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ON SEQUENCES ¢t,(mod 1)}

BY
E. STRZELECKI

J. Mycielski has conveyed to me the following problem by P. Erdés. Let {¢,}
be a sequence of natural numbers such that

t:—“2a>1 forn=1,2...,.

(a) Does there exist an irrational number # such that the sequence {t,,n(mod 1)}
is not dense in [0, 1)?

(b) Does there exist a real number £ such that 0 (and if possible also 1) are not
limit points of the sequence {¢,&(mod 1)}?

P. Erdés and S. J. Taylor have proved in [1] that the set of numbers p such that
{t,p(mod 1)} has not the equipartition property in the interval [0, 1] has Hausdorff
dimension 1.

In this note we use the methods of [2] to give a partial answer to question (b).
Namely we shall prove the following

THEOREM. Let {t,} be a sequence of positive (not necessarily natural numbers)
such that

t
qn=:—+12(5)1/3 forn=1,2,...,.

Then there exist positive numbers & and f such that
1) t,f(mod 1) e [B,1—p] forn=1,2,...,.

Let us note that it is sufficient to prove the theorem under an additional re-
striction that g, <3 for all natural . In fact, if for some fixed n, q,=(¢,,,/t,)>3,
then assuming that s is a natural number such that

31, <ty <300
we shall insert between ¢, and 7,,,; new terms
31/2t 3t 3(s—1)/2t
nr ny e n*
The new extended sequence {¢,} will still satisfy (1) (since \/ 3>1. 73) but we shall

have ¢, <3 for all natural n. Obviously, if the assertion of the theorem holds for
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some sequence {¢,} it is also true for any subsequence {z,} of {¢,}. In other words,
to prove the theorem it is sufficient to show that:
If {t,} is a sequence of positive numbers such that

Q) (5)1/3§q,,=£;’—+1_<_3 forn=1,2,...,

n

then there exist positive numbers & and f such that
t,é(mod 1) e[, 1—p] forn=1,2,....

The proof of the theorem will be based on several lemmas. We shall refer often
to the following conditions:

Given intervals A,=[a,, b,] and A, ,;=[a,,1, b,.4], the interval A, is said to
satisfy condition (4,,,) if
(An+1) qman .<_ an+1 < bn+1 S qnbn'

An interval A=[x, y] satisfies condition (B) if
(B) [x, y(mod 1) < [0, 1].

In other words an interval A satisfies B iff no integer is an interior point of A.
An interval A=[x, y] satisfies condition (C) if

© d=y—x=1.

Given a sequence {b,} we shall say that b, satisfies condition (D;,,,()), (y>0)
if there exists a natural number m(k) (depending on k) such that

Letm
(Dr.m(¥)) beym < k: (bx—)-
%

DerINITION. Given a sequence of intervals {A,}, A, =]a,, b,], n=1,2,..., an
interval A, is said to be a proper mth successor of the interval A, with y=1y,,
(70>0) if

() Ay, satisfy conditions (4,,,) and (B) for p=1,2,...,m,

@) dpm=1,
(iii) b, satisfies (Dy,,,(vo))-

We now start proving the theorem. In the sequel, {z,} denotes a sequence of
positive numbers satisfying condition (2).

LemMA 1. Assume that

bk-{-m S bk tkin—lo_“:

Iy

then by, satisfies (Dy,,,(37™ x 1079)).
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Proof. Since g, <3 for all natural n, we obtain

teom o _
biim < bk.kti—"lo Y= b Grrmea—107
x

4
(e L
q

tk T qk+m—1

< lam g _3m oy 1079),
tk

LEMMA 2. Assume that A,=[a,, b;] satisfies conditions (B) and (C) but there
exists no proper first successor of Ay with y=3"1xX 104, then there is an integer N,
(see Fig. 1; dots indicate integers) such that

2(i) Ni—1 < apq; < Ny < bg < N1+1+10_4,
2(ii) Zip1— @y > G—107%

where Zpp1 = min(begy, N1 +1).
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Proof. Since dy=b,—a,=1 and ¢;,> (5)"/*>1, we have

3 bidr—arg, = q, > 1
and so, the interval ;A= [a,q;, byq;] contains at least one integer. Denote by N;
the smallest integer belonging to the interval ¢;A,. Then we have

Ni—1 < aq; < N; < bigs-
Assuming that b,q,>N;+1410"* we have

Apyr = [Ny, Ny+1] < [ags, bigel-
Thus putting a;,,=N;, by;=N;+1, we obtain an interval [a;,, b;,,] satisfying
(4;.41), B and C, and since b, ;=N,;+1<b,q,—104, by Lemma 1, b, satisfies the
condition D, ;(371x 10~%). This means that A, is a proper first successor of A,
with y=3"1x 10, contrary to the assumptions of Lemma 2. Consequently,

@ bidy < Ny+1+107%
Now if a,q;, =N, then byq,—a,q,=b,q,— N, <1+4+107*<q,, contrary to (3). Hence
the inequality 2(i) is proved completely.

Now, if b,q, <N;+1, then z,,,=b,q; and therefore, by (3)

Zii— Gy = gy > ¢p—107%

If, on the other hand b,g,>N;+1, then z,.,=N;+1 and, by (4) and (3), we

obtain
Ze— @G = Ni+1—agy > bgp—a,q,— 107" = ¢, —107*

as required in 2(ii).

LeMMA 3. Assume that in addition to the conditions of Lemma 2, A, has also no

proper second successor with y=3"2x 107, then there exists an integer N, (see
Fig. 2) such that

3()) No—1 < g3 Gis1 < Nay < NGy < Not1 < 234G < N2+2+10—4,

3(ii) Zpro— O > Qe —4X 1074
where
Zgpe = MIN(Zg41G541, Nat2).

Proof. As in the proof of Lemma 2, denote by N, the smallest integer such that
N,>a,4,9:+1- The interval [@,4,9:..1, N1gx.1] cannot contain two integers since they
would be the endpoints of a proper second successor of A;. It is easy to show that
the length of this interval is greater than 1, and so N, cannot coincide with any of
its endpoints. So,

Ny—1 < a1 qiGrn < No < Nigpn < N 1.
Assuming that z,,q;,, <N,+1, we obtain

Zi1Derr— G Dt < 2,
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but, by 2(ii) and (3), we have
Zes1err— e > (G—107")gpa > 2.8.
Again, as in Lemma 2, the inequality z;,,q;.1>N,+2-+10~* implies the existence
of a second proper successor with y=3-2x 10~%. This remark concludes the proof
of inequality 3(i).
Now, if z,1q3,1 <N, +2 then, 2, ,=2;,,q;,, and thus, by 2(ii) and 2,
() Zere—G@idin = Crn— gD G > (G—10") e > G —3 X 1074

If on the other hand, z;,,¢;,1>Np+2, then z,,,=N,+2 and by (2), 2(ii), 3(i)
and (5)

Zire— Gk Qi = NoF 2= 001 > Ziera e — 107" = 01 > G —4 %1075,

LEMMA 4. Assume that A, satisfies conditions of Lemma 3 and that at least one of
the ratios qy, .1, Qrso i not less than 1.73.
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Denote (see Figs. 2 and 3)

AM = Qre+2[3 0 Gxr15 Nels
A® = GQr2[Nay N1dyy1ls
A® = drx+2[N1gxt1, No+1],

AW = Qrei2[N2+1, z10].

At least one of the intervals A (i=1, 2, 3, 4) contains a proper third successor of
A, with y=3"3x10"4.

Proof. Assume that the assertion of Lemma 4 is not true. By arguments similar
to those used in the proof of Lemmas 2 and 3, we infer that (see fig. 3) the intervals
AD A® A® contain not more than one integer each. The interval A® contains

https://doi.org/10.4153/CMB-1975-127-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-127-7

1975] SEQUENCES {ét,(mod 1)} 733

not more than two integers, and in case A® contains two integers and M is the
larger of them, z;,4q;,,<M—10"% Consequently, the interval A= [2,q.9511F412>
Z1ofk+2] CcONtains not more than five integers. In case A contains four integers only,
its length /<5. In the remaining case, the right endpoint of A exceeds the largest
integer M € A by less than 10~ So, in this case /<54 10~% In other words, the
assumption that the assertion of Lemma 4 is incorrect implies that

©)] I = 23 oqr1o— O @idir19re < 54107
On the other hand, by 3(ii) and (2) we have

0 I = (Zpro— BT ) Dere > (G —4 X IO"A)q,H_2
> qqu+1qk+2—‘1 - 2%1073,

Since g, > (5)*/2 for each natural n and, by assumption, at least one of ¢, Gr.11, Gx12
is not less than 1.73, we obtain
GG Qire = (25)3x 1,73 > 5.01.
Thus (7) implies that
[>5+10x107°—1.2x107* > 54107%,
which contradicts inequality (6). This concludes the proof of Lemma 4.
LEMMA 5. Assume that A, satisfies conditions of Lemma 3 and none of the intervals

i (see Fig. 1), [NiGyy1, Zir1qrra] (see Fig. 2), AW (see Fig. 3) contains more than
one integer. Then there is a third proper successor of Ay with y=3-3x10"%

Proof. If ¢,A, contains one integer only, this means that b,q, <N;+1 (see Fig. 1)
and so z;,;=>b,q;. Similarly, conditions of Lemma 5 imply that

®) Zrre = Zppadirr = bpdidria-

Assume that A; has no third proper successor. It has been shown in Lemma 4
that in this case if A® contains one integer only then

I = zp10Qis2— i Grs1drt2 < S-
In view of (8), we obtain

(bk_ak)qqu+lqk+2 <.
But b,—a,=1, so

Gee1ete < 5,
which is impossible because g,> (5)/2 for all natural n. The contradiction proves
Lemma 5.

LEMMA 6. Assume that A, satisfies conditions of Lemma 3 and there is no third
proper successor of A with y=373x107%. Then each of the intervals AV, A A®)
defined in Lemma 4 contains exactly one integer.
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Proof. Asweknow already from the proof of Lemma 4, the conditions of Lemma
6 imply that each of the above intervals contains not more than one integer.
Assuming that at least one of them does not contain an integer, we would obtain
that

Il = z3 ol o= G Q112 < 441074
On the other hand, since ¢,> (5)*/2 for each natural n, by (7), we obtain

1> qu@rinQera—1.2%1072 > 5—-12x107% > 44107

LEMMA 7. Assume that A, satisfies conditions of Lemma 6 and q,,3<1.73. Then
Ay, contains a fourth proper successor with y=3"*x 1074,

Proof. Denote by z;,,=min(z;,29z2, Ns+3) (see Fig. 3). Let us note that
according to Lemma 6 the endpoints of intervals A, A®_ A®) and the corre-
sponding integers are distributed as shown on Fig. 3. Moreover N3+3<z;,s.
Assume that none of the intervals ¢, 30;=¢;. 3[(No+1)gss2, Ns+3] and
G108 =Grs3[N3+3, ;3] contains a proper fourth successor of A; (see Fig. 3 and
4).

In this case d,q;,5 contains at most one integer, Jgq;.5 contains at most two
integers. In case dq4q;,, 5 contains two integers and M’ is the larger one, by Lemma 1,

Ziysdirs < M +107%

Denote by N the largest integer satisfying the inequality

&) N < (Na+1)qe12Gsss-
It follows (see Fig. 4) that

(10) Zipaders— N < 3+ 1074

By Lemma4, q;,,,<1.73. By assumption of Lemma 7, ¢;,, 3<1.73. Thus g; 3¢, 3 <
3. Consequently,

(11) (No+1)qs2@r13— NoGrrorrs = Grredirs < 3-
Inequalities (9) and (11) imply that

(12) N—=3 < NyGyi2Gxss,
and from (10) we obtain
(13) ZrssQrera— (N—3) < 641074

Assume now that each of the intervals 6,q;.5 and d,q,. 3 (see Fig. 4) contains not
more than one integer. In view of (12), it follows that there is no more than one
integer between a,q; * * * g3 and N—3. Thus

(14) N—=3—axq, """ Grs3 < 2.
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Fig. 4 (dots denote integers).

From (13) and (14) we obtain

15) Zpsadira— el " * * drrs < 841074

Similarly as it has been done before we can prove that

(16) ZpyaQira— e " " * Grvs > Qi * ° Qera—4X107° > 5(5)*—4x107° > 8.5.

Since inequalities (15) and (16) are incompatible, at least one of the intervals
019,13 and 0,q;,5 contains two integers, thus yielding a proper fourth successor
for A,

This completes the proof of Lemma 7.
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LeMMA 8. Assume that A, satisfies conditions of Lemma 6 and q,, 3>1.73. If
there is no 4th proper successor of A, with y=3*x10"* and 5th proper successor
of Ay, with y=375x10"% then there is a 6th proper successor of A, with y=37%x 1074,

Proof. Since A, has no first, second or third proper successors, by Lemma 5,
at least one of the intervals g;A; (see Fig. 1), [Niqi11, Zer1qera] (see Fig. 2) or A,
(see Fig. 3) contains two integers. We shall assume that A contains two integers:
N3+3 and N3;+4 (see Fig. 3). Remaining cases can be considered in a similar
manner. Put

1 = Ny, b = zZp (Notations of Lemma 2 and Fig. 1),
e = Not1, brys = Ziyo (Notations of Lemma 3 and Fig. 2),
ayy3 = N3+3, by.3 = N3+4 (Notations of Lemma 4 and Fig. 3).

The intervals Ay ;=l[a,, byy;] satisfy conditions (4,,,) i=1,2,3, (B) and
Ay 3=by,s—a,.3=1. Since the interval A, 4 satisfies conditions (B) and (C) and
Gr+s=>1.73, it has either first or second proper successor or, by Lemma 4, A, ; has
a third proper successor with y=3"3x10-% Consider for example the case when
A5 has a third proper successor. This means there exist intervals Ag,4, Ag;s
satisfying (4z.4), (4zs) and (B) and an interval A, ¢=I[a;., brye] satisfying
(Ar16)> (B), (C) and (Dyy5,.6(373%x 107%)). The last condition means that

bk+6 S !M (bk+3—3-3 X 10_4).
k+3

But by, 5 <biyafira<bp1Ges1gir 2 <t/ 1). So, we obtain

t
byyo < k¢ (t—’“i—" b—3"°x 10—4)

k43 \ L
_ @—“(b 37 10‘4)
= %

178 Qe r-+190+2

< bee (g 3785107,
tk
thus Ay, ¢ is a proper successor of A, with y=376x 1074
We have exhausted all possibilities, so we may state the following

COROLLARY 1. If an interval A, satisfies conditions (B) and (C), then there is a
sequence Ny, q, . .., Dy (M<6) of at most six intervals such that the last one is a
proper successor of A, with y=37%x10"%. (We are using here the following property
of condition (Dy ,,(v)): if 0<y,<y, and (Dy, ,.(y2)) holds then (Dy,,,(vy)) is also
satisfied).

Analogously to the condition (D, ,(y)) we may introduce condition (L, ,(¥))
as follows: Given a sequence {a,} we shall say that g, satisfies condition (L, (7))
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(y>0) if there exists a natural number m(k) (depending on k) such that

th
(L)) Ao, > - (@+7).
2

Also similarly, we define a concept of a left proper successor:

DEeriNITION. Given a sequence of intervals {A,}, an interval A, , is said to be a
left proper successor of A, with y=1y,, (y,>0) if

(1) Ay, satisfy conditions (4,,,) and (B) for p=1,2,...,m,

(i) dyyn=1,
(iii) ay satisfies (Ly,,.(vo))-

In a similar manner we may prove that given an interval A, satisfying (B) and
(C), we may construct a sequence of at most six intervals Ay, . . . , Ayy,, (m<L6)
such that the last one is a left proper successor of A; with y=3-6x 104

We are now in a position to prove the Theorem stated in the paper.

Proof of Theorem. Take a,=1, b,=2. Construct intervals A,, ..., A, (k<7)
such that A, is a (right) proper successor of A;=[ay, b;] with y,=3"¢x10"4
Then choose intervals Ay, ..., Ay, (m<6) such that A;,,, is a left proper
successor of A, with y=y,. Then we are getting intervals A, 11, + -+ 5 Dppmens
the last one being a (right) proper successor of Ay, ,, etc.

Denote A,=][a,, b,] for n=1,2,.... The intervals satisfy condition (B) for
all natural n, conditions (4,,) for n=2, ..., . Moreover, it is easy to show that if
A is a proper right (left) successor of A;,, (k>j+m, m>0) with y=7y, then
A, is also a proper right (left) successor of A; with y=3-"y,. It follows that for
each of n, there exist m and p (m, p<17) such that conditions (D, ,(8)) and
(L, ,(p)) are satisfied with f=3"1"x 104,

Consider the sequence of intervals {[a,/t,, b,/t,]}. Replacing in (4,,,) ¢, by
t,.1/t, We obtain

t
' <,y < by < b, "“

tn tﬂ
or since ¢,>0,

an<an+1<bn+1<b_.

tn tn+1 tn+1 t
Thus the sequence {[a,/?,, b,[t,]} is a nested sequence of closed intervals. Con-
sequently there exists a number & belonging to all intervals of this sequence. So,

G cr el gorn=1,2,.

tn n
Taking into account that for each » conditions (L, ,(f)) and (D, ,(f)) are satisfied,
we obtain

S - tnin (bn—aB):

n+m n+m n

() L Gnr e o

ty tao tn+m
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or
a,+p < &, < b,—p.

Since for each n, [a,, b,] (mod 1) < [0, 1] this means that
£t (mod 1) € [B, 1—f]

as required in the Theorem.
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