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Uniqueness and representation of a
function in terms of its

translated averages

Chin-Hung Ching

We give the representation formula of a periodic function with

period one in terms of its translated means on the unit interval.

We also give an application of this formula to a boundary value

problem.

Let / be a continuous periodic function on the real line with period

one. We consider its a means

n = 1, 2, ... , and

We denote

As- in [5], a periodic function / with period one is defined to be in B

if the Fourier coefficients of / satisfy the following condition:

ajf) = f1 f(t)e-i2mtdt = oW •

It is easy to prove that a (/) and R (/) have the same rate of

Received 20 March 1973-
121

https://doi.org/10.1017/S0004972700042957 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700042957


122 Chin-Hung Ching

convergence to zero, (ef. [4]). Let \i(n) be the Mobius function of n .

We announce the following results.

THEOREM 1. Let a and 3 be any two real numbers in [0, l ] such

iJiat a - 3 is -irrational and f be a periodic continuous function with

period one such that Sffl n(f) = S ^(/) = 0 for all n > 0 . Then f is

the zero function if f satisfies one of the following conditions:

(a) f € BS , s > 1 ;

(b) f has bounded variation in [ 0 , 1 ] ;

(d) the Fourier series of f is an absolutely convergent gap

series.

In case / can be regarded as the boundary value of an analytic

function, an analogous uniqueness result has been announced in [2] and

proved in [3] and [6]. Also if a - 8 is rational, i t is easy to find a

function g such that S (g) = Sg (g) = 0 for all integers n .

THEOREM 2. Let a. and 6 be any tuo real numbers in [ 0 , l ] .

(i) Suppose a - 3 is irrational and f is in Bs with s > 1 ;

then

m u ' ^ 2isin2™(ct-3)

for all m = ±1 , ±2, . . . .

(ii) Let a - 8 be an algebraic number of degree q - 2 and f be

in Bs with s > /2q . Then

OO

(1) f(t) = * (/) + [ [*„ n ( / ) V a ' 6 ) t)+i?B «(^)Pn(6' a> t}J '
w - 1 ' '

where the series converges uniformly with the rate N~ 3 J2q < x < s ,

and
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„ , „ a +1, _ V ,,(«] Sin2TTj(t-g)n j W
V ,,(«] Si

Results analogous to Theorem 2 (ii.) in the case that f i s the

boundary value of an analytic function were announced in [7] and

established in [5 ] .

THEOREM 3. Let a and B be any two real numbers in [0, l ] such

that a - 3 i s algebraic and let f be in B for any s > 0 , then

X z]k

As / is uniquely determined by the averages {i?a M(/)} and

{i?g (/)} , consequently B if) and /?„ m(f) depend also on these

averages. However i t is not clear from the definition that R (/ ) and

Ro (/") depend only on those R , (/) and Ra Af) such that k is a

multiple of m .

We also remark that P (a, B; t) has the property that

SZ,mlPn{a' g; ^ = ° and S
a , « t V a . e' tJJ = 6m,n for a11 P o s i t i v e

integers m and n . The assumption on a - B is not sat isfactory, yet

we guess that the series ( l ) wi l l diverge i f a - B i s a Liouville number,

(e / . [7]) . Now we give an application of the above theorems to a boundary

value problem.

Let a and B be any two real numbers such that a - B is an

algebraic number of degree q > 2 . Let u{ t) € BS , s > J2q - 1 , be the

solution of the following boundary value problem:

au" + bu' + cu = f ; f t tf , p > 1 ;

u(0) = K ( I ) ,

u '(0) = u ' ( l ) ,
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where a, b, a are constants satisfying

a + Zttinb - kv n a ^ 0

for all n = 0, ±1, . . . . Then

k)

l\if*

It follows from the above formula that if for fixed j , {R . (/)} and
Ot, Qrl

{i?fi • ( / ) } a r e known f o r a l l n = 1 , 2 , . . . , t h e n {/? v.(M)} an^

{RO * (u)} c a n "be computed from ( 2 ) . However we can s e e from Theorem 2

r i i ; t h a t i f j # 1 , t h e n {i? . ( / ) } and {it- -if)} do n o t de t e rmine

n,jn PtHn

f uniquely. In other words we can find some averages of the output from

a portion of the averages of the input. The details of the proof of the

theorems and other related results will appear elsewhere .
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