a
shelling of P. This completes the proof of (*), and with it, the proof of the
theorem. O]

Remark 2.12.9 In the proof of Theorem 2.12.8, the point x in (*) need not
be in general position with respect to P. For the proof of Theorem 2.12.8 to
work, what matters is that the line £ = ax intersects the interior of P and
is in general position with respect to P (Definition 2.12.5), namely the points
X1, ...,x, are all distinct. If x is in general condition with respect to P, these
two conditions on ¢ are satisfied.

Line shellings provide a mechanism to shell a polytope in a number of ways.

Proposition 2.12.10 A polytope P admits a shelling with any of the following
prescribed conditions:

(i) any two facets F and F' of P can be chosen so that F is the first facet and
F' is the last facet of the shelling;
(ii) for every vertex z of P, the star of z is the beginning of the shelling.

Proof The two proofs are very similar; they both rely on using two points to
define the line that induces the shelling.

(1) Choose a point y beyond the facet F and a point y z» beyond the facet
F’, and let € be the line determined by y and y g so that £ hits the interior
of P and is in general position with respect to P. It follows that the points y
and yps are in general position with respect to P. The selection of yr, yp,
and ¢ can be done in two steps. First, place yr on the relative interior of F
and yps on the relative interior of F’ so that if they move along ¢ then they
land outside P with y beyond the facet F and y s beyond the facet F’; this
guarantees that the line £ hits the interior of P. Second, slightly perturb £ so
that it becomes in general position with respect to P (Proposition 2.12.7).

Traversing the line ¢ from yp/ to yp gives the desired line shelling
(Theorem 2.12.8): the facet F will be the first facet visible from yr, while
if we traverse the line ‘backwards’, in the reverse direction, the facet F’ will
be the first to be visible from y .

(i1) Choose a point x beyond the vertex z and a line £ that passes through
x and the interior of P. The point x is in general position with respect to
P. If necessary, perturb £ so that it is in general position with respect to P
(Proposition 2.12.7). Traversing the line £ from the interior of P to x gives a
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line shelling where the facets in the star of z, all visible from x, are the first
facets encountered by the line £ (Theorem 2.12.8). O]

The link of a vertex in a polytope is combinatorially isomorphic to the
boundary complex of a (d — 1)-polytope (Proposition 2.11.12), and so it is
shellable by Theorem 2.12.8.

Proposition 2.12.11 Let P be a polytope and let x be a vertex of P. Then the
link of x in P is shellable.

Shellings of a polytopal complex induce shellings of the star of a vertex.

Proposition 2.12.12 Let C be a shellable (d — 1)-complex and let x be a
vertex of C. Then the star of x in C is shellable. Moreover, the restriction of
every shelling of C to the facets in the star of x is a shelling of the star of x.

Proof The proposition is true for d = 1, since the star of x is 0-dimensional
and thus shellable by Definition 2.12.1. Assume d > 2. The proof proceeds
by induction on d. Let Fy, ..., F, be a shelling S of C, and let F;,, ..., F;
be the restriction of S to st(x,C). Each facet in S is a (d — 1)-polytope and,
thus, it is shellable by Theorem 2.12.8; in particular, F;, is shellable. In view
of Definition 2.12.1, it remains to show that, for each p € [2...1],

Fi, N (F,-1 CREEACN I 1) (2.12.12.1)
is the beginning of a shelling §;,, of F;,. Observe that (2.12.12.1) is a subset of
st(x, F,-p).

Because Fi, ..., F, is a shelling of P, there is a sequence Rj, ..., R, of

(d — 2)-faces of F;, such that

F,n(FluFu--UF,_|)=R U UR, (2.12.12.2)

ip

is nonempty and can be extended to a shelling Si/,, =Ry, ...,R,Rr11,..., R
of F,-p. It follows that

{Fil,...,Fipil} C {F],FQ, -~~9Fip,1}‘

The shelling S’ is that of a shellable (d — 2)-complex. Hence, the induction
hypothesis on B(F ,) and S/ implies that the restriction R, ..., R, of S/
the (d — 2)-faces in the star of x in F;, is a shelling of st(x, F; ) Let ¢ be the
largest integer in [1. .. g] such that j, < r; see (2.12.12.2). Then Rj,,....,R;
is a shelling of st(x, F; ) that begins with the sequence R;,, ..., Rj,:

Jq

st(x,F,-p) = Rj] U U RJ'K v Rj£+1 (RN qu. (2.12.12.3)
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Furthermore, the (d — 2)-faces Rj,, ..., R}, are precisely the (d — 2)-faces of
Fi, in (2.12.12.1):

Fi,n(Fyu---UF, )=Rju---URj, (2.12.12.4)

Finally, there is a shelling S” of F;, that begins with the (d — 2)-faces of

st(x, F;,) by Proposition 2.12. 10(11) that is, S{; can be written as

/"
Sip = Rkls e ,qu ,quﬂ, e ’Rks’
Y —
st(x,Fip)
where Ry, ..., Ry, are the (d — 2)-faces of st(x, Fi,). As a consequence of

Lemma 2.12.2 and of R}, ..., R, being a shelling of st(x, F;,), the shelling

S” can be rearranged to obtam the desired shelling S;, of F;,, which begins
w1th the shelling of st(x, Fj,) in (2.12.12.3). That is,
S,'p = IRJ’], s R R ,qul,qu+1, «oos Ry,
st(x, Fip)

This establishes that (2.12.12.1) is the beginning of the shelling S;, of F; ; see
also (2.12.12.4). This proves the statement of the proposition. O

With the help of Lemma 2.12.2 and Proposition 2.12.12, more involved
shellings of a polytope can be produced.

Proposition 2.12.13 Let P be a polytope, x a vertex of P, and F a facet that
is not in the star of x in P. Then there is a shelling of P where the facets in the
star of x come first and the facet F comes last. Furthermore, any two facets F'
and F" in the star of x can be taken as the first and last facets of the shelling
of the star of x.

Proof The proof is similar to that of Proposition 2.12.10. Choose a point y,
beyond the vertex x and a point y beyond the facet F, and let £ be the line
determined by y, and y . Again, if necessary, perturb £ so that it becomes in
general position with respect to P. Traversing the line £ from y to y, gives
a line shelling S where the facets in the star of x come first, inducing a line
shelling §; of st(x, P), and the facet F come last. Let Sy be the sequence of
facets in S that follows S;; thatis, S = §;S.

We now use Lemma 2.12.2 to modify the shelling S; we provide a different
shelling Si’ of the star of x that begins with the facet F’ and ends with
the facet F”. This new shelling Sl./ exists for the following reasons: (1) by
Proposition 2.12.10(i) there exists a shelling of P that begins with the facet F’
and ends with the facet F”, and (2) the restriction of this shelling of P to the
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star of x is a shelling of st(x, P) that begins with the facet F’ and ends with
the facet F” (Proposition 2.12.12); we let S/ be this shelling of st(x, P). The
shelling Sl.' S is the desired shelling of P. O

The same approach in the proof of Proposition 2.12.13 gives the following.

Proposition 2.12.14 Let P be a polytope, x a vertex of P, and F a facet in
the star of x in P. Then there is a shelling of P where the facets in the star of
x come last and the facet F is the last facet of the shelling.

Euler-Poincaré-Schliifli’s Equation

The polyhedral equation of Euler (1758b) is one of the earliest contributions
to polytope theory. The equation relates the number of vertices, edges, and
faces of a 3-polytope. According to Francese and Richeson (2007), Euler’s
original proof had mistakes. Schléfli (1850-52) generalised the equation to all
dimensions, but his proof relied on the existence of shellings in polytopes,
which was assumed but not proved at the time. As we know, the existence
of shellings of polytopes was established much later by Bruggesser and Mani
(1971). Poincaré (1893) attempted another proof of Schlifli’s generalisation,
but his proof was also erroneous, as claimed by Gruber (2007, sec. 15.2).
Hence, it is fitting to call the generalisation of Euler’s equation to all
dimensions ‘Euler—Poincaré—Schléfli’s equation’.

For a complex C of dimension d — 1, let f; := f;(C) and define the Euler
characteristic x as

X©C :=fo—fi+-+ DI (2.12.15)

The Euler characteristic of the union C U C’ of complexes C and C’, in case
it is a complex, satisfies an attractive additivity property (can you prove it?).

Lemma 2.12.16 Let C and C' be polytonal complexes such that C U C' is a
complex too. Then

x(CulH=xC)+x(CH—xCnC.

Theorem 2.12.17 (Euler—Poincaré—Schléfli’s equation) Let P be a d-polytope.
Then

XBP)Y=fo—fit+ -+ DT =1 (=Y,
x(C(P) = x(B(P) + (-1 = 1.
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Proof LetS := Fy, ..., F;be ashelling of P and let
Ci=C(Fiu---uUFj), foreach je[l...s]
We show that
1, forje[l...s —1];
C) = (2.12.17.1)
X 1— (=14, forj=s.

The veracity of (2.12.17.1) implies the theorem, as x (C(P)) = x(B(P)) +
(=14 = 1 by (2.12.15), and C; = B(P). We prove (2.12.17.1) by induction
on d for every j.

Itis clear that (2.12.17.1) is true ford = 1 and every j € [1... s]. And so we
assume that d > 2 and that (2.12.17.1) is true for every shelling of a polytope
of dimension less than d and at every step of the shelling.

For each j € [1...s], (2.12.15) gives that

X (C(F) = x BE) + (=D,
and the induction hypothesis on d — 1 gives that
X(B(F) =1— (=D and x(C(F))) = 1. (2.12.17.2)
In particular, (2.12.17.1) holds for d and j = 1, as
x(C1) = x(C(F)) =1

Consider j € [1...5]. Since C; = Cj—1 U C(Fj) and C;—1 n C(F;) =
C(Fin(Fiu---u Fj_1)), Lemma 2.12.16 together with (2.12.17.2) yields
the equality

x(Cj) = x(Cj—1 WC(F})) = x(Cj—1) + x(C(F})) — x(Cj—1 nC(F}))
= X(Cj—l) +1-— X(C(Fj N(FLu--- Fj_l))). (2.12.17.3)

Because S is a shelling of P, the intersection
Fin(Fpu---UFj_1))=Ru--UR,

is the beginning of a shelling Ry, - -+ , R/, Ry 11, ..., R; of Fj. As aresult, we
rewrite (2.12.17.3) as

xC)=xCj—)+1—=xCRU---UR)). (2.12.17.4)
From the induction hypothesis on d — 1, for every r € [1... ¢] it follows that

1, forre[l...t —1];

2.12.17.5)
1— (=D forr=1. (

x(C(Ry U"'URr))z{
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If j <s,thenr < tin (2.12.17.5). And as a consequence of (2.12.17.5), for
each je[l...s —1](2.12.17.4) becomes

xCH=xCj—)+1—-1=x(Cj-1);
that is, for every j € [1...s — 1], because x (C;) = 1 we get that
X(Cs—) == x(C) =1. (2.12.17.6)

If instead j = s, then r = ¢ in (2.12.17.5), in which case, C(R] U --- U
R,) = B(Fy). As aresult of (2.12.17.2) and (2.12.17.5), Equation (2.12.17.4)
becomes

X(€) = xC-+1-(1= D7) = 141 (1= (=) = 1= 1.

(2.12.17.7)
The induction is now complete, as (2.12.17.1) now follows from (2.12.17.6)
and (2.12.17.7). Accordingly, the proof of the theorem is also complete.  [J

The case d = 3 of Euler—Poincaré-Schlifli’s equation (2.12.17) is the
famous relation of Euler (1758b,a).

Euler—Poincaré—Schlifli’s equation (Theorem 2.12.17) is the unique linear
equation satisfied by the f-vector of all d-polytopes. The precise meaning of
this assertion ensues.

Theorem 2.12.18°Ler d be a positive integer, and let g € R, ..., 0q € R. If
every d-polytope P satisfies the equation

g fo(P) + -+ ag—1 fa—1(P) = aqg,

then ap = ap(—1), ar = ag(—=13, ..., 04—1 = ao(=D4 "L, and ag = (1 —
(=D ap.

If we consider the f-vector (fp, ..., fa—1) of a d-polytope P as a point in
R4, Theorem 2.12.18 implies that the f-vectors of all d-polytopes lie in the
hyperplane

1
—1
e RY| . A= (1 . (—1)d)

Xd

X1 X1

Xd (_l;d—l

of R, the so-called Euler hyperplane, and on no affine subspace of smaller
dimension. The Euler hyperplane is affinely spanned by the f-vectors of the

9 A proof is available in Webster (1994, thm. 3.5.3).
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d-simplex and d — 1 d-polytopes with d + 2 vertices. Foreachr € [0...d —2],
consider the simplicial (d — r)-polytope F, := T (1)® T (d —r — 1), the direct
sum of the simplices 7'(1) and T (d — r — 1) (see (2.6.17)). Then consider the
r-fold pyramids pyr, (F;), for r € [0...d — 2]. It follows that the f-vectors
of the d-polytopes T (d) and pyr, (F;) (for r € [0...d — 2]) form an affinely
independent set in R4 (Problem 2.15.13).

2.13 Dehn-Sommerville’s Equations

Euler-Poincaré—Schléfli’s equation (Theorem 2.12.17) is the unique linear
equation satisfied by the f-vectors of all d-polytopes (Theorem 2.12.18),
but there are other linear equations satisfied by the f-vector of all polytopes
from a certain class. This is the case of Dehn—Sommerville’s (classical) equa-
tions (2.13.3), which are satisfied by the f-vector of all simplicial d-polytopes.
Dehn—-Sommerville’s equations (Theorem 2.13.3) were first established for
dimension five by Dehn (1905), and later extended to all dimensions by
Sommerville (1927). As is often the case, the equations were independently
rediscovered by Klee (1964). For more information on the history of the
equations, consult Griinbaum (2003, sec. 9.8).

Our proof of Dehn—Sommerville’s equations relies on a generalisation of
Euler—Poincaré—Schlifli’s equation. We denote by F; (F, P) the set of i-faces
in a d-polytope P containing a k-face F, for k € [1...d] and i € [k...d].
And we let f;(F, P) := #F;(F, P).

Theorem 2.13.1 Let P be a d-polytope in R and let F be a proper k-face of
it. Then

fi(F.P) — fix1(F.P)+ -+ (=) % f4(F,P) = 0.

Remark 2.13.2 Euler—Poincaré—Schlifli’s equation (Theorem 2.13.3) corre-
sponds to the case F' = ¢ of Theorem 2.13.1.

Proof Without loss of generality, suppose that P is a d-polytope in R¢ that
contains the origin in its interior, and let {» be an antiisomorphism from L(P)
to L(P*). If we apply Euler—Poincaré—Schlifli’s equation to the (d — 1 — k)-
polytope ¥ (F) (Theorem 2.4.12), we get that

Fo1 (W (F)) = foW(F) + - 4+ (=D, sk (pr (F))
+ (=D k(P (F) = 0. (2.13.2.1)
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The number fy_1—; (¥ (F)) of (d — 1 — i)-faces of {/(F) coincides with the
number f;(F,P) of i-faces in P containing F, which is a consequence of
Theorem 2.4.10 and Theorem 2.4.12. Thus (2.13.2.1) is equivalent to

fa(F,P) — fa1((F,P) + -+ (=D fi 1 (F, P)
+ (=D f(F, P) = 0.
This proves the the theorem. O

Theorem 2.13.3 (Dehn—-Sommerville’s equations for simplicial polytopes)
The f-vector of a simplicial d-polytope satisfies the expression

ol i+ i
i;-n <k+l>fi=(—1) fie
fork=—1,...,d —2.

Remark 2.13.4 Euler—Poincaré—Schlifli’s equation (Theorem 2.13.3) corre-
sponds to the case k = —1 of the Dehn—Sommerville equations.

Proof For a k-face F of a simplicial d-polytope P, withk € [—1...d — 2],
Theorem 2.13.1 yields that

fe(F,P) — fisi (F,P) + -+ (=D kf(F, P) =0, (2.13.4.1)
which results in
(=D i (F, P)+ (=DM o (F, P) 4+ -+ (=D f3(F, P) = 0 (2.13.4.2)

if we multiply (2.13.4.1) by (—D¥. We run (2.13.4.2) over the set Fi(P) of
k-faces in the polytope P, obtaining

D D f(F P 4+ (=D fa(F.P) =0,

FeFi(P)

which is equivalent to

d
D=1 Y fi(F.P)=0. (2.13.4.3)
i=k FEFi(P)

For each k € [-1...d — 2] and each i € [k...d], the sum
> rer.(p) Ji(F,P) counts the total number of inclusions between the k-
faces and i-faces in P: a k-face F of P is contained in f;(F, P) i-faces of
P, and we do this count for each k-face of P. Another way of counting these
inclusions is to consider the i-faces. There are f;(P) i-faces in P, and an

i-face J of P contains (,’(ﬂ) k-faces ifi € [k...d — 1] (as J is a simplex) and
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fr(P) k-faces ifi = d.Foreachk e [—1...d —2]and eachi € [k...d], this
analysis gives that

d d—1 ;

: i+ 1 d

0=, 2 fiF.P)= ) (=1 (k N 1>fi(P) + (=17 fi(P).
i=k FeFi(P) i=k

The last equality is Dehn—Sommerville’s desired equation for k € [—1...d —

2]. O

Some of Dehn—Sommerville’s d equations of a simplicial d-polytope P are
redundant. Consider the case d = 3:

k=—1:=f_1(P)+ fo(P)— fi(P)+ fo(P) = f-1(P),
k=0: fo(P)—=2f1(P)+3f2(P) = fo(P), (2.13.5)
k=1:—fi(P)+3f2(P) = fi(P).
The equations k = 0 and k = 1 are identical, and so the equation k = 1 is
redundant. Furthermore, the equations k = —1 and k& = 0 are irredundant.

In other words, the three equations are equivalent to the the first two. Now
consider the case d = 4:

k=—1:=f_1(P)+ fo(P) — fi(P) + fa(P) — f3(P) = —f-1(P),
k=0: fo(P)—=2f1(P)+3f2(P)—4f3=—fo(P),
k=1:=fi(P)+3f(P)—6f3(P)=—fi(P),
k=2:f2(P)—4f3(P) = —f2(P).

(2.13.6)
The equations k = 1 and k = 2 are identical, and the equations k = —1
and k£ = 1 imply the equation k£ = 0. In other words, the four equations are
equivalent to the equations k = —1 and k = 1. This redundancy manifests in

all dimensions.

Theorem 2.13.7 ' For every d > 1, precisely |(d + 1)/2| of Dehn—
Sommerville’s d equations are irredundant.

A consequence of Theorem 2.13.7 is the existence of |d/2| + 1 simplicial
d-polytopes whose f-vectors form an affinely independent set in R¢ (Prob-
lem 2.15.14). Another consequence ensues.

Corollary 2.13.8 If we consider the f-vectors of simplicial d-polytopes as
points in R%, then they lie in an affine subspace in R? of dimension |d /2|, and
on no dffine subspace of smaller dimension.

10 A proof is available in Griinbaum (2003, p. 147).
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h-vectors of Simplicial Polytopes

Consider a simplicial d-polytope P and identify every face of P with its vertex
set. Following Ziegler (1995, sec. 8.3), for a shelling S := Fy, ..., Fy of the
boundary complex B(P) of P, we define the restriction set R; of the facet
Fjas

Rj:={veV(F))| V(F)\{v}) < F;,forsomei e [l... ]}

We use the shelling to build B(P). For j € [2. .. s], suppose that we have built
the subcomplex C;_1 := C(F1 U ... U F;j_1) of B(P). When the facet F; is
added to C;_1, the faces introduced are precisely the faces X satisfying R; <
X € F;. Clearly, X < F);. For the other direction, if X is not new then the
definition of a shelling (Definition 2.12.1) gives that X < F; n F; = F;\{v}
for some F; withi < j and some v € V(F;). But the definition of a restriction
set yields that v € R}, ensuring that X & R;. We let /; be the set of such new
faces:

Ij:={XeB(P)|Rj < X < F}}. (2.13.9)

It follows that I, ..., I is a partition of the faces of B(P). For k € [0...d],
let hi(S) count the number of restriction sets with cardinality k:

hi(S) := #{j| #R; =k, for j € [1...s]}. (2.13.10)

From the numbers h¢(S), . ..,hs(S), we can recover the f-vector of P. Sinc_e
P is simplicial, in the case that #R; = i, by (2.13.9) there are exactly (‘Z:l’)
(k — 1)-faces in I}, and thus

k .
fee1(P) = Zh,-(S)(‘;:l’_), fork=0,....d,
i=0
d .
=Zhi<S>(Z_l.>.
i=0 !

(2.13.11)

We can also obtain the number 4 (S) in terms of the f-vector of P. For this,
we define the two polynomials

d d
0r(x) =Y fim1(P)x?™* and gu(x) := ) hi(S)x*F,
k=0 k=0
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and using (2.13.11) and (x + l)d*" = Z?;é (d;i)xd*i*j we relate them as

< d—k d z d—i d—k
010 = P =Y (> ) )
k=0

k=0 \i=0
d d=i ;1 _; o d '
= > hi(S) Z( . )xd—l—f =D i+ DT =gp(x + 1),
i—0 =0~ J i=0

Equivalently, we have that ¢ ¢ (x — 1) = ¢, (x). This, together with the identity
(x — i~ = 27;5(71)J(d;’)xd*i*/, yields that

k .
he($) = Y (= 1k (Z - l,)f,-I(P), fork =0, ....d. (2.13.12)
i—0 !

From (2.13.12) it follows that the /; numbers are independent of the shelling
S, and so we will call the sequence (hq, ...,hq) the h-vector of P. The
reverse shelling " of S is also a shelling of B(P), where the cardinality of
the restriction set R} of the facet F; is d — k if the cardinality of R; in S is k,
and therefore hy_i(S) = hi(S), for k € [0...d]. Since the numbers Ay are
independent of any shelling of 5(P), it follows that

hg—x =hg, fork=0,....,d. (2.13.13)

With some effort, and as described in the proof of Griinbaum (2003,
thm. 9.2.2), we get that (2.13.13) is another way of writing Dehn—
Sommerville’s equations for simplicial polytopes (Theorem 2.13.3).

Example 2.13.14 (Computation of h-vectors of simplicial polytopes) Con-
sider the octahedron P in Fig. 3.5.2(b) and the line shelling F := 123, F, :=
135, F3 := 234, F4 := 345, Fs := 456, Fs := 156, F; := 126, Fg := 246 of
B(P). For this shelling we have that

R) := O, Ry := {5}, R3 := {4}, Ry := {4,5}, R5 := {6},
Re :={1,6},R7 := {2,6},Rs := {2,4,6}.
Once we have the restriction sets, using (2.13.9) we get a partition of B(P):

Iy = {1,2,3,12,13,23,123}, I, := {5,15,35,135}, I3 := {4,24,34,234},
I == {45,345}, Is := {6,46,56,456}, I5 := {16,156}, I := {26,126},
Iy := {246}.

The h-vector (1,3,3,1) of P is computed using (2.13.10):
/’lo = 1,/’11 = #{2, 3,5},/12 = #{4, 6,7},h3 = #{8}.
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Ziegler (1995, ex. 8.22) also illustrates the computation of the A-vector of
the octahedron by considering a shelling and its reverse shelling, both different
from the shelling in Example 2.13.14.

Dehn-Sommerville’s Equations for Cubical Polytopes

The f-vectors of cubical polytopes satisfy equations that are similar to Dehn—
Sommerville’s equations for simplicial polytopes.

Theorem 2.13.15 (Dehn—Sommerville’s equations for cubical polytopes)'' Let
P be a cubical d-polytope in R%. Then, apart from Euler—Poincaré—Schldfli’s
equation:

d—1
D ED Py = (=D (),

i=—1

the f-vector of P satisfies

i

d—1
D=2t <k>ﬁ(P) = (D" f(p),
o

fork=0,...,d —2.
The next corollary of Theorem 2.13.15 is the analogue of Corollary 2.13.8.

Corollary 2.13.16 If we consider the f-vectors of cubical d-polytopes as
points in RY, then they lie in an affine subspace in RY of dimension |d /2|,
and on no affine subspace of smaller dimension.

Problem 2.15.16 presents a family of |d/2| + 1 cubical d-polytopes whose
f-vectors are affinely independent in R¢.

2.14 Gale Transforms

The Gale transform of the vertices of a polytope captures the combinatorial
structure of the polytope in a very compact manner. While ideas related to Gale
transforms had been exploited by a number of authors, M. A. Perles seemed to
have been the first that formalised the method (Griinbaum, 2003, sec. 5.4).

An (affine) point configuration is a collection X := {x1,...,x,} of n, not
necessarily distinct, points that lies in an affine space R? and that affinely

A proof is available in Griinbaum (2003, sec. 9.4).
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spans R, Similarly, a vector configuration is a collection X := {x1,...,x,}
of n, not necessarily distinct, vectors that lies in a linear space RY and that
linearly spans R?. In either case, often will we consider the set X as a sequence
(x1,...,x,)oras ad x n matrix with the element x; as the ith column. A Gale
transform of a point configuration X of n points in the affine space R? is a
vector configuration of n vectors in the linear space R” ¢!, We next develop
the machinery to compute Gale transforms.

Given a point configuration X := {x1,...,x,} in RY, the set dep X of its
dffine dependences contains all the vectors a € R" satisfying 1,, - @ = 0 and
Xa = 0, where X is viewed as a d x n matrix. This is equivalent to stating that

n n
Nai=0and Y ax; = od} . (214

dep X := {a =(ay,...,ay)"
i=1 i=1

. . . ~ X;
We homogenise the configuration X by associating the vector X; := < ll) €

~

R4+ with the point x; € RY. This gives a vector configuration X :=
{)? I ,)?,,} in Rt whose set ldep X of linear dependences coincides with
the set dep X:

aq n

ldep)A( =<a=|": Xa = 0.1, 0r, equivalently, Z a;ix;i =044
=1
an !

(2.14.2)

Remark 2.14.3 The sets dep X and Idep X are symmetric about the origin or
centrally symmetric; that is, a € dep X if and only if —a € dep X. So it often
suffices to record only one element of the pair (a, — a).

For every point configuration X with n > d + 1 points in R?, the set dep X
is a linear subspace of R” of dimension n — d — 1. To see this, note that dep X
coincides with the nullspace of X , where X is viewed as a (d + 1) x n matrix.
Since X affinely spans R4, the row vector space of X is (d + 1)-dimensional.
This in turn implies that (row X )J-, which coincides with null X ,is(n—d—1)-
dimensional (Problem 1.12.5).

We now define a Gale transform of a point configuration in R?.

Definition 2.14.4 (Gale transform) Let X := (x1,...,x,) be a point
configuration in R?, and let Y be an n x (n — d — 1) matrix whose columns
Yis--+>Yn—q—1 form a basis in R” of dep X. The Gale transform G of X is the

vector configuration G(X) = (G(x1), ..., G(x,)) in R” where G(x;) is the ith
row of Y, foreachi € [1...n].
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Regarding a Gale transform as a matrix gives rise to further observations.

Remark 2.14.5 Let X := (x1,...,X,) be a point configuration in R4, and
consider the vector configuration Xasa (d + 1) x n matrix and the matrix Y of
Definition 2.14.4. If we regard the Gale transform G(X) of X as a d x n matrix
with columns G(x1), ..., G(x,), then Problems 1.12.4 and 1.12.5 yield that

Y' = G(X), null X = col ¥ = row G(X), and row X = null G(X).

When computing a Gale transform of the vertex set V of a polytope, we view
V as a sequence; we just fix an ordering of the elements of it. Example 2.14.6
exemplifies Definition 2.14.4.

Example 2.14.6 Consider the 3-polytope of Fig. 2.14.1, whose vertices are
vy == (0,0, — 1Y, v := (1,0, — 1), v3:= (0,1, — 1), vg := (0,0, 1),
vs = (1,2,1)', vs := (0,1, 1),

and compute a Gale transform of the sequence V = (vy, ..., v¢) according to
Definition 2.14.4.

We compute a basis of dep V, or equivalently, a basis of null V. Homogenise
the matrix V formed by the vertices of the polytope, obtaining V. Choose a
basis of null V,forinstance (1,0, — 1, — 1,0,1)" and (0,1, — 1, — 2, — 1,3)’,
and form the 2 x 6 matrix Y with the vectors in the basis as columns. Then,
the transpose of Y produces the Gale transform G(V) of V associated with the
aforementioned basis. See the matrices ﬁ, Y, and G(V) below:

1 0

0 1 0 01 0 0 1

~ 0O 0 1 0 21 1 -1
V=1 o1 o YT 2

1 1 1 1 1 1 0 -1

1 3

and

Gy) Gw) Gs) G(vs) G(vs) G(ve)

gvy=1 1 0 | 0 1

0 1 -1 -2 -1 3

As expected, a Gale transform of V consists of six vectors lying in R?;
Fig. 2.14.1(b) depicts a realisation of G(V).

We emphasise that a Gale transform is defined for a point configuration and
not for individual points. The next proposition provides some basic properties
of Gale transforms.
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Vg4 = (O 0, 1)t

Figure 2.14.1 Computation of a Gale transform of a 3-polytope with six vertices.
(a) A realisation of the polytope. (b) A realisation of a Gale transform of the

polytope.
Proposition 2.14.7 Let X = (x1, ...,x,) be a point configuration in R? and
let G(X) = (G(x1), ..., G(x,)) be a Gale transform of X. Then the following
hold.

(i) The vectors of G(X) need not be all distinct.
(ii) The vectors of G(X) satisfy >,/ G(xi) = 0,—q—1, and G(X) linearly
spans R 41,
(iii) The vectors of G(X) positively span R" 41,
(iv) Every open halfspace bounded by a linear hyperplane in R" =41 contains
at least one vector from G(X).
(v) The points of X are in (affine) general position in R? — that is, no d + 1
of them lie in a hyperplane—if and only if the vectors of G(X) are in linear
general position in R*=4=1: that is, non — d — 1 of them lie in a linear

hyperplane.
(vi) A Gale transform is determined up to linear isomorphism. In other words,
suppose that Y = (¥, ..., Yp—q—1) and Z = (21, ...,Zn—d—1) are two

bases of dep X so that Y A = Z for a nonsingular matrix A. And suppose
that Gy and Gz are the Gale transforms of X associated with Y and Z
(Definition 2.14.4). Then, for eachi € [1...n], we have that

Gz(x;) = A' Gy (x).

Proof We provide a proof of (vi), and leave the rest to the reader.
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LetY := (yy,...,Y,—4—1) be abasis in R"” of dep X and let
G(x1), ..., G(xn))

be the Gale transform of X associated with the basis Y (Definition 2.14.4).
Choose another basis in R" "4~ of dep X, say z1,...,Zn—d—1, and let Z be
the n x (n — d — 1) matrix having z; as its ith column. Then we obtain the
equality YA = Z where A = (a;, j) is anonsingular (n —d — 1) x (n —d — 1)
matrix and z; = a1,;y;+- -+ an—d—1.i¥,—4q—; foreachi e [1...n—d —1].
In this setting, the sequence

(A"G(x1), ..., A" G(xn))

is the Gale transform of X associated with the basis Z. O]

Henceforth, we talk of the Gale transform of a point configuration, with the
understanding stated in Proposition 2.14.7(vi).

While we have stressed that the elements of a Gale transform should be
understood as vectors in a linear space R™, sometimes we need to interpret
them as points in the affine space R so that we can carry out operations
on them such as convex hulls. Theorem 2.14.8 exemplifies this situation and
shows how to query a Gale transform.

Theorem 2.14.8'2 Let V := {v1,...,v,} be a point configuration in R? and
let G(V) := (G(vy), ..., G(vy)) be the Gale transform of V. Moreover, let
W < V and let G(W) be the restriction of G(V) to the points in W. The set
conv W is a proper face of the d-polytope convV if and only if 0,_4_1 €
rint(conv(G(V)\ G(W))).

We test Theorem 2.14.8 on the 3-polytope of Fig. 2.14.1.

Example 2.14.9 Let V := {vy, ..., vs} be the vertex set of the 3-polytope P
of Fig. 2.14.1, and let G(V) := (G(vy), ..., G(vg)) be the Gale transform of
V. Applying Theorem 2.14.8 to G(V) yields the following.

(i) The vertex sets of the edges of P incident with vy are W; = {v,v,},
Wy := {vy,v4}, and W3 := {v},v3}, as 0, € rint(conv(G(V)\ G(W;))) for
i = 1,2,3. It also follows that the sets {v,vs} and {v{,ve} are not edges

of P.
(i) The vertex sets of the 2-faces of P incident with v{ are Wy :=
{vi,v2,v3}, Ws = {wy,v2,v4}, and Ws = {v1,v3,04,06}, as 0y €

rint(conv(G(V)\ G(W)))) fori = 4,5,6.

12 A proof is available in Webster (1994, thm. 3.6.6).
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The power of the Gale transform (and Theorem 2.14.8) comes to light when
dealing with d-polytopes that have d + 2, d + 3, or d + 4 vertices, since in
these cases the transforms lie in R, R2, and R3, respectively. Its power is also
visible when studying pyramids and simplicial polytopes.

Theorem 2.14.10 '3 Let P be a polytope with vertex set V and let G(V) be
the Gale transform of V. Then P is a pyramid with apex v if and only if
G(v) = 0. Furthermore, the Gale transform of the base conv(V\{v}) of P

is GWVI\{G()}.
A corollary immediately ensues.

Corollary 2.14.11 Let P be a polytope with vertex set V and let G(V) be the
Gale transform of V. Then P is an r-fold pyramid with apices vy, . .., v, ifand
only ifG(vy) =---=G(v;) = 0.

A d-simplex is a d-fold pyramid over a O-simplex, which combined with
Proposition 2.14.7 yields the following.

Corollary 2.14.12 Let {vi, ...,v44+1} be the vertex set of a d-simplex. Then
G =-=Gway1) =0.

As in the case of pyramids, Gale transforms of simplicial polytopes can be
easily characterised.

Theorem 2.14.13'* Let G be the Gale transform of a d-polytope on n vertices.
The polytope is simplicial if and only if 0 ¢ rint(conv(G N H)) for every linear
hyperplane H in R"—4—1,

The computation described in Definition 2.14.4 can certainly be applied to a
point configuration X in R? that does not represent the vertices of a polytope.
So how can we tell if the sequence X is in convex position? Theorem 2.14.14
provides an answer.

Theorem 2.14.14 15 A sequence G(V) = (G(v1), ..., G(vy)) of vectors in
R"~4=1 is the Gale transform of a d-polytope (other than the simplex) with
vertex set V if and only if

1) 27 G(vi) = 0,—q—1 and,
(ii) every open halfspace bounded by a linear hyperplane in R" =4~ contains
at least two vectors of G(V).

BA proof is available in McMullen and Shephard (1971, thm. 3).
14 A proof is available in Webster (1994, thm. 3.6.9).
157 proof is available in Webster (1994, thm. 3.6.8).
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Projectively isomorphic polytopes can be told from their corresponding
Gale transforms, and so can affinely isomorphic polytopes. Two polytopes P
and P’ are affinely isomorphic if there is an affine isomorphism o such that
o(P) =P

Theorem 2.14.15 (Griinbaum 2003, thms. 5.4.6-4.7) Let P and P’ be two
polytopes, let V = {vy,...,v,} and V' = {v’l, . ,v;} be their respective
vertex sets, and let (G(v1),...,G(v,)) and (g(v’l), ..., G())) be their
respective Gale transforms. Then the following hold.

(i) There is an affine isomorphism o between P and P’ with o(v;) = v; if and
only if there is a nonsingular matrix A such that G (v; ) = AG(v;) for each
ie(l...n].

(ii) There is a projective isomorphism ¢ between P and P’ that is admissible
for P and satisfies ¢ (v;) = vg if and only if there is a nonsingular matrix
A and positive scalars oy, . ..,o, such that Q(vl/.) = a; AG(v;) for each
ie[l...n].

If the vectors of the Gale transform G of a polytope P are multiplied by
positive scalars, then we obtain a vector configuration S that will produce the
same face lattice as G when we apply Theorem 2.14.8 to it. But S may not
satisfy all the properties of a Gale transform (Proposition 2.14.7); in particular,
the sum of vectors of S may not result in the zero vector. We say that a Gale
diagram of a d-polytope on n vertices is a vector configuration & with n
vectors in R” 4~ that produces the face lattice of the polytope when we apply
Theorem 2.14.8 to it. It follows that Gale diagrams generalise Gale transforms.
In this context, we say that two Gale diagrams of polytopes are isomorphic if
they produce isomorphic face lattices.

It is customary to normalise the vectors of a Gale diagram and call the
resulting configuration a standard Gale diagram, as done in McMullen and
Shephard (1971, p. 138). For Griinbaum (2003, sec. 5.4), however, every Gale
diagram is a standard Gale diagram. From a Gale diagram

G(X) == (Gx1), ..., G(xp)),

a standard Gale diagram G’(X) can be obtained as follows:

G'(X) := {i((f)) ifG @) =0; (2.14.16)

Tl otherwise.
1

The new configuration G’ of vectors is a subset of {0} U §"7¢~2. And by
virtue of Theorem 2.14.8, the sequence G'(X) is endowed with the same
combinatorial properties of G(X). In drawing the diagram G on {0} US" 42,
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G(v2) G(ve)

Figure 2.14.2 Gale diagrams of polytopes. (a) The standard Gale diagram
corresponding to the Gale transform of Fig. 2.14.1(b). (b) The standard Gale
diagram of a pyramidal 4-polytope. (c) A Gale transform isomorphic to the Gale
diagram in (b).

we draw the sphere and extend each vector so that it becomes a diameter of
the sphere, as in Fig. 2.14.2(a)—(b). In what follows, we normalise our Gale
diagrams.

When we are interested only in the face lattice that results from applying
Theorem 2.14.8 to a Gale transform, we will resort to Gale diagrams without
specifying concrete vectors. The next result is the combinatorial equivalent of
Theorem 2.14.15.

Theorem 2.14.17 Let P and P’ be two polytopes with vertex sets V and V',
respectively, and let G(V) and G(V') be their respective Gale diagrams. The
polytopes are combinatorially isomorphic if and only if their Gale diagrams
are isomorphic.

We have learnt how to construct the Gale transform of a polytope given
its vertices (Definition 2.14.4), and how to produce the face lattice of a
polytope P from its Gale diagram (Theorem 2.14.8). But what about if we
want a realisation of a polytope that is combinatorially isomorphic to P;
Example 2.14.18 demonstrates how to do so.

Example 2.14.18 Produce a realisation of a polytope P that is combinatorially
isomorphic to a polytope whose Gale diagram G appears in Fig. 2.14.2(b). Let
V =V(P).

Figure 2.14.2(b) first reveals that P has n = 7 vertices and dimension
d = 4, as the Gale diagram lies in {0} U S. Moreover, P is a pyramid because
G(v7) = 0 (Theorem 2.14.10). To produce a realisation of P, we produce a
Gale transform G’ isomorphic to G by associating concrete vectors in R? that
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are nonzero multiples of the vectors in G and whose sum is 0,. Possible vectors
are given below.

G'(w) Gw) G G Gs) Gve) G'(v7)

gm=|o L i o -

1 1 _1 -1 1

2 2 2

The rows of G'(V) form a basis of dep V or, equivalently, a basis of null %

or, equivalently, a basis of (row \7)l by Problem 1.12.5. We are looking for a

basis of row V or, equivalently, a basis B of null G’ (V) that includes the all-one

vector (Remark 2.14.5). After finding the basis B, the matrix V is constructed

by placing the vectors of B as rows, with the all-one vector as the last row. The
matrices V and V are given below, from left to right.

Vi V2 V3 V4 VU5 Vg V7 -1 1 0 0 0 1 0
-1 1 O 0 0O 1 0 0 1 00 1 0 O
0 1 o 0 1 0 0], 1 0O 01 0 0O
1 o 0 1 0 0 O 1 -1 1 0 0 0 O
1 -1 1 0 0 0 O 1 1 1 1 1 1 1

Applications of Gale Diagrams

Gale diagrams facilitate the description and enumeration of d-polytopes with
d + 2 and d + 3 vertices. The case of d + 2 vertices is not as complicated as
the case of d + 3 vertices (Fusy, 2006), which makes it appropriate for a neat
application of Gale diagrams. See Fig. 2.14.3.

Theorem 2.14.19 !¢ There are precisely |d? /4| nonisomorphic d-polytopes
with d + 2 vertices. Among these, the |d /2| simplicial d-polytopes are direct
sums of simplices, namely T (r) ® T (s) withr,s = 1l andr +s = d. The
remaining nonsimplicial d-polytopes are t-fold pyramids over T (r) @ T (s)
withr,s,t = landr +s +1t =d.

r41 t s+1 r41 s+1
O

2 0 i 0 1
(a) (b)

Figure 2.14.3 Gale diagrams of d-polytopes with d + 2 vertices. (a) The Gale
diagrams corresponding to nonsimplicial polytopes. (b) The Gale diagrams
corresponding to simplicial polytopes.

16 A proof is available in Webster (1994, thm. 3.6.10).
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Affine Gale Diagrams

As Theorem 2.14.8 demonstrates, the combinatorial structure of a d-polytope
on n vertices can be read off from its Gale transform on R*~¢~! 1t turns out
that this can also be done from a point configuration on R”~¢~2, from affine
Gale diagrams. This reduction in dimension means thatif n —d — 1 = 3, then
the Gale transform would lie in R3, but an affine Gale diagram would lie in R2.
Sturmfels (1988) seems to have been the first to utilise affine Gale diagrams.
Affine Gale diagrams are central projections of Gale transforms onto

nonlinear hyperplanes. Let V := {vy, ..., v,} be the vertex set of a d-polytope
conv V and let G be the Gale transform of V. We choose a nonlinear hyperplane
H := {x € R" 971 | @ -x = 1} not parallel to any vector in G; that is,

a-G(v;) # 0foreachi € [1...n]. Centrally project each nonzero vector G(v;)
of G onto a point G, (v;) in H: the vector G(v;) is mapped to the intersection
G4 (v;) of H and a line through 0 and G(v;). Notationally, we have that

G(vi)

ga(vi) = a- g(vi)

, foreachi e [1...n]. (2.14.20)

The affine Gale diagram G, of V is the point configuration

Ga(V) = (Ga(@1), ..., Ga(vn)). (2.14.21)

We need to distinguish between a point G, (v;) obtained from a vector G(v;)
directed towards H, one satisfying a - G(v;) > 0, and a point obtained from
vectors G(v;) directed away from H, one satisfying @ - G(v;) < 0. Call the
former point positive, and if a differentiation is necessary, denote it g:[(vi);
and call the latter point negative and denote it G (v;), if necessary. The set of
positive points of G, (V) will be denoted by QI(V), while the set of negative
points will be denoted by G (V). A zero vector G(v;) has no central projection
onto H and so is a special point. To realise the reduction in dimension, we need
an isomorphism o between H and R"=9=2: since @ = (ai,...,an—q—1)"
is nonzero, there exists a; # 0, which implies that the projection ‘deleting’
the i coordinate of each G,(v;) does the trick. For the sake of simplicity,
we also denote by G, (v;) the point o (G, (v;)) and denote by G,(V) the set
of these points in R”~¢~2. Finally, to depict G,(V) in R?*~?~2, we draw
the positive points with black dots, the negative points with white dots, and
specify the number of special points by drawing a grey point and a number. We
exemplify the construction of an affine Gale diagram for the Gale transform in
Fig. 2.14.1(b).
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Figure 2.14.4 An affine Gale diagram from a Gale transform. (a) A realisation of
the Gale transform G in Fig. 2.14.1(b), a nonlinear hyperplane H, and the central
projection of the vectors in G onto H. (b) A realisation of an affine Gale diagram

G, for G.
Example 2.14.22 Consider the Gale transform in Fig. 2.14.1(b):
g(w)) G2) Gs) Gva) Gvs) G(ve)
g = 1 0 —1 —1 0 1
0 1 —1 -2 -1 3

We choose a := (1/2,1/2)", compute the affine Gale diagram

2 0
Galvr) = 2OV (O> Gulvy) := 202 (2)

a- G a G
_ Gy (1 I CYR
Ga(v3) := @ 0w <1> Ga(vg) 1= a -G (4/3),
_ Gws) (0 = 9o _ (12
Ga(vs) = @ Gs) <2> Galve) := = Gvg) (3/2),

and project the points onto the x, = 0 hyperplane to produce

Ga(w1) :=2, Ga(v2) :=0, Ga(v3) := 1, Ga(v4) :=2/3, Gy(v5) := 0,
Ga(ve) :=1/2.

There is no special point in G,. As expected, an affine Gale diagram of V
consists of six points lying in R!; Figure 2.14.4(b) depicts G, (V).
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Affine Gale diagrams convey the same combinatorial information as Gale
transforms and Gale diagrams, as we now demonstrate.

Theorem 2.14.23 Let V := {vy,...,v,} be a point configuration in R and
Ga(V) :=(Ga(v1), ..., Ga(vy)) an affine Gale diagram of V with no special
points. Moreover, let W < 'V and let G,(W) be the restriction of G,(V) to the
points in W. The set conv W is a proper face of the d-polytope conv V if and
only if

rint(conv(G (V)\ G (W))) n rint(conv(G, (V)\ G, (W))) # .

Proof 1t suffices that the condition of this theorem is equivalent to the
condition of Theorem 2.14.8. Let G(V) := {G(v}), ..., G(v,)} be the Gale
transform and H := {x € R"79~! | a - x = 1} the hyperplane in R?~¢~!
used in the computation of G,. Assume that G,(V) lies in H n R"~4~1,
Further, without loss of generality assume that G(V)\ G(W) = {vy,...,v}.
We partition the set I = {1, ...,k} into two subsets I * and I~ according to
the sign of @ - G(v;). That is,

IT:={iella-Gv;)>0}and I :={jella-G;) <0}.
Suppose that 0,_;_1 € rint(conv(G(V)\ G(W))). By Theorem 1.7.6, this is

equivalent to the existence of positive scalars o, . . ., o satisfying Z;‘:l o =
land 0,—y—1 = Zf-‘zl a; G(v;), which in turn implies that
MGy =- > a;Gw)) (2.14.23.1)
ielt JjeI—
and that
diaia-Gw)=— > aja-G@)). (2.14.23.2)
ielt JEI~

From (2.14.23.2), it is clear that both I+ and I~ are nonempty. We show
the existence of a point

x € rint(conv(GF (V)\ G (W))) n rint(conv(G, (V)\ G, (W))),

which would settle the first direction.
Leta =)o+ oia - G(v;) and let

x= Y “"“'Tg(”")ga(v,-) =y aa-Gw) Gw) 54033

iel+ ere ¢ @9

Since a - G(v;) > O fori € I't and o; > 0, we find that o;a - G(v;) /e > 0 and
o > 0, which combined with >, ;+ (oja - G(v;))/o = 1 give that

x € rint(conv(GF (V)\ G (W))).
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On the other hand, ¢ = *Zjer aja - G(vj) by (2.14.23.2). So from
(2.14.23.1) and (2.14.23.3), it follows that

_ (—aj)a-G(v;) N (—ajpa-G@w;) G@))
x= ) a Ga0)) = 2, @ a-G))

jel— jer-

which implies x € rint(conv(G, (V)\ G, (W))), as desired.
For the other direction, suppose that there exists a point x € H satisfying

x € rint(conv(G (V)\ G (W))) n rint(conv(G,, (VI\ G, (W))).

Then
x= Y BiGa(v;), with i > Oforie I*and ) g =1,
ielt ielt
x= Y B;Ga(vj), withp; > Oforje I and Y B =1,
JEI™ jer—
which yields that
0,—g—1 = Z Bi Ga(vi) + Z (—=B)) Ga(v))
ielt jel—
G(v)) G))
= Bi——— (=B .
z§+ 1§ (i) Z "a- G

Since B;/(a - G(v;)) > 0fori € I'T and (fﬂj)/(a -G(vj)) >0for jel™,it
follows that

0,—q—1 € rint(conv{G(v1), ..., G(v)}) = rint(conv(G(V)\ G(W))).

If o is an isomorphism from H to R”~¢~2 then it is clear that any positive
combination involving x and points in G, will remain valid under o. This
completes the proof of the theorem. [

We test Theorem 2.14.23 with the polytope in Fig. 2.14.1.

Example 2.14.24 Let V := {vy, ..., ve} be the vertex set of the 3-polytope P
of Fig. 2.14.1 and let G, (V) := (G4 (v1), - . ., G(vg)) be an affine Gale diagram
of V. We have that G} (V) = {G}(v1), G} (v2), G} (ve)} and G, (V) =
{G, (v3), G, (v4), G, (vs5)}. Applying Theorem 2.14.23 to G,(V) yields the
following.

(i) The sets Wy := {vy,v2}, W := {v},v4}, and W3 := {w;,v3} are edges of
P, as

rint(conv(G, (V)\ Gy (W) n rint(conv(G, (VI\ G, (W) # &
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for i = 1,2,3. It also follows that the set Wl/ := {v1,v6} is not an edge of
P since

rint(conv(G} (V)\ G (W]))) n rint(conv(G, (V)\G, (W) = &.
However, observe that
conv(G (VI\ G (W) n conv(G, (VI\G, (W) # &.
(ii) The set We := {v1, v3, v4, v6} is a 2-face of P, as
rint(conv(G; (V)\ Gf (We))) N rint(conv(G, (V\ G, (We))) # .
We now give the translation of Theorem 2.14.14 to affine Gale diagrams

Theorem 2.14.25'7 A sequence G,(V) := (G4 (v1), ..., Ga(vy)) of points in
R*~4=2 is an affine Gale diagram of a d-polytope (other than a pyramid) with
vertex set V if and only if, for any hyperplane H spanned by some of the points
in G4 (V) and for each open halfspace determined by H, the number of positive
points on this halfspace plus the number of negative points on the other open
halfspace is at least two.

Verify this theorem with the affine Gale diagram in Fig. 2.14.4.

Theorems 2.14.23 and 2.14.25 are stated for a polytope P with no special
points. This is not a limitation, since adding k special points amounts to taking
a k-fold pyramid Q over P, and the combinatorics of Q is determined by that
of P and the number k.

2.15 Problems

2.15.1 Let P and Q be polytopes in R?, let o € R, and let K be an affine
subspace of R?. Prove that P + Q, P n Q, P n K, and o P are all polytopes
in RY.

2.15.2 Let P be a polytope and let F be a facet of it. Suppose there are exactly
two vertices outside F. Prove that these vertices must be adjacent.

2.15.3 Let P be a d-polytope, F an h-face of P, and Fy a proper k-face of F
with —1 < k < h < d. Prove that there exists a (d — h + k)-face F| of P such
that Fp = F1 n F and P = conv(F U F}).

17 A proof is available in Ziegler (1995, thm. 6.1.9).
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2.15.4 Let P be a d-polytope, F; a j-face of P, and F; an i-face of P such
that —1 < i < j < d. Prove that the lattice L(F;/F;) is a sublattice of the
lattice L(P).

2.15.5 Prove that a d-polytope is a d-simplex if and only if it has d + 1 facets.
2.15.6 (Pyramids) Let P be a d-polytope. Prove the following.

(i) If P = F = v is a pyramid, then F is a pyramid with apex w # v if and
only if P is a pyramid with apex w.

(ii) A d-polytope is a pyramid over r distinct facets if and only if it is an -fold
pyramid.

2.15.7 Let P and P’ be two d-polytopes with a facet F of P projectively iso-
morphic to a facet F’ of P’. Prove that there exists a projective transformation
¢ such that conv(P U £(P’)) is a realisation of P#g P’.

2.15.8 Prove that a polytope P is k-simplicial if and only if P* is k-simple.

2.15.9 (McMullen, 1976) Prove that the connected sum of two polytopes along
simplex facets is always possible. This amounts to proving that a simplex is
projectively isomorphic to any other realisation of a simplex.

2.15.10 Prove that if we stack over a facet F of a polytope P, then the
conjugate vertex of F in the dual polytope P* of P gets truncated, and vice
versa.

2.15.11 Prove that if we perform the wedge of a polytope P at a facet F
of it, then we are performing the dual wedge of the dual polytope P* at the
conjugate vertex of F in P*, and vice versa.

2.15.12 (Ewald and Shephard, 1974) A polytope can be made simple by
truncating the vertices, then the original edges, and so on up to the ridges of
the polytope.

2.15.13 Consider the simplicial (d — r)-polytope F, :=T (1)@ T(d —r — 1),
and the r-fold pyramids pyr, (F;.), forr € [0...d —2]. Prove that the f-vectors
of the d-polytopes T (d) and pyr, (F;) (for r € [0...d — 2]) form an affinely
independent set in RY.

2.15.14 Prove that the f-vectors of the following sets of simplicial
d-polytopes form a set of affinely independent vectors in R4,
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(i) The d-simplex and the |d /2| simplicial d-polytopes T (r)®T (s) withr,s >

landr 4+ 5 =d.
(ii) The cyclic d-polytopes C (n,d),C(n + 1,d), ..., C(n + |d/2|,d) withn >
d+ 1.

2.15.15 (Cuboids; Griinbaum, 2003, sec. 4.6) The cuboid Q(d,0) is combina-
torially isomorphic to the d-cube Q(d). Forr € [0... d], the cuboid Q(d,r) is
obtained by ‘pasting together’ two cuboids Q(d, k—1) along a common cuboid
Q(d — 1,k — 1). This operation requires that the two cuboids Q(d,k — 1) are
deformed beforehand. Prove the following.

@) fi(Q(d,0) =2771(§).
i) fr(QWd,r)) =2fi(Qd,r = 1)) — fi(Qd —.,r — 1)), fork € [0...d —
1—r].
(iii) Fork,r 2 0and k € [0...d — 1 — r], it holds that

r d—i )
fk(Q(d,r)) _ Z <Il”)( ) l>2d+r—k—21'
i=0

2.15.16 Prove that the cubical d-polytopes Q(d,0),...,0(d,|d/2|) defined
in Problem 2.15.15 form a set of affinely independent vectors in RY.

2.15.17 Let P be a d-polytope in R¢ and let G be a Gale diagram of P. Prove
that if v is a vertex of P, then G\ {G (v)} is a Gale diagram, but not necessarily
the Gale transform, of the vertex figure P /v of P at v.

2.15.18 Produce realisations of polytopes combinatorially isomorphic to the
polytopes whose Gale diagrams appear in Fig. 2.15.1.

(a) (b) () (d)

Figure 2.15.1 Gale diagrams of four 4-polytopes with seven vertices; the labels
state the number of vectors in the corresponding position.
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2.15.19 (Projectively unique polytopes; McMullen, 1976) A polytope P is
projectively unique if every polytope combinatorially isomorphic to P is
projectively isomorphic to P. Prove the following.

(i) The d-simplex is projectively unique.
(ii) Every d-polytope with d + 2 vertices is projectively unique.
(iii) The dual polytope of a projectively unique polytope is also projectively
unique.
(iv) The join of two polytopes P; and P, is projectively unique if and only if
both P; and P, are projectively unique.

2.15.20* (Perfect shellings; Ziegler, 1995, ex. 8.9) Let Fy,...,Fs; be a
shelling of a polytope. For each i € [1...s], order the (d — 2)-faces of F;
as they appear in this list: FinF;, o nFi, Fi_1nF;, FipinFi, ..., Fsn Fj.
If, for each i € [1... 5], this ordering of the (d — 2)-faces of F; is a shelling of
F;, then we say that the shelling is perfect.

(i) Does every polytope have a perfect shelling?
(ii) Does every simple polytope have a perfect shelling?
(iii) Does every cubical polytope have a perfect shelling?

Ziegler attributes the first question to Gil Kalai. It is known that simplicial
polytopes, duals of cyclic polytopes, d-cubes, and 3-polytopes all have perfect
shellings.

2.16 Postscript

The Representation theorem for cones (2.2.1) resulted from the efforts of
Farkas (1898, 1901), Minkowski (1896), and Weyl (1935). It is often proved
via Farkas’ lemma, as in Schrijver (1986, cor. 7.1a). The representation
theorem for polyhedra (2.2.2) is due to Motzkin (1936).

The statements about the facial structure of polyhedra (Theorem 2.3.1) and,
more generally, those in Section 2.3, are standard and scattered across many
texts on convexity; for instance see Webster (1994, sec. 3.2), Brgndsted (1983,
sec. 2.8), and Lauritzen (2013, ch. 4). Our proofs, while standard, were inspired
by the presentation in Webster (1994, sec. 3.2) and Brgndsted (1983, sec. 2.8).
The proof of Proposition 2.3.2 follows the same ideas as that of the second part
of the proof of Lauritzen (2013, prop. 4.3). The proof for the sufficiency part
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of the characterisation of faces of polytopes in Theorem 2.3.7 is inspired by
ideas from the proof of Webster (1994, thm. 3.1.4).

The section on preprocessing has the spirit of Ziegler (1995, sec. 2.6), while
trying to have the appeal and concreteness of Yaglom (1973); consult Ziegler
(1995, sec. 2.6) for the formulas that we did not provide. The presentation of
the embedding of affine spaces into projective spaces follow that in Berger
(2009, ch. 5) and Gallier (2011, sec. 5.6).

Sections 2.7 on face figures and 2.8 on simple and simplicial polytopes
are based on the excellent accounts of Brgndsted (1983, sec. 2.11-2.12). The
proof by duality of Theorem 2.11.9 is based on the proof by Brgndsted (1983,
thm. 2.11.10), while the proof that, for d > 3, a d-simplex is the only simple
and simplicial polytope (Theorem 2.8.8) is inspired by that of Brgndsted (1983,
thm. 2.11.19).

The material of Section 2.9 on cyclic and neighbourly polytopes is fairly
standard. Our presentation is similar to those in Griinbaum (2003, sec. 4.7,7.1),
Webster (1994, sec. 3.4), and Brgndsted (1983, sec. 2.13).

The proof of the inductive construction of polytopes offered in Theo-
rem 2.10.1 is based on the original proof of Griinbaum (1963, thm. 5.2.1). As
we stated after the proof of Theorem 2.10.1, the original proof of Griinbaum
(1963, thm. 5.2.1) is slightly incorrect. The same mistake is carried over in
the proof of McMullen and Shephard (1971, thm. 2.22). This mistake was first
noted by M. A. Perles, as acknowledged by Altshuler and Shemer (1984). This
inductive construction is often described as the beneath-beyond algorithm and
plays an important role in the computation of convex hulls in computational
geometry; see, for instance, Edelsbrunner (2012, sec. 8.4) and Preparata and
Shamos (1985, sec. 3.4.2).

In many settings, the operations of pulling and pushing vertices allow us to
focus on simplicial polytopes. This is the case with the upper bound theorem of
McMullen (1970), which states that the cyclic d-polytope on n vertices has the
largest number of faces among the d-polytopes with that number of vertices.
The process of pulling vertices first appeared in Eggleston et al. (1964, sec. 2),
while the process of pushing vertices was first announced in Klee (1964b,
sec. 2). Our proof of Theorem 2.10.5 is based on that of Matousek (2002,
lem. 5.5.4) and Santos (2012, lem. 2.2).

The presentation of polytopal complexes, subdivisions, and Schlegel dia-
grams is similar to that of Ziegler (1995, sec. 5.1,5.2). Schlegel diagrams first
appeared in Schlegel (1883), but Sommerville (1958) seems to be the first
to exploit their use on polytopes. Lee (1991) showed that the regularity of a
subdivision of a polytope conv V can be tested via the Gale transform of the
set V. We did not go into algorithmic aspects of subdivisions; they are well
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covered in De Loera et al. (2010, sec. 8.2). We just remark that checking
whether a subdivision is regular is equivalent to the feasibility of a linear
program (De Loera et al., 2010, sec. 8.2).

Proposition 2.12.12 states that stars of vertices of shellable complexes are
shellable. This is due to Courdurier (2006), and our proof follows his. It is also
the case that links of vertices in shellable polytopal complexes are shellable
(Courdurier, 2006); this generalises Proposition 2.12.11, which gives that links
of vertices in boundary complexes of polytopes are shellable.

Our proof of Euler—Poincaré-Schléfli’'s equation (Theorem 2.12.17)
is inspired by that of Gruber (2007, thm. 15.5). The proof of Dehn-
Sommerville’s equations is somehow standard: it relies on the generalisation
of Euler—Poincaré—Schlifli’s equation stated in Theorem 2.13.1; see, for
instance, Webster (1994, thm. 3.5.4) or McMullen and Shephard (1971,
thm. 2.4.19). The derivation of the h-vector of simplicial polytopes from
shellings is explained in more detail in Ziegler (1995, sec. 8.3); our description
aims to summarise his. Dehn—Sommerville’s equations for cubical polytopes
seem to have first appeared in Griinbaum (2003, thm. 9.4.1).

The section on Gale transforms (Section 2.14) is based on the presentations
in McMullen and Shephard (1971, ch. 3) and Webster (1994, sec. 3.6).
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