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Abstract

We study de Finetti’s optimal dividend problem, also known as the optimal harvesting
problem, in the dual model. In this model, the firm value is affected both by continuous
fluctuations and by upward directed jumps. We use a fixed point method to show that
the solution of the optimal dividend problem with jumps can be obtained as the limit of
a sequence of stochastic control problems for a diffusion. In each problem, the optimal
dividend strategy is of barrier type, and the rate of convergence of the barrier and the
corresponding value function is exponential.
Keywords: Optimal distribution of dividends; de Finetti’s dividend problem; optimal
harvesting; singular stochastic control; jump diffusion model
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1. Introduction

In the classical optimal dividend problem by de Finetti one seeks to maximize the expected
value of the discounted dividends paid out to the share holders of a firm until the ruin time. In
[2] and [15], this dividend problem was solved in the case when the underlying firm value is
modelled as a linear Brownian motion using methods from singular stochastic control theory.
It was shown that the optimal strategy is of barrier type, i.e. to distribute all surplus above a
certain level as dividends, and then do nothing as long as the firm value is below this level.

More recent literature has to a large extent dealt with models allowing for negative jumps of
the firm value; see, for example, [1], [5], [13], and [14]. The main application of such models
is in the insurance industry, where the negative jumps have a natural interpretation as insurance
claims. Mathematically, the inclusion of negative jumps is tractable since the process then
never jumps over the barrier.

We study the optimal dividend problem by de Finetti in a model allowing for positive jumps
of the underlying firm value. This is also known in the literature as the dividend problem in the
dual model; cf. [3], [4], [6], and [9]. To include positive jumps is natural for example in the
case of a research-based firm. The jump is then interpreted as the net present value of future
income stemming from an invention. Since the firm value may jump over the barrier (we show
below that a barrier strategy is optimal also in our setting), there is in general little hope of an
explicit solution of the dividend problem. Instead, we connect the dividend problem with a
problem of finding a fixed point of a certain functional operator. Moreover, we show that the
fixed point can be obtained as the limit of a recursively defined sequence of stochastic control
problems for a diffusion process, and each problem in the sequence is readily solved using
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standard methods for stochastic singular control of a diffusion process. One advantage of this
fixed-point approach, in comparison with for example a study of the dividend problem based
on viscosity solutions of integrodifferential equations, is that the fixed-point approach gives
control of the regularity of the value function. In particular, it is straightforward to provide
verification results based on It6’s formula that connect the analytical solution of a free boundary
problem with the corresponding stochastic control problem.

The technique that we use to write the dividend problem for a jump process as the limit
of a sequence of control problems for a diffusion process is inspired by corresponding studies
in optimal stopping theory. The classical references are [10] and [12], where this technique
is developed for piecewise deterministic Markov processes. For generalizations to processes
involving both jumps and Brownian fluctuations, see [7], [11], and the references therein.
To the best of our knowledge, this technique has not been applied to any singular stochastic
control problem before. Along with the financial interest of the dividend problem in the dual
model mentioned above, a key contribution of the current paper is thus to provide the technical
details of this procedure for the first time in stochastic control theory. Even though the overall
structure of the procedure is the same as in optimal stopping theory, we encountered a number of
technical problems, for example in connection with the concavity of the value function and with
the monotonicity of the sequence of barriers, which seem intimately connected with stochastic
control theory.

The paper is organized as follows. In Section 2 we set up the model and formulate de Finetti’s
optimal dividend problem in the presence of positive jumps, and we prove a verification result.
In Section 3 we introduce a related stochastic control problem for a diffusion process, and we
show that it can be solved using a free boundary approach. Next, in Section 4 we use this control
problem as a building block in the recursive construction of a sequence of control problems,
and the corresponding solutions are shown to converge to the dividend problem formulated in
Section 2. In Section 5 we show that the rate of convergence is exponential both for the value
functions and for the corresponding barriers. Finally, in Section 6 we provide a sensitivity
analysis of the solution with respect to the different parameters of the model.

Remark. After finishing a first version of the current paper, we were informed about the
article [8]. In that paper the authors proved the optimality of a barrier strategy in de Finetti’s
problem for spectrally positive Lévy processes using fluctuation theory, and the optimal barrier
is characterized in terms of a scale function. The current paper offers an alternative approach
of determining the optimal barrier and the value function under the additional hypothesis of
a finite activity of jumps. This assumption is crucial below in the definition of the functional
operator J, and it appears not easily disposed of. However, our approach does seem flexible
enough to extend in another direction, that is, to include for example models where the drift,
volatility, jump rate, and jump size are level dependent.

2. The optimal dividend problem and a verification result

Let (2, ¥, P) be a probability space hosting a Poisson random measure N (dz, dy) on
[0, 00) x Ry and a Brownian motion W = {W;, r > 0} such that N and W are independent.
We assume that the mean measure of N is AF (dy) dz, where F is a probability distribution on
R with finite mean ¢ := fooo yF(dy) and the jump intensity A > 0 is a constant.

Let D = {D;, t > 0} be anonnegative, right-continuous, and nondecreasing process adapted
to the filtration generated by N and W. Below D; represents the cumulative dividends paid
out up to time ¢. In particular, if Dy > O then a dividend payment of size Dy is distributed
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at time 0. Let X? = {X tD , t > 0} be the risk process of a firm after dividends are distributed
according to the strategy D. We assume that X satisfies

t oo
xP=xf+urrowit [ [T ynaran - 0
0 JO

where the drift © and the volatility o are constants. Note that in the absence of dividend
payments, i.e. D = 0, the firm value evolves between jump times according to a linear Brownian
motion with drift x and volatility o. Also, note that each negative jump of the firm value
corresponds to a lump sum dividend payment. For a given dividend policy D, the ruin time y
of the firm is defined by

yP =inf{r > 0| XP <o0).

We only consider dividend strategies D such that
o0
XP >0 and D,—D,_ <XxP +/ yN(dz,dy) fort € (0, yP). )
0

The class of such strategies is denoted ©.

Remark. Condition (2) asserts that a lump sum dividend payment never results in a negative
value of X?. Note that we allow for lump sum dividend payments to occur at the same time as
a positive jump in X2,

Our objective is to solve the stochastic control problem

D

V(x) = sup EX_DO[DH / et dDz}, 3)
De® 0

where
D

¥
/ e "dD, = [ e " dD;,
0 0,yP]

r is a constant positive interestrate and x — Do = X (l)) denotes the initial firm value immediately
after dividends at time O have been deducted. Accordingly, the parameter x denotes the initial
firm value before the dividends at time O have been deducted. Note that V(x) > x since the
strategy

D, =x “)

of deducting all money as dividends immediately is admissible. Next, for a given b > 0, define
the barrier strategy D’ to be the minimal dividend strategy D such that X ,D <bforallt > 0.
More explicitly, if X; = x + ut +o W, + fé fOOOyN(dt, dy) is the firm value in the absence of
dividend payments and

S; = sup{Xs: s € [0, t]}

is its supremum process, then D? = (S, — b)* and X,Db =X, — (S —-b)t.

A common approach in the literature on the dividend problem is to somehow construct a
candidate solution, and then to appeal to a verification result which shows that the candidate
solution actually coincides with the value function. Since we have not been able to find in the
literature a rigorous verification result that applies in the current setting, we include a detailed
result (Theorem 1). Let 4 be the differential operator

2

o
AV = 71}” + v’
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Theorem 1. (Verification result for the dividend problem with jumps.) Assume that
v: [0, 00) — [0, o0)

is twice continuously differentiable with
(1) 1 < < C for some constant C,
(i) AV —rv+2i [T +y) —vx)F(dy) <0.

Then V < v.
If there exists a point b > 0 such that v, in addition to (i) and (ii), also satisfies

(iii) v(0) =0,
@{iv) Av —rv+ kfooo(v(x +y) —vx))F(dy) =0 forx € (0, b],
V) v(x) =v(b) +x — b for x € (b, 00),

then V = v, and the barrier strategy D? is optimal.

Proof. Assume that (i) and (ii) hold. Let D € © be a given dividend strategy, and let D¢ be
its continuous part. Itd’s formula for semimartingales yields

e PuxP )

tAyP tAyP
:U(XOD)_/ 7"[ /(XD)dDC / 71‘5 /(XD)dW
0 0
D

Ay
+ / e S (A —r)u(XP)ds
0

+ Z e 'S <U<XSD + /00 yN(dS, dy) - ADs) - U(XsD))
0

s<tayD
D yD

tAy A
zv(Xg)_A —rt /(XD)dDC /(; —rs /(XD)dW

tAYy
+/

tAyP .
+f e—rs/ X2 +y) —v(X2))N(ds, dy)
0 0

+ Z e_”<v<Xf)+/ yN(ds,dy)—ADs>—v(X§)+/ yN(ds,dy)>>,
0 0

s<tayP

D

((A—r)v(xD)H/ w(x? +y>—v(xD>)F<dy))

where
N(ds, dy) := N(ds, dy) — AF(dy)ds

is the compensated Poisson random measure. Since v’ is bounded, the integral with respect to
Brownian motion is a martingale. Similarly, the integral with respect to N is also a martingale,
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so taking expected values and using (i) and (ii) gives

_ D
Ec—pole” " ux) )]
tAyP
= v(x — Do) — Ey_p, [/ e SV (XP) dD§]
0
D

tAY 00
+ Ex—p, [ / e’ ((A —uX2) +a / X2 +y) - v(X!Z»F(dy)) ds]
0 0

o
+]EX_DO[ > e—”<v<x‘?_+f yN(ds,dy)—ADS)
0

s<tAyD
- v(XsD_ + f NG, dy)))}
0

tAyP

<v(x — Do) —E,_p, [/ e dDS:|.
0

Next, using v’ > 1 and v > 0, and letting ¢t — 0o, we have

D

Y
v(x) > v(x — Do) + Do > E,_p, [Do +/ e " dDS]
0

by monotone convergence. Since the dividend strategy D was arbitrary, this implies that

D

%
V(x) = sup Ex_p, [Do +/ e " st] < v(x).
De® 0

Now assume that (i)—(v) holds for some » > 0, and choose the dividend strategy D = D"
as the barrier strategy that pushes the controlled process X down below the level b. As above,

_ D
Ec—pole”" " ux) )]
tAyP
= v(x — Do) — Ey_p, [/ e SV (XP) dD§]
0

D

tAy 00
+ Ex—py [ / e’ ((A —uX2) +a / X2 +y) - v(x‘?_»F(dy)) ds]
0 0

o0
—HEX_DO[ Z e‘”(v(XxD_—l—/ yN(ds,dy)—ADS)
0

s<tAyD
- v(xf_ + /OO yN(ds, dy)))i|
0

D

LAY
= v(x — Do) — Ex_p, U e dDS},
0

where the last equality follows from the fact that v" = 1 on the support of the measure d D
and (iv). By bounded convergence and monotone convergence, letting t — oo gives

D

%
v(x — Dy) = Ey_p, [/ e '’ dDSi|.
0
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D
Since Dy = (x —b)T and v/(x) = 1 forx > b, v(x) = Ex_p,[Do + fj e~ dD], which
completes the proof of the second claim.

Corollary 1. If u+ei < 0then V(x) = x, so D defined in (4) is an optimal dividend strategy.

Proof. The function v(x) = x certainly satisfies (i). Moreover,
o0
Av—rv—i—)»/ wWx+y)—vx)DFAy) =u+re—rx <0,
0

so the first part of Theorem 1 yields V < x. Since we always have V > x, the result follows.

Throughout the remainder of this paper, we assume that
w+er >0, %)

so that the expected value of the firm is increasing in time if no dividends are deducted.
Corollary 2. The value function V satisfies V(x) < x + (u + re)/r.
Proof. The function v(x) := x 4+ (u + Ae)/r satisfies

AV — rv +A/ wx+y)—vx)Fy) = —rx <0,
0

so the result follows from the first part of Theorem 1.

In the presence of positive jumps, the construction of an explicit candidate solution seems
feasible only in the special cases of hyperexponentially distributed jumps; see [4] and [6] (the
authors of [9] claim that they include a general positive jump structure, but a closer inspection
of their candidate function reveals that it does not satisfy the conditions needed for a verification
argument). The recent preprint [8] transforms the problem of finding an explicit solution to a
problem of finding an explicit representation of the scale function. In Sections 3 and 4 we instead
construct a candidate function as the limit of a sequence of value functions for an inductively
defined sequence of stochastic control problems written in terms of a diffusion process.

3. The building block: a stochastic control problem without jumps

In this section we study a stochastic control problem for an underlying process without
jumps. This control problem is the basic building block in Section 4 when showing that the
value function V in (3) for a problem with jumps can be written as the limit of a sequence of
value functions in problems with no jumps.

Let D = {D;, t > 0} be a dividend strategy consisting of a nonnegative, right-continuous,
nondecreasing process adapted to the filtration generated by a Brownian motion W, and let

dyP = pdt + o dw, —dD;,
where the constants ¢ and o are the same as in (1). For a given dividend policy D, let
P =inf{r >0 ¥ <0}

be the ruin time of the process ¥ 2. We denote by IT the set of dividend strategies D such that
YP >0and D, — D,— <YP forall0 < < tP.
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Next we introduce the functional operator J whose action on a test function f: (0, co) —
(0, o0) is defined by
TD ‘L'D
Jf(x) = sup E,_p, [Do + / e rtIAD, 4+ A / e VIS (YD) dt] (6)
Dell 0 0

for x > 0, where
Sf() :=/0 SOy +2)F(dz)

is a weighted translation of f. We will only consider functions f belonging to the class

F:= {f: (0, 00) — (0, 00), fis concave, x < f(x) <x+ /L+)»5}.

As before, for a given b > 0, we define the barrier strategy D? to be the minimal dividend
strategy D such that Y tD < b forall t > 0. More explicitly, if d¥; = udt + o dW; and

S; = sup{Y;: s € [0, ]}

is its supremum process, then Df’ = (S; —b)T and Y,Db =Y; — (S; — b)™ (the process DV is
then the local time of the process dY; = udt + o dW; reflected at the point b).

We begin our analysis of the control problem (6) by providing a verification result. To
formulate it, let the differential operator .£ be defined by

2
o 4 /
Lu = 714 +pu — A+ ru.
Theorem 2. (Verification result for the control problem without jumps.) Let f € F, and
assume that v: [0, c0) — [0, 00) is twice continuously differentiable with
(1) 1 < < C for some constant C,
(i) Lv+ASf <0.

Thenv > Jf.
If there exists a point b > 0 such that v, in addition to (i) and (ii), also satisfies

(iii) v(0) =0,
@iv) Lv+ASf =0 forx € (0, b],
) v(x) =v(b) +x — b for x € (b, 00),
then v = J f, and the barrier strategy DY is optimal in (6).

Remark. Note that if v = f then Lv + ASf = Av —rv + A fooo(v(x +y) —v(x))F(dy).
Consequently, in view of Theorems 1 and 2, the optimal dividend problem (3) in the dual model
is closely related to a fixed-point problem for the operator J in (6).
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Proof of Theorem 2. Firstassume that (i) and (ii) hold. For a given dividend strategy D € II,
an application of Itd’s formula yields

_ D
e (rHM(AT )”(Yzl/)\zD)
tatP tatP
=o(¥P) + / e s Loyl yds + / e ey (YD) dwy
0 0
tatP
- / e Y (¥PydDE+ Y e U (¥ — ADy) —v(¥2). ()
0

s<tatP

where D€ denotes the continuous part of D. Since v’ is bounded, the process

D

tAT
{/ e_(H_)\)SOv/(Yst) dWS}
0

t>0
is a martingale. Consequently, taking the expected value in (7) yields

_ D
Er—py[e” "tV yy D))
D

INT
= v(x — Do) + E._p, U e‘““”@(l({{)ds}
0

D

INT
—Ex_p, |:/ e~ (rM)s v/(Ys[i) dD;:j|
0
+Eepy| ., e TR, — ADy) — v(sz_»}, ®)
te<tAtP

sousing Lv +ASf <0,v > 0,and v’ > 1 gives

D D

INT INT
v(x — Do) > E;_p, [ / e TISAD 4 / e TIsgF (YD) dsi|.
0 0

Letting t — oo we find by monotone convergence that

D D

T T
v(x — Do) > E,_p, [ / e UM Ap; 4 A / e HIsgr (YD) ds]
0 0

Since v’ > 1 and the dividend strategy D € TI is arbitrary, it follows that

D D

T T
Jf(x) = sup ExDO[D0+ f e TIAD, + A / e—(’“)fo(Y,D)dt]
DeIl 0 0

< v(x).
To prove the second statement, assume that (i)—(v) hold for some b > 0. Note that the
strategy D = D is continuous (although we may have Dg > 0), so (8) yields

D

INT
v(x — Do) = Ex_p, U e sy (Y PydDs + /\/
0 0

_ D
+ Ep_pyle” Ty (v D))

tATP

e TIsgF(Y D) ds]
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since Lv(x)+ASf(x) = 0for x < b. By (iii) and bounded convergence, the last term vanishes
ast — 00, s0, by monotone convergence,

D D

T
v(x—Do)zExDO[/ e~ Ty (v Py d Dy +x/ _(’“)SSf(Ysp)ds]
0

Since v'(x) = 1 for x > b and since the support of the measure dD is contained in {s > 0:
YP > b}, we have
D .[D

T
v(x) — Do = v(x — Do) = E,_p, [/ e~ rtMsdp, + A/ e““”Sf(YSD)ds].
0 0

Consequently,
D D

T
Jf(x) = sup E,_p, [DO _|_/ e gD, 1+ k/ e*(rﬂ)tsf(Y[D) dt] > v(x),
Dell 0 0

which completes the proof.

In view of the above verification result, we now construct a function U satisfying prop-
erties (i)—(v). The existence of such a function is guaranteed by Theorem 3 together with
Propositions 1 and 2 below; see Theorem 4.

Theorem 3. Assume that f € F. Then there exists a unique solution (U, b) of the free boundary

problem
LUx) 4+ ASf(x) =0, 0<x<b, (9a)
U(0) =0, (9b)
U'(b) =1, (%¢)
U'(b) =0 (9d)

such that b > 0.

Proof. Let y; < 0 and y, > 0 be the solutions of the quadratic equation

21 20 +r)
y? +—V—T=0,

so that ¥y = e”* and ¢ = e”'¥ are the increasing and decreasing, respectively, fundamental
solutions to the homogeneous equation LU = 0.
Let, for a given b > 0,

Ux):=Ul(x)
Sf(y) / Sf(y)
=C - C ——d
()/ LA AT
Y(x) — p(x) , /b Sf(y) / Sf(y) )
—_— |14+ C b ——d
+w/<b>—<p’<b>( VO |Gy D

for x € (0, b), where C = 2A/02(y2 —y1). Then U(0) = 0 and
S
U'(x) = C(p()/ f(y) W()/ f(y)

v o

Y (x) — ¢ (x) p / f(y) /Sf(y) >

—— |1+ Cy'(b b ,
+w/<b)—¢/<b>( VO [y @
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so inserting x = b gives U’(b) = 1. Moreover,

S
U'w =o't [ SO 4y ey / SO 4y — com—m)SFe)

o) o
W) — ¢ () / S P SF) )

+C b dy —Co' (b dy ), 10
Vo) - w(b)( VO oy YO (10)

and it is straightforward to check that LU (x) + ASf (x) = 0 for x < b. Consequently, the pair
(U, b) satisfies the first three equations in (9). Moreover, for a given b, U is the unique such
solution. To find a unique b so that the fourth equation also holds, we show that the function
h(b) := (U)"(b) has a unique positive zero. Note that inserting x = b in (10) yields

Vine®y®) [P o) — ()
h(b) = C(y, — SF(y)dy — C(y> — v1)SF (b
() =C(r2 Vl)yzl//(b)_yw(b) L oW 0O) fdy = C(ya = y1)Sf(b)
V3w (b) — yieb)
Yy (b) — yieb)

Define a function /: [0, co) — R by

b
v — V() ! !
1(b) := C(ys — £ Sr(ydy — Com - - Sfb
= Cn-m [ LD 5100y - cn =S = s )srw
%3 V1 (11)

T e ® ()

so that
Y2 (b) — y19(b)

y2v19 () (b)
Since (Y2 (b) — y19(b))/v2v19(b)¥(b) < 0 for all b, it suffices to show that there exists a
unique zero of /. Note that

1(b) = h(b)

10) = W(u +ASF(0)) > 0,
172

where the inequality follows from ASf(0) + u > Ae + u > 0.
Moreover,

1 1
=2 2 Cchn—m)Sh) b -
L®) =35 " o ~Crr T f)+()(y1<p<b> yzw(w)

(7 A /
_<w(b> w(b))(l A+r(Sf)*(b))’

where the second equality follows from y;y» = —2(A+r) /0?2, and where I' and (Sf)/, denote
the right derivatives of / and Sf, respectively. Hence I/, (b) behaves like —yor /(A + r)ep(b) for
large b, so [(c0) < 0. Thus, by continuity of /, there ex1sts b* such that [ (b*) = 0.

To prove the uniqueness of b*, note that, since Sf is concave, / is nondecreasing on (0, 13)
and nonincreasing on (1;, 00), where

b= mf{b € (0,00): (Sf),(b) < )\%} € [0, 00) (12)

(note that if b =0then!is nonincreasing on (0, 00)). Together with /(0) > 0 and /(oc0) < 0,
this proves uniqueness of the zero of /.
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We let (U, b) be the unique solution of the free boundary problem (9), and we extend the
domain of definition of U by defining

Ux)=Ub)+x—b forx >b. (13)
Note that U is C2 on (0, 00) by construction.

Proposition 1. The function U satisfies LU (x) + ASf (x) < 0 forall x € (0, 00).
Proof. Define

2
H(x) = LU(x) + ASf(x) = %U” 4+ uU'(x) = O+ 1)U (x) + ASF(x).

To see that H(x) < 0, first note that H(x) = 0 for x < b by definition, so it suffices to show
that H'(x) < 0 for x > b. For the unique b > 0 satisfying /(b) = 0, we have b > l;, where b
is defined in (12). Consequently, by the concavity of Sf, (Sf) (x) < (A +r)/A for all x > b.
Thus,

Hx)=—A+r)+ASf/(x) <0

for x > b, so H(x) < 0forx > b.

Proposition 2. The function U satisfies U'(x) > 1 for x € (0,00), and U'(x) > 1 for
0<x<b

Proof. First note that U’(x) = 1 for x > b by definition. Recall that, for x < b,
/ . [ CSf() / / CSf()
U = dy — d
) =¢ (x)/o o(y) Yo o vV
L+ 9/ [ACSF/Y () dy — @' (b) [L(CSF () /e(y)) dy
W' (b) — ' (b) ‘

+ W' —¢'(x))

Define k: [0, oc0) — R by

L+ 9/ () [ (CSFW /Y () dy —¢'(0) f§ (CSf(y)/w(y))dy

k(x) =

Y'(x) —¢'(x)
so that
CS *CS
U'(x) = ¢/(x) / f (y e / TO) gy + (') = 0/ kD),
o v
Straightforward calculations show that
@' ()Y ()l (x)

K (x) = —— 27 W
=0 =g )2

where [ is defined in (11). Since I/(x) > 0 for x < b, k is strictly increasing on (0, b).
Consequently,

CSf(y) _w/(x)/ CSTD) 4y 4 (@) — @ o) = 1

U(X)><p()f 0

for x < b, which completes the proof.
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Theorem 4. Let f € T, and let (U, b) be the solution to the free boundary problem (9), with
U extended linearly above b as in (13). Then U = J f, and the supremum in (6) is attained for
the dividend strategy DP.

Proof. The lower bound U’ > 1 in (i) of Theorem 2 follows from Proposition 2, and the
upper bound U’ < C holds since U has a finite limit at O (since U solves an ordinary differential
equation with nondegenerate coefficients) and satisfies U’(x) = 1 for x > b. Condition (ii)
holds by Proposition 1. Finally, (iii), (iv), and (v) are fulfilled by construction. Consequently,
Theorem 2 applies, which yields the result.

We end this section by providing a condition under which Jf € F.

Theorem 5. Assume that f € FN C2([0, 00)), where f € Fisextended to [0, 00) by f(0) :=
f(04). Furthermore, assume that

wf'(0) + ASf(0) > 0. (14)

Then U = Jf € FN C%([0, 00))

Remark. The assumption that f is C? can easily be removed using an approximation argument,
but, for simplicity, we include it since we only need the result below for functions f in C2.
Condition (14) is trivially satisfied in the case u > 0. We do not know whether Jf is also
concave without (14).

Proof of Theorem 5. Clearly, J f(x) > x. Moreover, using f(x) < x + (u + Ag)/r, it is
straightforward to check that

A A A
£G+“+éj+stu—uﬁw%x+“+8>+AG+”+éim)
r r r

= —rx
<0.

Thus, applying the first part of Theorem 2 gives also the upper bound

A
JFG) < x4 B2
r

To prove the concavity of U = Jf, let u(x) = U”(x). Differentiating the differential
equation in (9) twice gives

2
St + ity = G4 P+ A(S)" = 0.
By the definition of b, we have u(b) = U”(b) = 0. Therefore, by the maximum principle, it
suffices to show that #(0) < 0. Using U’(0) > 0, U(0) = 0, and f > 0 in (9) shows that
U”(0) < 0 provided the drift x is nonnegative.

The case u < 0 is more involved, and we deal with it as follows. First define the affine
function f: [0, o0) — [0, 00) by

fx) =

mm%+ﬁ@_my@_
—i —u
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We claim that S f > Sf. Indeed, this follows since the function
~ ASf(0)
) = 8700 = 5700 = L2 4 5£0) = 5700

satisfies £(0) = 0,

h'(0) =

MSIO) ooy = 2O

- f(©0=0

(by (14)), and A" (x) = —(Sf)"(x) = 0.

Define
ASf(0)

—p

U(x) = X. (15)

Then U satisfies
A(S£)(0) .
—

Applying the first part of Theorem 2 gives U < U. It then follows from (15) that U’(0) <
ASf(0)/(—p). The differential equation in (9) thus yields

LU+ ASf < LU +1Sf = —r <0.

2
%U”(O) = —uU'(0) — ASf(0) <0,

which completes the proof.

4. An iterative procedure to determine V

In this section we define a sequence {v, } 2, of functions v, : [0, 00) — [0, 0c0) by v (x) = x
and
Unt1(x) = Juy(x) forn > 0.

Proposition 3. Each function v, belongs to ¥, so the sequence {v,},2 , is well defined. More-
over, the sequence is increasing in n.

Proof. First note that vy € F N C2([0, 00)) and vy satisfies (14) by (5). Moreover, v; > vy
since Jf(x) > x forany f € F.

Now assume that v, € F N C2(]0, 0)), Un41 := Ju, > vy, and that v, satisfies (14) for
some n > 0. Then v, € FN C2([0, 00)) by Theorem 5. Moreover,

2
o
)1 (0) + 28U (0) = a3 (0) + ASva(0) = =074 (0) = 0,

where we have used (9) and the concavity of v,4+;. Consequently, v,y also solves (14).
Moreover, v,4+1 > v, clearly implies that v, 47 > v,41 since J preserves order. The result thus
follows by induction.

Since {v,},2 is an increasing sequence of concave functions with a pointwise bound x +
(n + Are)/r, the sequence has the limit
Voo (X) := sup v, (x), (16)
n>0
which is also concave, and the limit satisfies the same pointwise bound. Consequently, the
limit vy, belongs to F. We show below that the limit vy, coincides with V defined in (3).
Consequently, V is determined as the limit of a sequence of standard stochastic control problems
(where the underlying process contains no jumps).
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Lemma 1. The function v is a fixed point of the operator J.
Proof. For x > 0, we have

Voo (X) = Sup vy (x)

n>0
12 P
= sup sup E, |:/ e rINAD, + k/ e T Sy, (Y,P) dti|
n>0 Dell 0 0
12 P
= sup supE, |:/ e VD, + A/ eI gy, (Y,P) dti|
Delln>0 0 0
P P
= sup E, |:/ e "V dD, + k/ e_(’“)tS(sup v,,)(YtD) dti|
Dell 0 0 n>0
= JUOO(x)a

where the second last equality follows by applying the monotone convergence theorem twice.

Remark. In fact, the function v, is the smallest fixed point of J that is larger than x. Indeed,
let v* be any function satisfying v*(x) = Jv*(x) and v* > x = vg. Assuming that v, < v*,
we find that v, 1] = Ju, < Jv* = v* since J preserves order, so v, < v* holds by induction
for all n > 0. Consequently, vy < v*.

Corollary 3. The function vs belongs to F N C2([0, 00)) and satisfies voo(0) = 0. Moreover,
if b is the unique solution of the boundary equation l(b) = 0, where in the definition of | given
in(11) we let f = voo, then voo satisfies v, > 1 and

LU0 (X) + ASveo(x) =0 forx <b,
LVso(X) + ASvoo(x) < 0  everywhere,
Voo (X) = Voo(b) +x — b forx > b.

Proof. The claims follow from the fact that vo, = Jv together with Theorems 3 and 4 and
Propositions 1 and 2.

Theorem 6. LetV be the value functionin (3), and let voo be the limit of v, asin (16). Moreover,
let b be the corresponding barrier defined as in Corollary 3. Then V = vso, and D is an
optimal dividend strategy in (3).

Proof. This is a direct consequence of Theorem 1 and Corollary 3.

Remark. It can be shown that the functional operator J in (6), acting on the space of continuous
functions bounded below and above by x and x 4 (u + A¢)/r, respectively, and equipped with
the metric defined by d(f1, f2) = sup, | fi(x) — f2(x)|, is a contraction. Consequently, by
the Banach fixed-point theorem, there exists a unique fixed point (which then by uniqueness
has to coincide with V = vy, above). Moreover, any choice of vy would produce a sequence
converging exponentially fast to V = vs. For example, choosing vp = x + (u + re)/r
would give rise to a decreasing sequence v,. However, in this case we do not know whether
the corresponding v, is concave, and, in particular, whether the optimal dividend strategy is
automatically a barrier strategy.

Another reason to choose vg = x is that it can be shown that v, then has a natural
interpretation as the value function of a dividend problem with time horizon y? A T,,, where
T, is the nth jump time of the process fot fOOOyN(dt, dy); cf. [12, Theorem 1]. In fact, this can
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be seen by noting that v, satisfies a variational inequality involving v,_1 and then appealing to
an appropriate verification argument. However, we do not provide details since this fact is not
used in the analysis.

5. Rate of convergence

In this section we provide some further properties of the value function V and the optimal
dividend barrier b. In particular, we study the rate of convergence of (v, b,) to (V,b). As
noted above, the Banach fixed-point theorem shows that v,, converges exponentially fast to V.
Rather than proving that J is a contraction and then applying the fixed-point theorem, we first
give a direct proof of this fact.

Theorem 7. (Rate of convergence of v, to V.) The inequality

wt+rel r\"
0< — 17
S Upp1(x) = vp(x) < P ()Hrr) (17)
holds for all x and n > 0. Consequently,
+re/ A\
va(@) < V@) < o) + & ( ) , (18)
r A7

so the sequence {v, }n>0 converges uniformly to V, and the rate of convergence is exponential.

Proof. The first inequality in (17) is proved in Proposition 3. For the second inequality, we
use an induction argument. First note that the function v(x) := x 4+ (u + Ae) /(A + r) satisfies

LU+ ASx <0,

so applying Theorem 2 yields vy = Jx < v. Consequently, vi —vyp < (u + A&)/(A + 1),
so (17) holds for n = 0. Next, assume that (17) holds for some n > 0. Then we have
‘ED ‘[D

Ung2(x) = sup E, [ / e~ "tMIAD, + A /
0

e TV Sy, 1 (YP) dt:|
DeIl 0

IA

P P
sup E, [ / T Y / e H gy (V) d,}
DeIl 0 0

+A/‘©® e—(r+k)tﬂ+)“9 A " de
0 A1 \A+r

N e a \"
_vl’l+1(x)+ )\,—i—r (A—}—}") El

which completes the proof of (17).
Finally, note that (18) is a consequence of (17). Indeed, using (17), we have

Voo (X) = Va(x) = Y Vkp1 (x) — vk (x)

k=n
ZM+)\8 k
- A+r A—i—r

_u+ks A\
Ty Atr)
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FIGURE 1: The convergence of the value functions for a constant jump size ¢ = 0.2, A = 0.5, r = 0.1,
o =0.4,and u =0.2.
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FIGURE 2: The convergence of the corresponding optimal boundaries.

For an illustration of the convergence of the value functions, see Figure 1. We next show
that b, increases monotonically in n and that the limit is b, where b is defined as in Corollary 3.
The convergence of the boundaries is illustrated in Figure 2.

Theorem 8. The sequence {b,};°
b<(u+Are)/r.

| is nondecreasing, and lim,,_, oo by = b. Moreover, we have

Proof. We first treat the monotonicity of b,. Since b, = inf{x € (0, 00): v, (x) = 1}, it
suffices to show that the functions v,41(x) — v,(x) are nondecreasing. We do this using an
inductive argument.

Note that, since vy(x) = x and v is concave with vg > 1, the function v; — vy is certainly
nondecreasing. Now assume that v, (x) — v,_1(x) is nondecreasing for some n > 1. Let [,
and [, be defined as in (11) with f = v, and f = v,_1, respectively. Note that, in this notation,
l,(by) = 0. Since v, (x) —v,—1 (x) is nondecreasing, Sv, (x) — Sv,_1 (x) is also nondecreasing,
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)
Svp(¥) — Svp—1(y) < Svp(x) — Svp—1(x)
for 0 < y < x. Consequently,

ln+1<x)—ln(x>=( (I )(Sv_Sv 56
Clyr— 1) Y@ e )" "

X 1 1
— | [— = —— ) (Svn = Sva_()d
/0 <<o<y> w(y>>( U = Stn-1)0)dy

> (i - i)(Svn — Sua 1))
Y2 v

>0

for all x > 0. It follows that b, .1 > b,,.

Now, define g(x) := v, (x) — v, (x). Since v,4+1(0) = v,(0) = 0 and v,41 > vy, we
have g(0) > 0. Moreover, b,+1 > b;,, so we also have g(x) > 0 for all x > b,. Since g
satisfies

Lg = MSv,_, — Sv))

on (0, b,), and since Sv,_; — Sv;,, < 0 by the induction hypothesis, it follows from the maxi-
mum principle that g > 0 on (0, b,) also. Consequently, v,41 — v, is nondecreasing, which
completes the proof of the monotonicity of b,,.

Let I, be defined as in (11) with f = v. Recall from above that [, (x) is increasing in
n. Since v, /" vy as B — 00, we have Sv, /' Svs by monotone convergence. Another
application of the monotone convergence theorem shows that [, (x) /' I (x) for all x > 0.
Since b = inf{y > 0: I(y) < 0}, this implies that b, /' b.

Finally, to show the upper bound of b, note that, for x = b, we have Uy, = 0 and U, = 1.
Moreover, SU (b) = U (b) + &, so it follows that

O0=LUD)+A2SUYD)=pu—A+nrNUDB)+AUD)+e)=u+re —ruU(p).
Since U (b) > b, the result follows.

Theorem 9. (Rate of convergence of b, to b.) The inequality

+ e A n
Osbn+1—bns“r (Hr> (19)

holds for all n > 1. Consequently,

by <b<b,+ (20)

(/\+r)(u+>»e)( AN
r2 Adr)

so the rate of convergence of the sequence {b,},>0 to b is exponential.

Proof. Definel,, n > 1,asin(11)butwith f = v,_1. Recall thatl,(b,) = l,+1(by+1) =0,
by < by41,and [,,41(by) = 0. For x € [b,, by+1], we have

/ _(n  n A /
"“(x)_(wm w(x))(l A+r(S””)(x)>
- (75— o0)7
v elo)atr

<<)/1 _Vz)r 1)
~\Y¥(by) @(by) A+’
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where the second equality is obtained from (Sv,)’(x) = 1 for x > b, and the inequality holds
since

v2(1/o(x) — 1/ (x)r -0
A+r -

On the other hand, by the definition of [, and [+ we have

l”(x) _

0 =< ln+l(bn) - ln(bn)

1
C - — Sv, — Sv,—1) (b,
= m(w(bn) m(b,o)( on = Son=1)(0n)

1 1 wtrel A \*!
Clyvy — — , 22
=Cn m(w(bn) mo(bn>> P (A+r> 22

where the last inequality follows from (17). Inequalities (21) and (22) imply that

w+re /A"
b —b, < ,
ntl "= r <A+r>

which completes the proof of (19).
Finally, the estimate (20) follows from (19) since

00 o0 k n
Z Z/L—i—ks A A+r)(u+ re) A
b=bn = b1 = bic = r (k—l—r) - 2 <X+r>'
k=n

r
k=n

6. Parameter dependencies

In this section we study parameter dependencies. We first show that the value function V
depends monotonically on the drift, the jump intensity, the discount rate, the jump size, and the
volatility.

Theorem 10. The value function V is increasing in the drift u and in the jump intensity A,
and it is decreasing in the discount rate r and in the volatility o. Moreover, V is increasing in
the jump size in the sense that if F1(x) > Fy(x) for all x € Ry then the corresponding value
functions satisfy Vi < Va.

Proof. Assume that 0 < A1 < Ap, w1 < w2, Fi(x) > Fo(x) forallx e Ry, 0 <rp <1y,
and 0 < 02 < o7. Denote the corresponding differential operators by «+; and >, and the
corresponding weighted translation operators by S and S, respectively. Then

(A —rDV2a+ 151 V2 S (A2 —12) Vo + 4285V, <0

since V; is nonnegative, increasing, and concave. Using the first part of Theorem 1 gives
Vo> V.

The dependencies of the optimal barrier on u, A, and o seem more involved. In fact,
numerical experiments suggest a nonmonotone dependence on w and A; cf. Figures 3 and 5. In
Figures 3-5 the value of the constant parameters are A = 0.5, r = 0.1, 0 = 0.4, © = 0.2, and
e=0.2.
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FiGURE 3: The dependence of b on A.
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FIGURE 4: The dependence of b on o.
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FIGURE 5: The dependence of b on w.

https://doi.org/10.1239/aap/1409319558 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319558

The optimal dividend problem in the dual model 765

Acknowledgements

We thank the anonymous referee for a careful reading and valuable comments. Support from
the Swedish Research Council (VR) is gratefully acknowledged (Ekstrom).

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(1]

[12]
[13]

[14]

[15]

References

ALVAREZ, L. H. R. AND RAKKOLAINEN, T. A. (2009). Optimal payout policy in presence of downside risk. Math.
Meth. Operat. Res. 69, 27-58.

ASMUSSEN, S. AND TAKSAR, M. (1997). Controlled diffusion models for optimal dividend pay-out. Insurance
Math. Econom. 20, 1-15.

AvaNZzI, B., GERBER, H. U. AND SHIU, E. S. W. (2007). Optimal dividends in the dual model. Insurance Math.
Econom. 41, 111-123.

AvANZI, B., SHEN, J. AND WONG, B. (2011). Optimal dividends and capital injections in the dual model with
diffusion. ASTIN Bull. 41, 611-644.

AvVrAM, F., PALMOWSKI, Z. AND PisTorIUS, M. R. (2007). On the optimal dividend problem for a spectrally
negative Lévy process. Ann. Appl. Prob. 17, 156-180.

BAYRAKTAR, E. AND Ecami, M. (2008). Optimizing venture capital investments in a jump diffusion model.
Math. Meth. Operat. Res. 67,21-42.

BAYRAKTAR, E. AND XING, H. (2009). Pricing American options for jump diffusions by iterating optimal stopping
problems for diffusions. Math. Meth. Operat. Res. 70, 505-525.

BAYRAKTAR, E., KYPRIANOU, A. E. AND YaMAZAKI, K. (2013). On optimal dividends in the dual model. ASTIN
Bull. 43, 359-372.

Dar H., Liu, Z. AND LuaN, N. (2010). Optimal dividend strategies in a dual model with capital injections. Math.
Meth. Operat. Res. 72, 129-143.

Davis, M. H. A. (1993). Markov Models and Optimization (Monogr. Statist. Appl. Prob. 49). Chapman & Hall,
London.

DAYANIK, S., POOR, H. V. AND SEZER, S. O. (2008). Multisource Bayesian sequential change detection. Ann.
Appl. Prob. 18, 552-590.

GuGeRrLl, U. S. (1986). Optimal stopping of a piecewise-deterministic Markov process. Stochastics 19,221-236.
LoErreN, R. L. (2008). On optimality of the barrier strategy in de Finetti’s dividend problem for spectrally
negative Lévy processes. Ann. Appl. Prob. 18, 1669-1680.

LoEerrEN, R. L. AND RENAUD, J.-F. (2010). De Finetti’s optimal dividends problem with an affine penalty function
at ruin. Insurance Math. Econom. 46, 98—108.

ZHANBLAN-PIKE, M. AND SHIRYAEV, A. N. (1995). Optimization of the flow of dividends. Russian Math. Surveys
50, 257-277.

https://doi.org/10.1239/aap/1409319558 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319558

	1 Introduction
	2 The optimal dividend problem and a verification result
	3 The building block: a stochastic control problem without jumps
	4 An iterative procedure to determine V
	5 Rate of convergence
	6 Parameter dependencies
	Acknowledgements
	References

